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Abstract. Periodic timetabling is one of the most well-researched problems in the public
transport optimization literature. However, the impact that timetabling has on the number
of required vehicles, which directly translates to operator costs, is rarely considered.
Therefore, in this paper, we consider the problem of jointly optimizing the timetable and
the vehicle circulation schedule, which specifies the cyclic sequences of trips that vehicles
perform. In order to obtain high-quality solutions to realistic instances, we improve an earlier
proposed formulation by contraction techniques, three new valid inequalities, and symmetry-
breaking constraints. Ultimately, this allows us to explore the trade-off between the number of
vehicles and the attractiveness of the timetable from the passengers’ perspective. An extensive
computational study demonstrates the effectiveness of the improved formulation. Moreover,
using this approach,we are able tofind timetables requiring substantially fewer vehicles at the
cost of minimal increases of the average travel time of passengers.

Funding: This work was supported by the Nederlandse Organisatie voorWetenschappelijk Onderzoek,
as part of the research program Complexity in Transport and Logistics [Project 439.16.111].
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1. Introduction
The timetable is the foundation of any public trans-
portation system. It influences the travel times of
passengers and the paths that they take to travel from
their origins to their destinations. Furthermore, the
extent to which disturbances such as delays propa-
gate through the system also highly depends on
the timetable. All in all, it is widely accepted that the
timetable determines the attractiveness of the public
transportation system from the passengers’ point of
view. Because of the importance of a good timetable,
and the fact that finding such a timetable is a non-
trivial exercise, the timetabling problem has triggered
the interest of many researchers in the field of public
transport optimization. However, the impact that the
timetable has on the costs of the operator is rarely
considered in timetabling models.

In this paper, we consider periodic timetabling. In a
periodic timetable, the schedule of a single period
(e.g., one hour) is repeated throughout the day. Pe-
riodic timetables are favored by passengers, as they
can easily memorize the departure times of services
(e.g., a traveler can always take the train at xx:06).
Furthermore, operators that use a periodic timetable
only need to plan services for one period, after which
they can repeat the timetable during the entire day.

Most periodic timetabling models are based on the
periodic event scheduling problem (PESP). Serafini and

Ukovich (1989) introduce the PESP and prove that it is
NP-complete. In its original form, the PESP is a fea-
sibility problem. Later, researchers have started to
consider optimization variants of the PESP, where the
objective typically is to minimize passenger travel
time or to maximize the robustness of the timetable.
The PESP can be solved using constraint program-
ming or SAT solvers (Schrijver and Steenbeek 1993,
Kroon et al. 2009, Großmann et al. 2012, Gattermann
et al. 2016), the modulo network simplex heuristic
(Nachtigall andOpitz 2008, Goerigk and Schöbel 2013,
Borndörfer et al. 2016) or mixed-integer-programming-
basedapproaches (Liebchen 2008, Goerigk andLiebchen
2017, Maróti 2017, Polinder et al. 2019).
The goal of this paper is to find timetables that are

both attractive for the passengers and for the oper-
ator. Specifically, we analyze the trade-off between
the travel time of passengers and the number of vehicles
required to operate the timetable. To illustrate the impact
that a timetable has on the required number of ve-
hicles, consider the two timetables in Figure 1. The
timetable on the left induces two vehicle circulations,
which are cyclic sequences of trips performed by the
same vehicles, both requiring two vehicles. In con-
trast, the timetable on the right induces one vehicle
circulation requiring three vehicles. Moreover, both
timetables yield the same travel times for passengers.
Therefore, as vehicles constitute a large proportion of
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the operator costs, the second timetable is clearly
preferred over the first one.

Traditionally, timetabling and vehicle scheduling
are performed sequentially: first the timetable is op-
timized to minimize travel times of passengers, and,
subsequently, the vehicles are scheduled to minimize
operator costs. However, this is a greedy approach
that leads to globally suboptimal solutions. More
recently, integrated public transport planning, where
the goal is to find a good overall line plan, timetable,
and vehicle schedule, has seen increasing attention
(Kaspi and Raviv 2013, Burggraeve et al. 2017, Pätzold
et al. 2017, Schöbel 2017, Van Lieshout and Bouman
2018). The potential of jointly optimizing the time-
table and vehicle schedule has already been dem-
onstrated for nonperiodic timetables by Ibarra-Rojas
et al. (2014), Schmid and Ehmke (2015), Desfontaines
and Desaulniers (2018), and Fonseca et al. (2018).
Even when only limited modifications to an initial
timetable are allowed, large savings in operational
costs can be obtained without dramatic increases in
travel times.

In contrast, only a few contributions consider the
integration of periodic timetabling and vehicle sched-
uling. Peeters (2003) notes that if the operated vehicle
circulations are fixed a priori, then the number of
required vehicles can easily be counted within the
PESP. Furthermore, the author shows that choos-
ing the circulation can be incorporated in the PESP
(without introducing auxiliary variables) for the case
that at most two services terminate at each station.
However, this only works under the sufficient spread
assumption, which states that there is never more
than one vehicle idle at a station. Liebchen and
Möhring (2007) show that this assumption can be
avoided when there are at most two services termi-
nating at each station, at the cost of introducing an
auxiliary binary variable. Kroon et al. (2013) are able
to choose vehicle turnarounds within the PESP be-
tween an arbitrary number of services without leav-
ing the PESP framework, but again require the sufficient
spread assumption. Nührenberg (2016) proposes a

general explicit matching approach that is also valid
when the sufficient spread assumption does not hold,
which requires extending the PESP with matching
variables and constraints. In this model, both the
timetable and the vehicle circulations are entirely
determined. We refer to this completely integrated
problem as the vehicle circulation periodic event sched-
uling problem (VC-PESP). However, the proposed
formulation contains many big-M constraints, caus-
ing it to not perform well, even on medium-sized
instances. Moreover, the author purely focuses on
minimizing the number of required vehicles, without
regard to the passengers’ perspective.
In this paper, we improve the formulation of

Nührenberg (2016), in order to be able to tackle re-
alistic instances of the VC-PESP and gain insight into
the trade-off between the average travel time that a
timetable offers and the number of vehicles that it
requires. To do so, we first formalize and analyze
the vehicle circulation scheduling problem (given a
timetable), which, in contrast to traditional nonperi-
odic vehicle scheduling (see, e.g., Bunte and Kliewer
2009), has not received much attention in the litera-
ture. Next, we use the properties of the vehicle cir-
culation scheduling problem to develop a stronger
formulation of the VC-PESP. In particular, to reduce
the number of big-M constraints, we develop a mod-
eling technique that computes the minimum turn-
around time at stations in a contracted graph. In
addition, we present new valid inequalities that bound
the minimum turnaround time of vehicles, strength-
ening the linear programming relaxation. Finally, we
prove that a greedy algorithm is optimal for the vehicle
circulation scheduling problem and use this observa-
tion to develop symmetry-breaking inequalities.
Besides strengthening the formulation of the VC-

PESP, we also extend the problem by considering
restrictions on the number of lines that may occur in a
single vehicle circulation. In practice, public transport
operators prefer short circulations where vehicles
perform only a single line or alternate between two
lines, as such circulations are easier to operate and
avoid dependencies between different parts of the
network. We show how such practical requirements
can be incorporated in the VC-PESP.
Computational experimentswith different instances

based on the Dutch railway network demonstrate the
effectiveness of the proposed improved formulation.
When minimizing the number of required vehicles,
the improved formulation finds timetables requiring
fewer vehicles compared with the original formula-
tion, reducing the average optimality gap from 5.0%
to 2.6%. An analysis of the trade-off between the num-
ber of vehicles and the perceived travel time of time-
tables illustrates the benefit of integrating circulation
schedulingwithin the timetabling problem:minimizing

Figure 1. Two Timetables for a Line (A,B)with a Frequency
of Two per Hour and a Driving Time of 40 Minutes
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average travel time without taking vehicles into ac-
count results in relatively costly timetables. In more
than half of the considered instances, our approach
finds timetables that require fewer vehicles without
any increase in the travel time. Moreover, if one
permits a travel time increase of 0.1%, then we are
typically able to reduce the number of vehicles by
about 10%. Furthermore, the experiments show that,
in most instances, vehicle circulations consisting of
at most two lines suffice for realizing very efficient
timetables, and only small decreases in travel time can
be attained if longer vehicle circulations are allowed.

Summarizing, the main contributions of this paper
are (1) the analysis of the vehicle circulation sched-
uling problem, (2) the improvement of a mathemat-
ical formulation to efficiently solve periodic time-
tabling problems while controlling the number of
required vehicles, (3) showing that neglecting vehicle
circulations in the periodic timetabling problem will
often lead to inefficient timetables, as considerable
savings in the number of vehicles can generally be
achieved without compromising the passengers’ per-
spective, and (4) demonstrating that a large propor-
tion of these savings can already be obtained with
vehicle circulations consisting of at most two lines,
which are attractive for operators.

The remainder of this paper is structured as fol-
lows. In Section 2, we discuss the periodic timetabling
problem and in Section 3, the vehicle circulation sched-
uling problem. In Section 4, we describe the mathe-
matical formulation for the VC-PESP that is proposed
in Nührenberg (2016). In Section 5, we analyze the
computational complexity of the integrated problem.
In Section 6, we present the improved formulation for
the VC-PESP. In Section 7, we describe how restric-
tions on the number of lines in a circulation can be
included in the formulation. In Section 8, we discuss
the results of the conducted computational experi-
ments. Finally, in Section 9, we conclude the paper
and describe future research directions.

2. Periodic Timetabling
In periodic timetabling, the goal is to determine de-
parture and arrival times for a given set of services,
such that all operational and service requirements are
met. As the schedule repeats every period (e.g., one
hour), it suffices to determine departure times and
arrival times for a single period.

2.1. The Periodic Event Scheduling Problem
The most widely applied method to formulate peri-
odic timetabling problems is through the periodic
event scheduling problem (PESP), introduced in Ser-
afini and Ukovich (1989). The input to the PESP is a
directed network N � (E,A) referred to as an event-
activity network, a period or cycle timeT and lower and

upper bounds la and ua for all a � (e, f ) ∈ A. Every node
e ∈ E represents a repeating event that needs to be
scheduled at some time πe ∈ [0,T), and every arc a ∈ A
represents an activity for which the duration should
be between the specified bounds.

Definition 1 (PESP). Given a period T, an event-activity
networkN � (E,A) and lower and upper bounds la and
ua for all a � (e, f ) ∈ A, the periodic event scheduling
problem (PESP) is to determine event times πe ∈ [0,T)
for all e ∈ E, satisfying

πf − πe − la
( )

mod T ≤ ua − la for all a � e, f
( ) ∈ A,

or to conclude that no such schedule exists.

Serafini and Ukovich (1989) prove the NP-com-
pleteness of the PESP. Odijk (1997) shows that the
problem is NP-complete, even for fixed T ≥ 3 by a
reduction from vertex coloring.
The PESP can be used to formulate a wide range of

timetabling constraints. The events that need to be
scheduled are the arrivals and departures of services
at all stations. Activities are used to model various
operational and service requirements of the timeta-
ble, covering, for example, driving and dwell times,
minimum and maximum transfer times, and mini-
mum separation times. For a more comprehensive
overview, we refer to Peeters (2003) and Liebchen
and Möhring (2007).

2.2. Mixed-Integer Programming Formulations
By introducing an integer variable pa for all a ∈ A, the
PESP can be formulated as the following mixed-
integer program:

find π,p( ) (1)
s.t. la ≤ πf − πe + Tpa ≤ ua ∀a � e, f

( ) ∈ A, (2)
0 ≤ πe ≤ T ∀e ∈ E, (3)
pa ∈ Z ∀a ∈ A. (4)

In this formulation, the pa variables take the role of
the modulo operator. For example, consider an ac-
tivity a � (e, f )with la � 5 and ua � 15, and let T � 30. If
πf � 5 and πe � 25, then pa can take the value 1, such
that πf − πe + Tpa � 5 − 25 + 30 � 10 ∈ [5, 15].
The standard formulation of the PESP (1)–(4) has a

very weak linear programming (LP) relaxation and
does not perform well on reasonably sized instances.
A formulation with fewer integer variables can be
obtained by formulating the PESP in terms of the
activity durations or tensions xa � πf − πe + Tpa and
exploiting the cycle periodicity property.

Lemma 1 (Cycle Periodicity; Odijk 1996). Consider a fea-
sible PESP solution (π,p), and let xa � πf − πe + Tpa for
a � (e, f ) ∈ A. Let C denote a cycle in the event-activity
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network, with forward arcs C+ and backward arcs C−. It
holds that∑

a∈C+
xa −

∑
a∈C−

xa � qCT for some integer qC.

Moreover, aC ≤ qC ≤ bC, with

aC �
∑

a∈C+ la − ∑
a∈C− ua

T

⌈ ⌉
and

bC �
∑

a∈C+ ua − ∑
a∈C− la

T

⌊ ⌋
.

Lemma 1 shows that the cycle periodicity property
is a necessary condition for a feasible solution to the
PESP. Odijk (1996) proves that it is in fact both nec-
essary and sufficient, and so if the property holds for
all cycles, then the solution is feasible. The final in-
gredient for the cycle periodicity formulation is as-
serted by Nachtigall (1994), who shows that if the
periodicity property holds for the cycles in a carefully
chosen subset of the set of all cycles, then it actually holds
for all cycles in the event-activity network. Specifically, if
the cycle periodicity property holds for all cycles in an
integral cycle basis of the event-activity network, then
it holds for any cycle (Liebchen and Peeters 2009).

From these results, it follows that the PESP can be
formulated in terms of tension variables xa for all arcs
and periodicity variables qC for all cycles in an integral
cycle basis B. The entire cycle periodicity formulation
reads as follows:

find x,q( ) (5)
s.t. la ≤ xa ≤ ua ∀a ∈ A, (6)∑

a∈C+
xa −

∑
a∈C−

xa � qCT ∀C ∈ B, (7)
aC ≤ qC ≤ bC ∀C ∈ B, (8)
xa ∈ R ∀a ∈ A, (9)
qC ∈ Z ∀C ∈ B. (10)

Constraints (6) impose the lower and upper bounds
for the tensions. Constraints (7) model the periodicity
of the timetable through the cycle periodicity prop-
erty. Constraints (8) are not required for the correct-
ness of the formulation but are included to strengthen
the LP relaxation.

Assuming that the network N is connected, the
cycle periodicity formulation contains only |B| � |A| −
|E| + 1 integer variables, compared with |A| in the stan-
dard formulation. The cycle periodicity formulation also
performed better than the standard formulation in em-
pirical studies (see, e.g., Liebchen et al. 2008).

3. Vehicle Circulation Scheduling
Once the timetable is known, operators need to schedule
the vehicles in order to cover all trips. This includes
determining sequences of trips performed by vehicles
and, for example, in railway contexts, also coupling and

decoupling decisions in order to better meet passenger
demand. In this paper, we do not consider (de)coupling
and limit ourselves to vehicle circulation scheduling,
which involves determining which trips are operated
consecutively within the periodic pattern, under the as-
sumption that a single vehicle suffices to cover a trip. As
the timetable is periodic, every trip should have exactly
one successor and one predecessor, which results in
cycles of trips, referred to as circulations, that are per-
formed by one or multiple vehicles. For example, if T
is 60 minutes and a certain circulation takes 180
minutes, then three vehicles are needed to operate this
circulation. The vehicle circulation scheduling problem
(VCSP) is tofind the set of circulations that cover all trips
andminimize the number of required vehicles.Note that
if (de)coupling is allowed, then the optimal solution to
the VCSPminimizes the number of vehicle compositions,
which is strongly related to, but not necessarily the
same as the number of vehicles.
To model vehicle transitions between trips, we let

Eend(s) ⊆ E and Estart(s) ⊆ E denote the ends and starts
of trips at station s, and expand the event-activity
network with turnaround activities Aturn(s) linking end
events e ∈ Eend(s)with start events f ∈ Estart(s). That is,
if these events and activities were not present in the
original network, then we add them. An example is
depicted in Figure 2.
In general, turnaround activities could also involve

a vehicle driving from one station to another without
passengers (a deadhead trip). However, in this paper,
we assume that there are only turnarounds between
ends and starts of trips at the same station. Further-
more, we assume that all transitions between trip
ends and trip starts at the same station are possi-
ble, such that the turnaround graph Gturn(s) � (Eend(s),
Estart(s),Aturn(s)) is a complete bipartite graph for
every station s. We let Eend,Estart, and Aturn denote the
union of the sets Eend(s),Estart(s), and Aturn(s) over all
stations, respectively. Finally, we incorporate the mini-
mumturnaround time in thefinaldwell activitybefore the
end event. This allows us to set la � 0 and ua � T for all
a ∈ Aturn, whichwill simplify the analysis of the VCSP.
Let Aveh denote all drive and dwell activities in

the event-activity network. Then, a vehicle circulation
schedule is a set of directed cycles C in the event-
activity network, consisting of vehicle activities and
turnaround activities, such that all vehicle activities
are coveredexactlyonce.The cycles represent the sequences

Figure 2. Event-Activity Network with Turnaround
Activities Indicated by the Dashed Arcs
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of trips performed by vehicles in the periodic pattern. As
trips are connectedby turnaroundactivities, there is adirect
correspondence between the vehicle circulation schedule
and the selected turnaround activities, denoted as T (C).
Given a feasible timetable, the sum of the tensions of a
vehicle circulation are an integer multiple of T by
Lemma 1. Hence, for a given timetable specified in
terms of the tensions x, the number of vehicles re-
quired to operate the timetable using vehicle circu-
lation schedule C, denoted as n(x, C), equals

n x, C( ) � 1
T

∑
c∈C

∑
a∈c

xa � 1
T

∑
a∈Aveh

xa +
∑

a∈T C( )
xa

( )
.

For a given timetable, only the selected turnaround
activities still need to be determined. To model the
VCSP, let δ+(e) denote the set of turnaround activities
leaving e ∈ Eend, and let δ−(e) denote the set of turn-
around activities entering e ∈ Estart. Next, we intro-
duce the binary decision variable ya for a ∈ Aturn,
which is equal to 1 if a is selected and 0 otherwise.
Then, for a given timetable x, we can find a vehicle
circulation schedule that minimizes the number of
required vehicles by solving the following problem:

min
∑

a∈Aturn

xaya (11)

s.t.
∑

a∈δ+ e( )
ya � 1 ∀e ∈ Eend, (12)

∑
a∈δ− e( )

ya � 1 ∀e ∈ Estart, (13)

ya ∈ 0, 1{ } ∀a ∈ Aturn. (14)
The objective (11) is to minimize the total turnaround
time. Constraints (12) and (13) ensure that every end
event has a successor and every start event has a
predecessor. As already observed by Orlin (1982) and
Serafini and Ukovich (1989), it follows that finding
a vehicle circulation schedule requiring the fewest number
of vehicles comes down to solving a weighted perfect
matching problem in a bipartite graph (the graph induced
by all turnaround arcs). Moreover, as we assume that
deadheading is not allowed, the bipartite graph decom-
poses into a complete bipartite graph per station, such
that a global optimal solution can be found by solving a
weighted perfect matching problem for each terminal
station independently. Borndörfer et al. (2018) prove

that solving this formulation is actually equivalent to
solving a traditional nonperiodic vehicle scheduling
problem (see, e.g., Bunte and Kliewer 2009) on a roll
out of the periodic timetable over the day.

3.1. Properties
We now present properties of the VCSP. Later, we use
these properties to develop a strong formulation for
the VC-PESP.
Our analysis is based on the observation that the arc

weights xa of the weighted perfect matching problem
are generated from a special metric. Specifically, there
exist end times πe ∈ [0,T) for all e ∈ Eend and start
times πf ∈ [0,T) for all f ∈Estart such that xa � πf − πe
mod T for all a � (e, f ).1 Hence, the end events and
start events can be represented by points on the cir-
cle with circumference T, such that we can view the
VCSP as a clockwise bipartite perfect matching on a circle,
which needs to be performed per station. To illus-
trate, Figure 3 depicts an example of such a matching
problem and a possible solution. The following propo-
sition provides a first result of this structure.

Proposition 1. Let y1 and y2 denote feasible solutions
to (11)–(14). For a feasible timetable x, it holds that∑

a∈Aturn xay
1
a − ∑

a∈Aturn xay
2
a � zT for some integer z.

Proof. Intuitively, this statement must be true, since
the number of vehicles required to operate a timetable
must always be integer. For a formal proof, let M1 �
{a∈Aturn : y1a � 1} and M2 � {a ∈Aturn : y2a � 1}. The sym-
metric difference of two perfect matchings M1 ⊕M2 �
(M1 \M2) ∪ (M2 \M1) is the union U of vertex-disjoint
cycles. Within these cycles, arcs from M1 and M2 al-
ternate. It follows that∑

a∈Aturn

xay1a −
∑

a∈Aturn

xay2a

� ∑
C∈U

∑
a∈C:a∈M1

xa −
∑

a∈C:a∈M2

xa

( )

� ∑
C∈U

qCT (Lemma 1)

� ∑
C∈U

qC

( )
T

for integers qC. □

Figure 3. Example of a Matching at a Station and the Associated Inventory Function
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To further analyze the problem, we define the in-
ventory function of a matching Is(t,M), which de-
notes the number of idle vehicles at station s under
matching M at time t ∈ [0,T). Figure 3 depicts an
example of the inventory function. Using this con-
cept, the following lemma characterizes optimal so-
lutions to the VCSP.

Lemma 2. Consider station s with turnaround arcs Aturn(s)
and tensions xa for all a ∈ Aturn(s). Let M ⊆ Aturn(s) and
M′ ⊆ Aturn(s) denote perfect matchings from the associated
end events to start events. The following statements are true:

(i)
∑

a∈M xa �
∫ T
0 Is(t,M)dt;

(ii) Is(t,M) − Is(t,M′) � z for all t ∈ [0,T) for some
constant integer z;

(iii) M is a minimum cost perfect matching if and only if
Is(t,M) � 0 for some t ∈ [0,T).
Proof.

(i) Consider an arc a � (e, f ). Let Is(t, a) be equal to 1
if a “covers” time instant t and 0 otherwise. Formally,
if πe ≤ πf , then a covers t if t ∈ [πe, πf ]; otherwise, a
covers t if t ∈ [0, πf ] ∪ [πe,T]. It holds that Is(t,M) �∑

a∈M Is(t, a). Hence,
∫ T
0 Is(t, M)dt � ∫ T

0
∑

a∈M Is(t, a)dt �∑
a∈M

∫ T
0 Is(t, a)dt � ∑

a∈M xa .

(ii) Let end(a, b) and start(a, b)denote the number of
end and start events in the interval [a, b), respectively.
It holds that Is(t,M) � Is(0,M) + end(0, t) − start(0, t).
Therefore, Is(t,M) − Is(t,M′) � Is(0,M) − Is(0,M′), which
is integer.

(iii) First assume that Is(t′,M) � 0 for some t′ ∈ [0,T).
Let Mopt denote the optimal matching. Clearly, Is(t′,
Mopt) ≥ 0, such that Is(t′,M) − Is(t′,Mopt) ≤ 0. From
(ii), it follows that Is(t,M) − Is(t,Mopt) ≤ 0 for all t.
From (i), we then find that∑

a∈M
xa −

∑
a∈Mopt

xa �
∫ T

0
Is t,M( ) − Is t,Mopt( )

dt ≤ 0,

and hence M is optimal. To prove the reverse direc-
tion, assume that M is optimal but Is(t,M) > 0 for all
t ∈ [0,T). Then, there exist arcs (e1, f1), . . . (ek, fk) ∈ M
that cover all t ∈ [0,T) such that

0 ≤ πe1 < πfk ≤ πe2 < πf1 ≤ . . . ≤ πek < πfk−1 < T.

Note that the alternating structure is due to the
nonempty inventory at any t. The strict inequalities
come from the observation that ifπe � πf for some end
event e and start event f , then this pair does not affect
the inventory function and can therefore be left out
of consideration. Clearly, the cost of the matching can
be decreased by selecting the arcs (e1, fk), (e2, f1), . . . ,
(ek, fk−1), contradicting the optimality of M. To illus-
trate, an example of a matching for which Is(t,M) > 0
for all t ∈ [0,T) is presented in Figure 4. □

Next, we present a greedy algorithm for vehicle
circulation scheduling in Algorithm 1. The algorithm

simply iteratively matches unmatched end events
with the unmatched start event that gives the shortest
turnaround time.

Algorithm 1 Greedy Algorithm for Vehicle Circula-
tion Scheduling
Input: Turnaround graph Gturn(s)�(Eend(s),Estart(s),
Aturn(s)) and turnaround times xe,f∀(e,f )∈Aturn(s)

Output:Minimumcost perfectmatchingM inGturn(s)
1: M � ∅, Uend � Eend(s), Ustart � Estart(s)
2: while M is not a perfect matching do
3: Pick any event e ∈ Uend
4: Find f � argming∈Ustart

xe,g
5: M ← M ∪ (e, f )
6: Uend ← Uend \ e,Ustart ← Ustart \ f
7: Return M

Theorem 1. ThematchingMgreedy returned by Algorithm 1
is optimal for the VCSP.

Proof. Assume that Mgreedy is not optimal. Then, by
part (iii) of Lemma 2, Is(t,Mgreedy) > 0 for all t ∈ [0,T).
As in the proof of part (iii) of Lemma 2, this implies
that there exist arcs (e1, f1), . . .(ek, fk) ∈M that cover all
t ∈ [0,T), such that

0 ≤ πe1 < πfk ≤ πe2 < πf1 ≤ . . . ≤ πek < πfk−1 < T.

We can further assume that e1 is the end event that is
matched first in the greedy algorithm (of the events
e1, . . . , ek), as otherwise the events can be relabeled
and the times can all be shifted by a constant. The
event e1 is matched with f1. However, it holds that
xe1,fk < xe1,f1 . Therefore, the greedy algorithm would
select the arc (e1, fk) instead of (e1, f1), resulting in a
contradiction. It follows that Mgreedy is optimal. □

As a corollary, we find that the vehicle circulation
scheduling problem can be solved in timeO(m2 logm),
where m � |Eend| � |Estart|.
Corollary 1. The VCSP can be solved in O(m2 logm),
where m � |Eend| � |Estart|.
Proof. Algorithm 1 is correct for any order in which the
end events are matched. Hence, a valid approach is to
first sort all turnaround activities in the entire network
according to their tension, and then choose the first

Figure 4. Example of a Matching for Which the Inventory is
Nonempty at Any t
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m (starting with the shortest tension) nonconflicting
activities in this list as the selected turnarounds. Since there
are at most m2 activities in the turnaround graph, this
results in a complexity of O(m2 logm2) � O(m2 logm). □

We conclude this section by proving two additional
properties of the VCSP. In Proposition 6,we show that
in case the events at a station repeat with a shorter
period than the global period (e.g., every 30 minutes
instead of 60 minutes), the inventory function at this
station will also repeat with the shorter period, for
any matching. In Theorem 2, we provide a lower
bound on the minimum turnaround time at a station
based on a weighted sum of the durations of all
turnaround activities.

Proposition 2. Consider station s with turnaround arcs
Aturn(s), and suppose that the events Eend(s) and Estart(s)
repeat periodically every Ts time units, with Ts < T.
Then, for any perfect matching M ⊆ Aturn(s), it holds that
Is(t,M) � Is(t + Ts mod T,M) .
Proof. Since the end and start events repeat every Ts
time units, it holds that end(0,Ts) � start(0,Ts). More-
over, it holds that start(0, t) � start(Ts,Ts + t) and end
(0, t) � end(Ts,Ts + t). First, consider the case where
t + Ts < T. Then,

Is t + Ts mod T,M( )
� Is t + Ts,M( )
� Is 0,M( ) + end 0, t + Ts( ) − start 0, t + Ts( )
� Is 0,M( ) + end 0,Ts( ) + end Ts,Ts + t( )
− start 0,Ts( ) − start Ts,Ts + t( )

� Is 0,M( ) + end Ts,Ts + t( ) − start Ts,Ts + t( )
� Is 0,M( ) + end 0, t( ) − start 0, t( )
� Is t,M( ).

As T must be a multiple of Ts, it follows that

Is t,M( ) � Is t + iTs,M( ) for t ∈ 0,Ts[ ) and
i ∈ 1, . . . ,T/Ts − 1{ }. (15)

Next, consider the case where t + Ts ≥ T. It holds that
t + Ts mod T � t + Ts − iT for some i ∈ Z. Because T
must be amultiple of Ts, it follows that t + Ts mod T �
t − jTs for some j ∈ Z. Equation (15) implies that Is(t + Ts
mod T,M) � Is(t − jTs,M) � Is(t,M). □

Theorem 2. Consider station s with end events Eend(s),
turnaround arcs Aturn(s), and tensions xa for all a ∈ Aturn(s),
and let M(s) ⊆ Aturn denote any feasible perfect matching.
It holds that∑

a∈M s( )
xa ≥ 1

|Eend s( )|
∑

a∈Aturn s( )
xa − T

|Eend s( )| − 1
2

. (16)

Proof. We first consider the case where end events
and start events alternate in the periodic pattern.

Let k� |Eend(s)|. Then,we can partition the arcsAturn(s) �
A1(s) ∪ A2(s) ∪ . . . ∪ Ak(s), where A1(s) contains all ac-
tivities from end events to the next start, A2(s) contains
all the activities from end events to start events that
“skip” one start event, and, in general,Ai(s) contains the
activities from end events to start events that “skip” i
departures (see Figure 5 for an illustration). It can be
observed that

∑
a∈Ai(s) xa � ∑

a∈A1(s) xa + (i − 1)T. There-
fore, we have that

∑
a∈Aturn s( )

xa �
∑k
i�1

∑
a∈Ai s( )

xa � k
∑

a∈A1 s( )
xa + T

k k − 1( )
2

,

or, equivalently,∑
a∈A1 s( )

xa � 1
k

∑
a∈Aturn s( )

xa − T
k − 1
2

.

The theorem follows from the observation that A1(s)
minimizes the total turnaround time.
For the case where end and start events do not al-

ternate, we first relate the theorem to the difference
between the minimum turnaround time and the av-
erage turnaround time. Let M(s) denote the set of all
perfect matchings at station s, and let x(M) � ∑

a∈M xa
denote the turnaround time of matching M. Since the
turnaround graph is a complete bipartite graph, there
are |Eend(s)|! distinct perfect matchings and every arc is
contained in |Eend(s) − 1|! matchings, so that

1
|M s( )|

∑
M∈M s( )

x M( )

� 1
|Eend s( )|!

∑
a∈Aturn s( )

∑
M∈M s( ):a∈M

xa

� 1
|Eend s( )|!

∑
a∈Aturn s( )

|Eend s( ) − 1|! xa

� 1
|Eend s( )|

∑
a∈Aturn s( )

xa.

In other words, the theorem gives a lower bound on
the turnaround of anymatching based on the average
turnaround time over all possible matchings. Hence,
what remains to prove is that the difference between
the minimum turnaround time and the average turn-
around time is maximized when end events and start
events alternate.
LetMopt denote the matching attaining theminimum

turnaround time, and let M′ denote any other match-
ing. Let πe ∈ [0,T) denote the event time of event e. As
ends and starts do not alternate, there are end events e1
and e2 and start events f1 and f2 such that (e1, f1) ∈ Mopt,
(e2, f2) ∈ Mopt, and

0 � πe1 ≤ πe2 < πf1 ≤ πf2 .

Now, consider shifting f1 with δ such that π′
f1 � πf1 − δ

andπe1 ≤π′
f1 ≤πe2 ; that is, after the shift, the end events

e1, e2 and start events f1, f2 do alternate. Let x′(M)
denote the turnaround time of matching M after
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shifting f1. Clearly, x′(Mopt)�x(Mopt)−δ. Let ealt denote
the end event that turns on f1 in matching M′. Then,

x′ M′( ) � x M′( ) + T − δ if πf1 − δ < πealt < πf1
x M′( ) − δ else.

{
It follows that x′(M′) − x′(Mopt) ≥ x(M′) − x(Mopt). In
other words, by disentangling nonalternating end
events and start events, the difference between the
minimum turnaround time and the turnaround time
of an arbitrary matching cannot decrease. Therefore,
the difference is maximized when all ends and starts
alternate. Putting the ingredients together, we find that

1
|Eend s( )|

∑
a∈Aturn s( )

xa −
∑

a∈M s( )
xa

≤ 1
|Eend s( )|

∑
a∈Aturn s( )

xa −
∑

a∈Mopt s( )
xa

� 1
|M s( )|

∑
M∈M s( )

x M( ) − ∑
a∈Mopt s( )

xa

≤ 1
|M s( )|

∑
M∈M s( )

x′ M( ) − ∑
a∈Mopt s( )

x′a

≤ T
|Eend s( )| − 1

2
. □

Note that, for stations with only a single termi-
nating line, Equation (16) directly gives the mini-
mum turnaround time, since the end events and
start events of one line always alternate. Hence, for
such stations, the minimum turnaround time can
be computed without explicitly solving a match-
ing problem.

4. Mathematical Formulation
for the VC-PESP

We are now ready to present a mathematical for-
mulation for the integrated timetabling and vehicle
circulation scheduling problem. To cover the time-
tabling part, we introduce the same decision variables
as in the cycle periodicity formulation of the PESP:
continuous tension variables xa for all a ∈ A and
integer-valued periodicity variables qC for all C ∈ B,
where B is an integral cycle basis. For the vehicle
circulation scheduling part, we introduce binary match-
ing variables ya for all a ∈ Aturn that are equal to 1
if turnaround activity a is selected in the matching
and 0 otherwise. Furthermore, we introduce an inte-
ger variable n representing the total number of vehi-
cles required to operate all circulations. The VC-PESP

Figure 5. Illustration of the Decomposition of All Turnaround Arcs into A1(s),A2(s) and A3(s), Along with the Corresponding
Inventory Functions

Van Lieshout: Integrated Timetabling and Vehicle Circulation Scheduling
Transportation Science, 2021, vol. 55, no. 3, pp. 768–790, © 2021 INFORMS 775



can then be formulated as the following biobjec-
tive problem:

min
∑
a∈A

λaxa (17)
min n (18)
s.t. la ≤ xa ≤ ua ∀a ∈ A, (19)∑

a∈C+
xa −

∑
a∈C−

xa � qCT ∀C ∈ B, (20)
aC ≤ qC ≤ bC ∀C ∈ B, (21)∑
a∈δ+ e( )

ya � 1 ∀e ∈ Eend, (22)
∑

a∈δ− e( )
ya � 1 ∀e ∈ Estart, (23)

n ≥ 1
T

∑
a∈Aveh

xa +
∑

a∈Aturn

xaya

( )
(24)

xa ∈ R ∀a ∈ A, (25)
qC ∈ Z ∀C ∈ B, (26)
ya ∈ 0,1{ } ∀a∈Aturn, (27)
n ∈ Z. (28)

The objectives are to minimize the average (per-
ceived) travel times of all passengers (which can be
achieved by setting appropriate weights λa) and the
operator costs (captured by the number of required
vehicles to operate the timetable). Constraints (19)–(21)
cover the timetabling part of the formulation. Con-
straints (22) and (23) handle the matching part of the
formulation, making sure that every trip has exactly
one successor and one predecessor. Constraint (24)
provides the link between the tension variables, the
matching variables, and the vehicle variable. The
right-hand side represents the total driving, dwell-
ing, and turnaround time of the chosen timetable in
combination with the selected turnaround, divided
by the period length. In a feasible integer solution, the
sum of tensions of each cycle will necessarily be an
integer multiple of the period, such that the division
by the period gives an integer result. The remainder of
the constraints state the domains of the variables.

Formulation (17)–(28) is nonlinear, as constraint (24)
contains the product of binary and continuous vari-
ables. However, it can be linearized by defining aux-
iliary continuous variables we for all e ∈ Eend, repre-
senting the turnaround time between end event e
and the start event it connects to, and replacing con-
straint (24) by

n ≥ 1
T

∑
a∈Aveh

xa +
∑
e∈Eend

we

( )
. (29)

To ensure that the w-variables attain the correct
values, we add the following constraints:

we ≥ xa −M1 1 − ya
( ) ∀e ∈ Eend ∀a ∈ δ+ e( ), (30)

we ≤ xa +M1 1 − ya
( ) ∀e ∈ Eend ∀a ∈ δ+ e( ), (31)

we ≥ 0 ∀e ∈ Eend. (32)

It suffices to set M1 � T, since xa is smaller than T for
turnaround arcs. The resulting formulation is the one
studied by Nührenberg (2016), except that we in-
clude both the average travel time and the number
of vehicles as objectives, instead of only the num-
ber of vehicles.

5. Complexity
As the PESP is NP-complete, it follows that the VC-
PESP is NP-complete as well. However, it turns out
that even if all timetabling complexity is removed
from the problem (such that any timetable is feasible),
it is still a hard problem to decide whether there
exists a timetable that can be operated with a certain
number of vehicles.
Specifically, let us define the SIMPLE-VC-PESP as follows.

Consider a line plan L, where each line l � (s1, s2) ∈ L
has a minimum unidirectional trip time tl and a fre-
quency fl. From this line plan, we derive an event-
activity network with events for the departures and
arrivals of the lines at the terminals, trip activities
linking the departure of a line at one terminal to the
arrival of the line at the other terminal, synchronizing
activities linking different events of the same line,
and turnaround activities linking arrivals with de-
partures at the same terminal. The synchronizing
activities are added for lines with frequencies larger
than 1 and impose that the departures of a line with
frequency f are separated by exactly T/f time units. In
this problem, there are no safety or transfer activities
and all drive and dwell activities are contracted in a
single trip activity with a fixed duration tl. This im-
plies that the arrival times of lines directly follow
from the departure times. Therefore, the SIMPLE-VC-PESP
contains only two timetabling decision variables πs1

l
and πs2

l per line l � (s1, s2), representing the departure
times at the terminals.

Definition 2 (SIMPLE-VC-PESP). Given a period T, a line
plan L specifying the lines and frequencies and given a
maximum number of vehicles n, the simple vehicle
circulation periodic event scheduling problem is to
determine departure times at the terminals πs1

l and πs2
l

for all lines l � (s1, s2) ∈ L such that at most n vehicles
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are needed to operate the periodic timetable, or to
conclude that no such timetable exists.

Note that in the SIMPLE-VC-PESP, all timetables π are
feasible. Hence, the only remaining complexity lies in
making sure that all arrivals have short turnarounds
to departures, such that only a small number of ve-
hicles is required.

Theorem 3. The SIMPLE-VC-PESP is NP-complete.

Proof. The SIMPLE-VC-PESP clearly is in NP. We prove
NP-completeness by reduction from the strongly NP-
complete 3-PARTITION problem (Garey and Johnson 1979).
Let S � {s1, s2, . . . , sm} be a set of integers, and let B be
an integer such that

∑m
i�1 si � m

3 B, and for all i it holds
that B4 < si < B

2. A 3-partition instance is a YES-instance
if it is possible to partition S into k � m

3 triplets
S1,S2, . . .Sk such that each triplet sums to B.

We reduce the 3-PARTITION instance to a star network,
where we have a central hub station v0 ∈ V and m + 1
outer stations v1, . . . , vm+1 ∈ V. We put T � k + ∑m

i�1 si
time units. For every element si ∈ S, we create a line
li ∈ L � {v0, vi} with frequency fi � 1 and a trip time
ti � 1

2 si. Furthermore, we create a line lm+1 � {v0, vm+1}
with frequency fm+1 � k and a trip time tm+1 � 1

2k.
Note that the total driving time of the created SIMPLE-

VC-PESP instance equals
∑m+1

i�1 2 fiti�k+∑m
i�1si�T. There-

fore, at least one vehicle is required to operate the line
plan. We put n � 1. Furthermore, without loss of
generality, we can assume that the vehicles have a
turnaround time of 0 time units at the outer stations
(i.e., πvi

li
� πv0

li
+ ti mod T). Therefore, only the depar-

ture times at the central station need to be deter-
mined. We claim that the 3-PARTITION instance is a YES-
instance if and only if the SIMPLE-VC-PESP instance is a
YES-instance.

If the 3-PARTITION instance is a YES-instance, then we
can create a solution using only a single vehicle. Let
S1, . . . , Sk denote the triplets. We set πlm+1 � 0, so line
m + 1 has departures at 0, Tk , . . . ,

(k−1)T
k . For triplet Sj �

(sp, sq, sr), we set πlp � (j−1)T
k + 1

k , πlq � πlp + 2tp and πlr �
πlq + 2tq. Then, it is possible to create a circulation that
performs the first service of line m + 1, then the lines
corresponding to S1, then the second service of line
m + 1, then all lines corresponding to S2, and so on. As
this circulation takes exactly one period, only a single
vehicle is needed to operate the timetable, such that the
SIMPLE-VC-PESP instance is a YES-instance.

If the SIMPLE-VC-PESP instance is a YES-instance, then it
must be that there is a single circulation covering all
lines with a duration of T. Without loss of generality,
we can set πlm+1 � 0. We can therefore write this cir-
culation as
l1m+1, l

′
1, . . . , l

′
p⏟̅̅ ⏞⏞̅̅ ⏟

L1

, l2m+1, l
′′
1 , . . . , l

′′
q⏟̅̅⏞⏞̅̅⏟

L2

l3m+1 . . . . . . l
k
m+1 l

′′′
1 , . . . , l′′′r⏟̅̅̅⏞⏞̅̅̅⏟

Lk

.

As the services of line m + 1 should be spread exactly
1
k T time units and the total circulation time equals T, it
holds that ∑

l∈L1

tl �
∑
l∈L2

tl � . . . � ∑
l∈Lk

tl � B,

such that
⋃k

i�1 Li � L \ {lm+1}. The corresponding el-
ements in S partition S into k subsets with a sum of B.
Moreover, since B

4 < si < B
2, all these subsets must con-

tain exactly three elements. We conclude that that the
3-PARTITION instance also is a YES-instance. □

6. A Stronger Formulation
The mathematical formulation of the VC-PESP given
in Section 4 has been investigated by Nührenberg
(2016). However, the author finds that the formula-
tion is weak and results in large optimality gaps even
for medium-sized instances. Besides the large opti-
mality gaps that tend to come with the PESP model
itself (see, e.g., Borndörfer et al. 2019), this is likely
caused by the big-M constraints (30)–(31) that are
necessary to linearize the formulation. Furthermore,
the formulation also allows for many symmetric so-
lutions, as there can be multiple matchings that attain
the same turnaround time.
In this section, we present several ways to enhance

the formulation of the VC-PESP by exploiting the
special matching structure of the vehicle circulation
scheduling problem. First, we discuss how the num-
ber of binary matching variables can be reduced. Next,
we give multiple valid inequalities that strengthen
the linear relaxation. Finally, we propose symmetry-
breaking constraints,whichmake sure that only a single
matching that attains the minimum turnaround time
is feasible.

6.1. Computing the Matching in a
Contracted Network

Even though the period of the entire timetable might
be equal to T, often the period is smaller from a local
perspective. We can use this property to reduce the
number of matching variables necessary to compute
the total turnaround time at a station. In particular, if
the events at station s repeat every Ts time units, then
we say that the local period at station s is Ts. In case the
local period is strictly smaller than the global period,
it turns out to be possible to reduce the number of
matching variables at s with a factor of (T/Ts)2.
For instance, consider a station that serves as a

terminal for two lines, line A that runs every 15
minutes and line B that runs every 30 minutes. Re-
gardless of the global period, the local period Ts at this
station is 30 minutes, since all events repeat at least
every 30 minutes. By Proposition 2, this implies that
the inventory function also repeats every 30 minutes,

Van Lieshout: Integrated Timetabling and Vehicle Circulation Scheduling
Transportation Science, 2021, vol. 55, no. 3, pp. 768–790, © 2021 INFORMS 777



for any matching. Hence, we can simply optimize the
matching for all events occurring in 30 minutes and
repeat this pattern in the subsequent periods. Figure 6
visualizes the contraction for this station for the case
that the global period is 60minutes. The events eA1 and
eA3 are end events of line A that are separated with
exactly 30 minutes, so they are combined in a single
node in the contracted graph. The same holds for
other pairs of events in the original graph. This results
in a reduction of the number of turnaround arcs from
36 to 9.

To formally model the total turnaround time in the
contracted graphs, we define, for each line l that
terminates at s and has global frequency fl, the local
line frequency f sl :� flTs/T. Next, we create a con-
tracted graph in which every line is represented with
f sl contracted end events and f sl contracted start
events. Each contracted event corresponds to T/Ts

events in the regular network that are all separated
by a multiple of Ts minutes. Let Econ

end(s) and Econ
start(s)

denote all end events and start events in the con-
tracted graph at s. The setAcon

turn(s)denotes the set of all
turnaround arcs in the contracted networks and
contains an arc for each pair of contracted end and
start events, such that the contracted network is
complete. It follows that each contracted arc a cor-
responds to T/Ts( )2 arcs in the regular network.We let
Aturn(a) denote the set of arcs in the regular network
that correspond to the contracted arc a. Finally, we let
S denote the set of all terminal stations.

To perform thematching in the contracted network,
we introduce a binary matching variable γa and a
continuous tension variable χa for all a ∈ Acon

turn(s) and a
turnaround time variable ωe for all e ∈ Econ

end(s). The

following constraints then model the matching in this
contracted network:∑
a∈δ+ e( )

γa � 1 ∀e ∈ Econ
end, (33)

∑
a∈δ− e( )

γa � 1 ∀e ∈ Econ
start, (34)

χa≥xa′ −T+Ts ∀s∈S, ∀a∈Acon
turn s( ),

∀a′ ∈Aturn a( ), (35)
χa≤xa′ ∀s∈S, ∀a∈Acon

turn s( ),
∀a′ ∈Aturn a( ), (36)

ωe ≥ χa −M2 1 − γa
( ) ∀e ∈ Econ

end,∀a ∈ δ+ e( ), (37)
ωe ≤ χa +M2 1 − γa

( ) ∀e ∈ Econ
end,∀a ∈ δ+ e( ), (38)

n ≥ 1
T

∑
a∈Aveh

xa +
∑
s∈S

T
Ts

∑
e∈Econ

end s( )
ωe

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠ (39)

ωe ≥ 0 ∀e ∈ Econ
end, (40)

χa ∈ R ∀a ∈ Acon
turn, (41)

γa ∈ 0, 1{ } ∀a ∈ Acon
turn. (42)

Constraints (33)–(34) are the matching constraints for
the contracted network. Constraints (35)–(36) link the
tensions of the activities of the contracted network
with those of the original network. Here, we use that
the tensions of the arcs in the original network as-
sociated to an arc in the contracted network are x, x +
Ts, x + 2Ts, . . . , x + T − Ts for some x ∈ [0,Ts). For ex-
ample, if the local period is 15 minutes and the con-
tracted arc a corresponds to tensions of 12, 27, 42, and
57 minutes in the original network, then these con-
straints enforce that χa � min{12, 27, 42, 57} � 12.
Constraints (37)–(38) make sure that the turnaround

time of every contracted event is equal to the tension
of the arc that is selected to be in thematching. Since it
holds that χa ∈ [0,Ts), it now suffices to set M2 � Ts
instead of T, which also strengthens the formulation.
Constraint (39) counts the number of vehicles and now
takes into account that turnaround times of contracted
events should be counted according to their multiplicity.
For the sake of notation, in the remainder of this

section, we omit the superscript “con” to denote the
contracted turnaround graph and write xa instead of
χa, ya instead of γa, and we instead of ωe.

6.2. Strengthening the LP Relaxation
A potential weakness of the original formulation is
that its linear programming (LP) relaxation is weak be-
cause of the linearization of the quadratic terms xaya.

Figure 6. (Color online) Contraction of the Turnaround
Graph at a Station with Lines A and B with Frequencies 4
and 2, Respectively
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When inspecting solutions to the LP relaxation, we
noticed that even when the periodicity variables qC
are integer for all C ∈ B (so the timetable is feasible)
and only the integrality of the matching variables ya is
relaxed, the turnaround time variables we often still
equal 0 for all end events. To illustrate this, consider
the timetable displayed in Figure 7, with two vehicles
turning at a certain station. We assume that the event
times are fixed and that the end events take place at
time instants −ε and ε, and the start events at 1

2Ts − ε
and 1

2Ts + ε, for some small ε. Clearly, the minimum
turnaround time, which is actually obtained by both
possible matchings, is Ts. However, if the matching
variables ya are equal to 1

2, then the turnaround time
variables we can take the value ε, such that the total
turnaround time is smaller than 2ε. In order to de-
crease the gap between the actual minimum turn-
around time and the turnaround time in the relaxa-
tion, we develop three classes of valid inequalities.

6.2.1. Min-Mean Cuts. The first class of valid inequal-
ities is based on the lower bound on the minimum
turnaround time at a station given by Theorem 2. This
theorem directly implies that the following inequal-
ities are valid for the VC-PESP:

∑
e∈Eend s( )

we ≥ 1
|Eend s( )|

∑
a∈Aturn s( )

xa − Ts
|Eend s( )| − 1

2

∀s ∈ S. (43)
We refer to these inequalities as the min-mean cuts, as
Theorem 2 relates the minimum turnaround time
with the mean turnaround time over all matchings.
Recall that, for stations with only a single terminating
line, these cuts directly give theminimum turnaround
time, since the end events and start events of one line
always alternate, and so for these stations it is no
longer necessary to add any binary variables.

For the example in Figure 7, the min-mean cut states
that

∑
e∈Eend(s) we ≥ 1

2Ts. Therefore, the original LP so-
lution where both turnaround time variables have
value ε is cut off.

6.2.2. Reference-Matching Cuts. To improve the ef-
fectiveness of the min-mean cuts, we also include

the following constraints. Let Ms denote a reference
matching for station s and introduce the integer
variable zs for all s ∈ S. By Proposition 2, the difference
in turnaround time between two matchings must be
an integer multiple of Ts, and hence the following
equality is valid:∑

e∈Eend s( )
we �

∑
a∈Ms

xa − Tszs ∀s ∈ S, (44)

zs ∈ Z ∀s ∈ S. (45)
To illustrate the usefulness of these cuts, consider
again the example in Figure 7. In case the reference-
matching variable zs is integer, this implies that∑

e∈Eend(s) we is either 0 or Ts. Next, the min-mean cut
states that

∑
e∈Eend(s) we ≥ 1

2Ts. Hence, provided that zs is
integer,

∑
e∈Eend(s) we must be equal to Ts. The zs vari-

ables are therefore useful variables to branch on in a
branch-and-bound context.

6.2.3. Headway Cuts. Headway cuts can be used if all
departures at a station should be separated by a
headway time hs > 0. In this case, if a start event f is
scheduled at time πf and an end event e does not
connect to f , then it follows that e connects to a de-
parture outside the interval [πf − hs, πf + hs]Ts

. This
implies that the following inequalities are valid:

we ≥ xa + hs − Ts ∀s ∈ S, ∀e ∈ Eend s( ), ∀a ∈ δ+ e( ).
(46)

In case the end event e connects to f , the inequality
clearly holds, as hs < Ts. Otherwise, e connects to a
different start event, which must be separated at least
hs time units from f . Taking periodicity into account,
the right-hand side of the inequality represents a
lower bound on the turnaround time. For example, if
Ts � 60 minutes, hs � 3 minutes, xe,f � 59, and e does
not connect to f , then it should hold that we ≥ 2.
These inequalities cut off a relatively small portion

of the feasible region, since they only have an effect
if xe,f + hs > Ts, and hs usually is relatively small. By
preprocessing the event-activity network, the mini-
mum separation between departures can usually
be strengthened. Furthermore, these constraints can
easily be incorporated by setting M2 �Ts−hs in con-
straints (37)–(38).

6.3. Symmetry Breaking
In the VC-PESP, there can be a very large number of
matchings that lead to the same number of required
vehicles. This even holds for a fixed timetable. As an
example, consider the timetable at a station depicted
in Figure 8. All 24 possible matchings at this station
attain the same (and therefore minimum) turnaround
time. To understandwhy this symmetry occurs, recall
that the greedy algorithm described in Section 3

Figure 7. Example Illustrating the Weak Linear
Programming Relaxation of the Formulation
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minimizes the total turnaround time, regardless of the
order in which the events are matched. In other
words, any order leads to an optimal matching with
the same total turnaround time, but can lead to a
different solution. Different orders do lead to dif-
ferent solutions when the end events and start evens
do not alternate. As a result, branching on thematching
variables ya leads tomany similar nodes being created,
increasing the computational burden.

The symmetries can be broken if we specify an
order in which the end events nodes are matched in
the greedy algorithm a priori, andwe incorporate this
order in the mathematical formulation. Let E<e

end (E>e
end)

denote the set of end events that come earlier (later) in
the ordering than end event e, and consider a turn-
around activity (e, f ) at some station swith tension xe,f .
Recall that hs denotes the minimum separation be-
tween departures at station s. In an integer solution,
the following cases can occur:

we ≤
xe,f if e connects to f (so ye,f � 1),
xe,f +M3 if e′ connects to f with e′ ∈ E<e

end,
xe,f − hs if e′ connects to f with e′ ∈ E>e

end.

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(47)

HereM3 is a sufficiently large constant. Intuitively, if e
connects to f , then the turnaround timewill be exactly
xe,f by constraints (30). In the second case, some e′ that
comes earlier in the ordering than e turns on f , such
thatwe cannot restrictwe. In thefinal case, some e′ that
comes later in the ordering than e connects to f , which
implies that the turnaround timewe should be at most
xe,f − hs, as e has a higher priority and will hence
connect to a start event that departs earlier than f . The
above stated relations can be captured in the fol-
lowing constraints:

we ≤ xe,f +M3
∑

e′∈E<e
end

ye′,f − hs
∑

e′∈E>e
end

ye′,f

∀s ∈ S, ∀e ∈ Eend s( ), ∀f ∈ Estart s( ). (48)
These constraints ensure that, for every possible time-
table, only one matching that attains the minimum
turnaround time is feasible, namely, the one induced by
the specified order. A sufficiently large value for M3
is Ts − hs.

7. Short Circulations
In practice, operators typically prefer shorter vehicle
circulations over longer ones, since short circulations
aremore robust and easier tomanage. If a disturbance
occurs in a short circulation, then it affects only a
small part of the network. In contrast, if a disturbance
occurs in a long circulation, then the disturbance may
propagate through all lines in the circulation, and
therefore may have a large impact on the operations.
In this paper, we consider three types of vehicle

circulations. Fixed circulations consist of services cor-
responding to a single line. Hence, if the entire net-
work is operated using fixed circulations, then there
are dedicated vehicles for all lines. Combined circu-
lations consist of services associated with two lines,
so vehicles can alternate between lines. Flexible cir-
culations consist of services belonging to three or
more lines.
Fixed circulations are easily imposed within the

VC-PESP by removing all turnaround activities be-
tween different lines. For the case where both fixed
and combined circulations are allowed, we consider
the slightlymore restrictive case that every line can be
combined with at most one other line. Then, let L
denote the set of lines, let Acomb

turn denote the set of all
turnaround activities that connect different lines, and
let lines(a) denote the pair of lines that a combined
turnaround connects. If we introduce binary decision
variables vlm for all pairs of lines l,m ∈ L that are equal
to 1 if the lines are combined and 0 otherwise, then the
following constraints model combined circulations:

∑
m∈L,l �m

vlm ≤ 1 ∀l ∈ L, (49)

ya ≤ vlines a( ) ∀a ∈ Acomb
turn , (50)

vlm ∈ 0,1{ } ∀l∈L, ∀m ∈L, l �m. (51)
Constraints (49) ensure that every line is combined
with at most one other line. Constraints (50) link the
matching variables with the line combination variables.

Finally, note that when restrictions are imposed on
the number of lines in vehicle circulations, it is not
necessary to include all improvements developed in
the previous section. If all circulations are fixed,
then the min-mean cuts (43) suffice for directly mod-
eling the turnaround times, so none of the other
techniques are needed. In fact, the matching variables
and constraints can be omitted entirely. In case com-
bined circulations are imposed, the matching prob-
lems at the different stations are linked, implying
that they cannot be solved for each station indepen-
dently. As such, the symmetry-breaking constraints
(48) are no longer included, as they potentially might
cut off the optimal solution and symmetries are al-
ready broken.

Figure 8. Example Illustrating the Existence of Many
Symmetric Solutions
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8. Computational Experiments
In order to demonstrate the effectiveness of the pro-
posed formulation, we present the results of a series
of experiments. First, we focus on minimizing the
number of vehicles to analyze the impact of the con-
traction techniques, valid inequalities, and symmetry-
breaking constraints. Thereafter, we consider the trade-
off between the number of required vehicles and the
quality of the timetable from the passengers’ per-
spective (measured in terms of average perceived
travel time).

8.1. Instances
The instances used for the experiments are derived
from the Dutch railway network. In the Dutch net-
work, two types of lines are operated: regional lines
that have stops at all intermediate stations and in-
tercity lines that only have stops at intercity stations.
Both line types have completely dedicated rolling
stock types, and we account for this in the mathe-
matical model by decomposing the turnaround graphs
at each station (i.e., only turnaround activities between
trips of the same type are considered).

We consider 10 instances that are based on the part
of the Dutch railway network depicted in Figure 9(a).
These instances contain both regional and intercity
lines and are referred to as two-type instances. To
construct these instances, we create 10 different line
plans for this network from which the event-activity

networks are derived. Safety constraints are gener-
ated with a headway of three minutes based on the
railway infrastructure. Besides the two-type instances,
we also consider a larger instance with the complete
Dutch intercity network with the 2019 line plan, de-
picted in Figure 9(b). This instance is referred to as
complete-ic.
Table 1 gives for all instances the number of lines

|L|, the period in minutes T, the number of events |E|,
the number of activities |A|, the number of turnaround
activities |Aturn|, and a lower bound on the number of
required vehicles n (computed using minimum driv-
ing and dwell times). In order to optimize the per-
ceived travel time, we employ an origin destination

Figure 9. (Color online) Networks Used in the Computational Study

Table 1. Characteristics of the Instances Used in the
Computational Study

Instance |L| T |E| |A| |Aturn | n

two-type1 10 60 522 732 90 15
two-type2 15 60 684 1,000 122 20
two-type3 14 60 752 1,105 138 21
two-type4 9 60 908 1,405 200 26
two-type5 10 60 1,030 1,643 290 28
two-type6 10 30 522 734 90 29
two-type7 12 60 1,122 1,899 318 31
two-type8 15 60 1,158 1,932 380 33
two-type9 14 30 714 1,028 124 40
two-type10 11 20 550 747 78 47
complete-ic 23 60 3,932 6,683 280 140
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matrix with passenger counts. The origin destination
pairs are routed over the network based on the line
plan, giving the number of passengers per activity. In
this paper, we then define the perceived travel time
of a route as the sum of expected waiting time for the
first service, the in-vehicle time, and an additional
transfer penalty of 10 minutes plus twice the transfer
time. The activity weights λa are set accordingly.

The experiments are performed on a machine with
an Intel Xeon E5-2650 v2 2.60-gigahertz processor
with 16 cores and 64 gigabytes of RAM. CPLEX 12.8.0
with default settings is used to solve the mixed-
integer programs, using 16 parallel threads. As the
number of valid inequalities is relatively small, we do
not separate violated valid inequalities dynamically
and instead add them directly to the model.

8.2. Comparing the Formulations
To examine the effectiveness of the proposed tech-
niques, we define the following formulations:

• Orig: the original formulation presented in
Section 4.

• Con: the formulation with the contraction tech-
nique described in Section 6.1.

• Con+Val: the formulation with contraction and
with the valid inequalities described in Section 6.2.

• Con+Sym: the formulation with contraction and
with the symmetry-breaking constraints described in
Section 6.3.

• Con+Val+Sym: the formulation with contraction,
valid inequalities and the symmetry-breaking constraints.

8.2.1. Size of the Formulations. Before we test the
actual performance of the formulations, we first ex-
amine the impact the contraction technique and the
valid inequalities have on the size of the formulation.
In Table 2, we present the number of binary and
continuous variables and the number of constraints

that are included in the formulations. Only the var-
iables and constraints related to the matching part of
the formulation are included here. It can be seen that
the contraction on average reduces the number of
binaries by more than a factor of two. Despite the
auxiliary variables and constraints that are intro-
duced, the contraction of the turnaround graphs also
results in an overall decrease of the number of con-
tinuous variables and constraints. The reduction in
the number of binaries varies quite strongly over the
instances, as it is really dependent on the properties
of the line plan. This reduction is the largest for the
complete-ic instance, from 280 to 61. This can be ex-
plained by the fact that the local period in the densely
populated parts of the Netherlands is often 30 or
15 minutes, whereas the global period of the line plan
is 60 minutes. It is exactly in these situations that
the contraction technique is useful.
The valid inequalities are also able to slightly de-

crease the number of variables. This can be explained
by the fact that if only a single line terminates at a
station, then the min-mean cuts provide an exact
description of the minimum turnaround time, such
that the matching variables and constraints for that
station can be omitted. For some of the instances, this
implies that even the total number of constraints is
reduced when the valid inequalities are added. In-
cluding the symmetry-breaking constraints does lead
to an increase of the number of constraints, on average
with 66 constraints.

8.2.2. Tightness of the Formulations. To gain more
insight into the effect that the contraction technique
and the valid inequalities have on the strength of the
formulation, we perform the following experiment.
First,wefinda timetable xbyminimizing, to optimality,
the number of vehicles using the original formulation
with all variables relaxed, except the periodicity

Table 2. The Number of Binary (Bin.) Variables, Continuous (Cont.) Variables, and Constraints (Constr.) Required by the
Different Formulations in the Matching Part of the Model

Orig Con Con+Val Con+Sym Con+Val+Sym

Instance Bin. Cont. Constr. Bin. Cont. Constr. Bin. Cont. Constr. Bin. Cont. Constr. Bin. Cont. Constr.

two-type1 90 113 220 78 99 208 75 96 222 78 99 262 75 96 276
two-type2 122 152 300 122 152 300 120 150 317 122 152 390 120 150 407
two-type3 138 171 336 126 157 324 123 154 342 126 157 416 123 154 434
two-type4 200 239 476 68 89 336 65 86 340 68 89 380 65 86 384
two-type5 290 340 680 83 108 476 81 106 481 83 108 532 81 106 537
two-type6 90 113 220 78 99 208 75 96 222 78 99 262 75 96 276
two-type7 318 376 752 81 109 436 80 108 448 81 109 488 80 108 500
two-type8 380 434 868 161 196 680 159 194 691 161 196 804 159 194 815
two-type9 124 155 304 112 141 292 109 138 309 112 141 372 109 138 389
two-type10 78 101 196 78 101 196 75 98 211 78 101 248 75 98 263
complete-ic 280 356 712 61 73 344 38 50 266 61 73 370 38 50 292
Average 192 232 460 95 120 345 91 116 350 95 120 411 91 116 416
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variables. As the periodicity variables still are required
to be integer, the resulting solution corresponds to a
feasible timetable. We let n(x) denote the number of
vehicles that this timetable requires. Next, we fix the
timetabling part of the model entirely and solve the
linear relaxation of the remainder of the model with
the different formulations. We let nLP(x) denote the
solution value of this relaxed problem. In a tight
formulation, the integrality gap, which we define as
n(x)/ nLP(x)⌈ ⌉

, should be small (we take the ceiling as
the number of vehicles is integer).

In Table 3, the results of solving the relaxations are
presented for the formulationsOrig,Con, andCon+Val.
The other formulations are not included since the
symmetry-breaking constraints do not have an im-
pact on the strength of the formulation. We can observe
that the contraction technique and valid inequalities
are able to reduce the integrality gap considerably.
For example, for instance two-type1, the timetable
that is found in the first step requires 21 vehicles. In
the linear relaxation, however, the original formu-
lation finds a solution with 14.3 vehicles, giving a
gap of 1.4. The formulation with contraction finds a
slightly better bound of 14.7. An even stronger bound
of 16.7 is obtained by the formulation that also in-
cludes the valid inequalities, driving down the inte-
grality gap to 1.24. In the other instances, the same
pattern is visible. On average, the integrality gap
decreases from 1.23 to 1.09 when the improvements
are included in the formulation. All in all, this ex-
periment illustrates that the linear relaxation becomes
muchmore informative about the number of required
vehicles by a timetable when the contraction tech-
nique and especially the valid inequalities are in-
cluded in the model.

8.2.3. Performance of the Formulations. We next per-
form two experiments to assess the practical performance

of the formulations. Inboth experiments,we solve theVC-
PESP with the objective to minimize the number of re-
quired vehicles, with flexible circulations, using all five
formulations. In the first experiment, we solve each in-
stance with five different seeds to take into account that
the performance of CPLEX can vary with the seed that is
used. For this experiment, we use a time limit of 15
minutes and consider the average performance over the
five runs. In the second experiment, we use a longer time
limit of one hour and perform a single run.
In Table 4, we present the results of the first ex-

periment, stating the average number of vehicles, the
relative optimality gap, and the number of times (out
of five runs with different seeds) that a provably
optimal solution is obtained with the different for-
mulations. On average, the original formulation clearly
is the worst-performing formulation, resulting in the
largest number of vehicles, the largest optimality gap,
and the fewest number of optimal solutions. However,
there is some variation across the instances. For in-
stances two-type1, two-type2, two-type6, and two-
type10, all formulations perform (roughly) equally
well. This can be explained by the fact that these are
precisely the instances with the smallest number of
turnaround arcs (see Table 1), implying that the ve-
hicle circulations scheduling part of the formulations
is relatively small. Therefore, it is likely that, for these
instances, the impact of the enhancements is limited.
For the other seven instances, where the number of
turnaround arcs is larger, the original formulation
does result in strictly the largest number of vehicles
and optimality gap, except for instance two-type9.
Introducing the contraction technique consider-
ably improves the performance, most notably on
two-type5, two-type7, two-type8, and the complete
intercity instance. Adding the valid inequalities
on top of the contraction does not improve the av-
erage performance. The formulation that includes

Table 3. Results of Solving the Linear Relaxations of the Formulations with a
Fixed Timetable

Orig Con Con+Val

Instance n(x) nLP(x) Integrality gap nLP(x) Integrality gap nLP(x) Integrality gap

two-type1 21 14.3 1.40 14.7 1.40 16.7 1.24
two-type2 26 19.0 1.37 19.0 1.37 21.5 1.18
two-type3 25 20.2 1.19 20.5 1.19 23.1 1.04
two-type4 31 24.4 1.24 25.5 1.19 28.1 1.07
two-type5 34 27.5 1.21 28.1 1.17 31.2 1.06
two-type6 34 28.7 1.17 29.0 1.13 31.5 1.06
two-type7 38 30.0 1.27 31.3 1.19 35.5 1.06
two-type8 41 32.7 1.24 32.9 1.24 36.9 1.11
two-type9 47 38.5 1.21 38.7 1.21 41.7 1.12
two-type10 52 46.0 1.13 46.0 1.13 48.3 1.06
complete-ic 151 140.6 1.07 146.9 1.03 149.7 1.01
Average 45.5 38.3 1.23 39.3 1.20 42.2 1.09
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symmetry-breaking constraints is not able to find
solutions that on average require fewer timetables,
but it is able to find better lower bounds, resulting in a
smaller average gap. Moreover, it turns out that
when both the valid inequalities and the symmetry-
breaking constraints are included in the formulation,
the average performance does further improve: the
Con+Val+Sym formulation attains both the lowest
average number of vehicles and the lowest average
gap. In addition, on all instances, this formulation finds
the same or a lower number of vehicles than the other
formulations. Compared with the original formulation,
Con+Val+Sym reduces the average num-ber of re-
quired vehicles by 0.9 (2.2%) and almost halves the
average optimality gap. The formulation Con+Val+
Sym also finds the optimal solution most often.

The results of the second experiment are presented
in Table 5, stating the number of vehicles, optimality
gap, and computation time obtained with the dif-
ferent formulations. The results are in line with those
of the previous experiment: the original formulation
attains an average optimality gap of 4.9% compared
with 2.0% using the formulation with all three en-
hancements. The contraction technique and symme-
try-breaking constraints appear to lead to the larg-
est improvement in performance. The formulations
Con+Sym and Con+Val+Sym achieve the same exact
number of vehicles and optimality gap for all in-
stances. In terms of computation time, Con+Val+Sym
performs better, but the difference is small. Combined
with the results of Table 4, we can conclude that the
Con+Val+Sym formulation is the most effective for-
mulation for solving the VC-PESP, yielding consid-
erable improvements over the original formulation.
Finally, it is important to note that these results also
illustrate the limitations of the proposed enhance-
ments. Despite the fact that the improved formulations

perform much better than the original formulation,
Con+Val+Sym is still unable to solve 5 out of the 11
instances to optimality.Moreover, the gap improvement
compared with a shorter running time is only due to
finding better feasible solutions. The lower bounds are
identical to those found in the previous experiment,
indicating that the relaxation is still relatively weak.

8.3. Trade-Off Between the Number of Vehicles and
the Average Travel Time

To analyze the trade-off between the number of ve-
hicles and the average travel time, we use the concept
of a Pareto-efficient timetable, where it is impossible
to reduce the number of vehicles without increasing
the average travel time, and vice versa. To approximate
the set of Pareto-efficient timetables, we first separately
minimize the average travel time and the number of
vehicles, resulting in an upper and lower bound on the
minimum number of required vehicles. These first two
problems are solved with a time limit of 30 minutes.
Next, for every integermbetween the lower bound and
the upper bound, the VC-PESP is solved with the
average travel time as the objective and the constraint
that the number of vehicles is at most m. For these
problems, the time limit is set to 15 minutes. As we do
not solve the problems to optimality, this results only
in an approximation of Pareto-efficient solutions. The
best performing formulation found in the previous
section, Con+Val+Sym, is used in these experiments.
We approximate the Pareto-efficient solutions for

the cases with fixed circulations, combined circula-
tions and flexible circulations. To speed up the com-
putations, we use the obtained solutions with fixed
circulations as starting solutions for the combined
circulations, and the obtained solutions with com-
bined circulations as starting solutions for the flexi-
ble circulations.

Table 4. The Average Number of Required Vehicles, the Average Relative Optimality Gap (Given by CPLEX), and the
Number of Runs Out of Five That Are Solved to Optimality (Opt.), Obtained by the Different Formulations with a Time Limit
of 15 Minutes

Orig Con Con+Val Con+Sym Con+Val+Sym

Instance Vehicles Gap (%) Opt. Vehicles Gap (%) Opt. Vehicles Gap (%) Opt. Vehicles Gap (%) Opt. Vehicles Gap (%) Opt.

two-type1 16.0 1.2 4 16.0 0.0 5 16.0 0.0 5 16.0 0.0 5 16.0 1.2 4
two-type2 20.0 0.0 5 20.0 0.0 5 20.2 1.0 4 20.2 1.0 4 20.0 0.0 5
two-type3 22.8 7.8 0 22.4 6.1 1 21.6 2.6 3 21.6 2.6 3 21.4 1.8 3
two-type4 26.4 1.5 3 26.0 0.0 5 26.0 0.0 5 26.0 0.0 5 26.0 0.0 5
two-type5 31.2 10.2 0 30.2 7.3 0 30.2 7.3 0 30.0 6.7 0 30.0 6.7 0
two-type6 30.0 0.0 5 30.0 0.0 5 30.0 0.0 5 30.0 0.0 5 30.0 0.0 5
two-type7 35.2 11.8 0 33.4 7.2 0 33.2 6.6 0 33.2 6.6 0 33.0 6.1 0
two-type8 38.4 14.0 0 37.0 10.8 0 37.2 11.3 0 37.2 11.3 0 36.8 10.3 0
two-type9 41.4 3.4 0 40.8 1.9 2 42.0 4.7 0 40.6 1.4 3 40.2 0.5 4
two-type10 48.0 0.0 5 48.0 0.0 5 48.0 0.0 5 48.0 0.0 5 48.0 0.0 5
complete-ic 150.8 5.2 0 148.8 3.4 0 148.2 3.1 0 149.6 4.0 0 148.0 2.6 0
Average 41.8 5.0 2.0 41.1 3.3 2.5 41.1 3.3 2.5 41.1 3.1 2.7 40.9 2.6 2.8
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8.3.1. Two-Type Instances. The obtained solutions for
the two-type instances are visualized in Figure 10.
The figure also depicts the sequential solutions ob-
tained by first optimizing the timetable to minimize
the travel time and subsequently optimizing the ve-
hicle circulations for the found timetable. It can be
observed that sequential optimization leads to very
inefficient timetables. In many cases, the number of
vehicles of these solutions can be reduced without
any increases in travel time. Furthermore, if an in-
crease in travel time is required to reduce the number
of vehicles, then this increase is typically very limited.
In general, it can be observed that reductions in
the number of vehicles only require small increases
in average travel time, but the required increases
progressively become larger when the number of
vehicles approaches its minimum.
A second observation from Figure 10 is that, as

expected, the flexible solutions dominate the com-
bined solutions, which in turn dominate the fixed
solutions. The difference between the combined so-
lutions and the fixed solutions is especially consid-
erable. The benefit of flexible circulations over com-
bined circulations is less consistent over the instances,
but still clearly noticeable for two-type5, two-type9,
and two-type10. For seven of the instances, flexible
circulations do allow finding solutions with fewer
vehicles than with combined circulations, but these
timetables on the far end of the curve are often much
less attractive from the passengers’ side.
To further analyze the benefit of integrating time-

tabling and circulation scheduling, Figure 11 depicts
the increase in travel time and decrease in number of
vehicles for all Pareto-efficient solutions, relative to
the sequential solution. The key insight is that sub-
stantial decreases in the number of required vehicles
can be achieved at the cost of very limited increases in
travel time. Moreover, for combined circulations, it is
possible to decrease the number of vehicles without
any increases in travel time for 6 out of the 10 in-
stances. For fixed and flexible circulations, this is
possible in five of the instances. If a 0.01% travel time
increase is permitted, then significant savings in ve-
hicles can be obtained for the majority of the in-
stances. This clearly shows that the timetable ob-
tained by sequentially optimizing the travel time and
the number of vehicles is strongly inferior to time-
tables obtained by jointly optimizing the travel time
and the number of vehicles. All in all, the results
indicate that the number of vehicles can typically
be reduced considerably without doing any serious
harm to the passengers’ perspective.

8.3.2. Complete Intercity Network. The results for the
complete Dutch intercity network are visualized in
Figure 12. The plot on the left depicts the approximatedT
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Figure 10. (Color online) The Approximated Pareto-Efficient Solutions and the Sequential Solutions

Note. In some cases, the sequential solutions are not Pareto-efficient, these points are disconnected from the curve.
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Pareto curve, and the plot on the right depicts the in-
crease inperceived travel timeanddecrease innumberof
vehicles for the obtained solutions, relative to the se-
quential solution. As in the two-type instances, we can
observe that it is possible to realize a decrease in the
number of vehicles compared with the sequential solu-
tion at the expense of a relatively small increase in the

average perceived travel time. On the other hand, a
decrease in the number of vehicles of 5% or more is only
possible if the travel time is increasedby slightly less than
1% for fixed circulations and by more than 1% for
combined and flexible circulations, whereas this re-
quired much smaller travel time increases for most
two-type instances. Moreover, the maximum attainable

Figure 11. (Color online) Increase in Travel Time (on a Logarithmic Scale) Plotted Against the Decrease in the Number of
Vehicles, Both Relative to the Sequential Solution

Figure 12. (Color online) Results of the Complete Intercity Instance
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relative vehicle decrease for the two-type instances is
much larger. This difference can likely be attributed to
the larger size of the complete-ic instance, as the longer
driving times of the lines imply that the number of ve-
hicles is, toasmaller extent,determinedbythe turnaround
times. Hence, optimizing the turnarounds has a relatively
smaller effect on the number of vehicles.

When we compare the results of the different types
of vehicle circulations, we observe the same patterns
as in the results of the two-type instances. The benefit
of allowing circulations with multiple lines is clear,
especiallywhen the number of vehicles is 155 ormore.
For example, if there are 155 available vehicles, the av-
erage perceived travel time under fixed circulations is
almost 30 seconds longer than under combined or
flexible circulations. The additional benefit of allowing
circulations to contain more than two lines is smaller.
When thenumberofvehicles is 155ormore, the solutions
with combined and flexible circulations even coincide.

Next, we analyze the timetables obtained under
flexible circulations in more detail, to get better in-
sight into the impact that decreasing the number of
vehicles has on the journeys of passengers. Figure 13
presents the average perceived travel times of these
timetables, separately for direct passengers. As can be
seen, the travel time for these passengers hardly
differs over the different solutions. This can be ex-
plained by the fact that both the travel times of direct
passengers and the number of vehicles benefit from
keeping driving and dwell times as small as possible.
It follows that the increase in average travel time that
is necessary to realize a decrease in the number of
vehicles is almost entirely passed on to the transfer
times of transferring passengers.

To illustrate how the transfer times change when
the number of vehicles is decreased, Figure 14 dis-
plays the empirical cumulative distribution function
of the transfer times of passengers with four different
timetables. As expected, the timetable requiring the

most (158) vehicles offers the shortest transfer times
to passengers. For over half of the transfers, the ar-
rival and departure of the connecting trains are per-
fectly synchronized, with a transfer time of 0minutes.
The timetable requiring 154 vehicles realizes ap-
proximately the same transfer times. This is also
consistent with Figure 12, where we observed that,
compared with the sequential solution, it is possible
to achieve a small reduction in the number of vehicles
without a large increase in average travel time. When
the number of vehicles is reduced to 151, there is a
clear increase in transfer time. With this timetable,
still over half of the transfers are shorter than five
minutes. Transfer times are increased further with the
timetable requiring the smallest number of vehicles.
Here, a quarter of the transferring passengers has a
transfer longer than 15 minutes. As long transfers are
very much disliked by passengers, these results il-
lustrate that, when considering the trade-off between
the number of vehicles and travel times of passengers, it
is important tonot onlyassess the average travel timebut
also the travel timesof transferringpassengers separately.

9. Conclusion and Future Research
We presented a new periodic timetabling approach
that allows to explicitly consider the trade-off be-
tween passengers’ travel time and the number of
required vehicles required to operate the timetable.
We introduced contraction techniques, valid inequal-
ities, and symmetry-breaking constraints to cope with
the complexities of this integrated problem.
Computational results based on the Dutch railway

network illustrate the value of our approach. The
improved formulation performs better when it comes
to finding timetables requiring few vehicles com-
pared with an existing formulation, approximately
halving the average optimality gap. Furthermore,
compared with sequential optimization of the travel

Figure 13. (Color online) Perceived Travel Times of Direct
Passengers with Timetables Requiring a Different Number
of Vehicles

Figure 14. (Color online) Empirical Cumulative
Distribution Function of the Transfer Time of Transferring
Passengers with Timetables Requiring a Different Number
of Vehicles
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time and the number of vehicles, we are able to find
timetables requiring considerably fewer vehicleswith
only minimal increases of average travel times. As
such, our approach gives operators the opportunity to
save costs without strongly decreasing the level of
service or, conversely, increasing the level of service
by introducing new lines or raising frequencies with-
out strongly increasing the costs.

For further research, the presented approach could
be embedded in an (iterative) scheme for integrated
public transport planning, where the goal is to find a
line plan, timetable, and vehicle schedule that are
both inexpensive to operate and attractive to pas-
sengers. Furthermore, our methods could be applied
in different periodic scheduling problems, such as
aircraft scheduling or job-shop scheduling. Finally, it
would be interesting to consider a further integration
between timetabling and vehicle scheduling in rail-
way contexts, where vehicles can be coupled to meet
passenger demand.

Endnote
1We disregard the case where xa � T for some a ∈ Aturn, as this is
never optimal for minimizing the number of vehicles.
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grating passengers’ routes in periodic timetabling: a SAT
approach. Goerigk M, Werneck R, eds. Proc. 16th Workshop
Algorithmic Approaches Transportation Model. Optim. Systems

(ATMOS 2016), 54:3:1-3:15. (Schloss Dagstuhl-Leibniz-Zentrum
für Informatik, Wadern, Germany).

Goerigk M, Liebchen C (2017) An improved algorithm for the periodic
timetabling problem. D’Angelo G, Dollevoet T, eds. Proc. 17th
Workshop Algorithmic Approaches Transportation Model. Optim.
Systems (ATMOS 2017) 12:12:1-12:14. (Schloss Dagstuhl-Leibniz-
Zentrum für Informatik, Wadern, Germany).
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