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Abstract

Individualized prediction is a hallmark of clinical medicine and decision making.

However, most existing prediction models rely on biomarkers and clinical outcomes

available at a single time. This is in contrast to how health states progress and how

physicians deliver care, which relies on progressively updating a prognosis based on

available information. With the use of joint models of longitudinal and survival data, it is

possible to dynamically adjust individual predictions regarding patient prognosis. This

article aims to introduce the reader to the development of dynamic risk predictions and

to provide the necessary resources to support their implementation and assessment,

such as adaptable R code, and the theory behind the methodology. Furthermore, meas-

ures to assess the predictive performance of the derived predictions and extensions that

could improve the predictions are presented. We illustrate personalized predictions us-

ing an online dataset consisting of patients with chronic liver disease (primary biliary

cirrhosis).
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Introduction

The prediction of future health outcomes supports medical

decision making, health systems planning, including medi-

cal triage, and patient-informed decision making.

Prediction models are widely used in medicine and gener-

ally use static inputs, such as values at the time of a clinic

visit or hospital admission. Using values at a single time

point does not account for changes in covariate profiles

over time and how these profiles modify the risk of an

event. Intuitively, physicians update their prognosis with

the change in some biomarkers and clinical status of the

patients. Therefore, optimal prediction should use a meth-

odology that appropriately includes all available changes

in the prediction variables.Statistical innovation in joint

modelling and the increasing availability of longitudinal

clinical measures (e.g. electronic medical records) supports

adaptive prediction for individuals but is used limitedly in

clinical research.1,2 A potential criticism of these model is

computational burden. Furthermore, even though a wide

range of extensions have been introduced in the statistical

literature, mainly the basic joint model has been used in

clinical research. In this article, we seek to introduce read-

ers to dynamic risk predictions using simplified illustra-

tions while providing direction to additional and more

advanced resources such as theory and code. We also focus

on measures to assess the predictive performance and on

extensions that might improve predictions.

For illustration, we use an online dataset consisting of

patients with chronic liver disease,3 available within R

along with the package survival. The rest of the article is

organized as follows. The following section describes the

formulation of the standard joint model. We then de-

scribe how the dynamic risk predictions are derived, and

present measures to assess the predictive performance of

the model. Furthermore, we present an overview of some

extensions that have been proposed to improve the pre-

dictions. We show the results for the primary biliary cir-

rhosis dataset and we close with a discussion. Finally, we

built a webpage [https://erandrinopoulou.github.io/

EducationalCorner_JMpred/] that includes the code to

obtain the figures and results in R, with a detailed

explanation.

We used a publicly available dataset available in the R

package survival [https://stat.ethz.ch/R-manual/R-devel/li

brary/survival/html/pbc.html].3

Joint model of longitudinal and survival data

In the primary biliary cirrhosis dataset, several markers

measured on the patient are available. These include serum

bilirubin, serum cholesterol, serum albumin and hepato-

megaly. Patients, due to their medical condition, have an

increased risk of both requiring transplantation to survive

or dying. The biomarkers mentioned above could provide

useful information to the treating physician about the risk

of each patient to require transplantation or to die. For ex-

ample, it is expected that a patient with an increasing se-

rum bilirubin evolution would have an increased risk

compared with patients with a steady evolution. To illus-

trate these different evolutions over time, we present in

Figure 1 the individualized and averaged evolutions of se-

rum bilirubin for the different risk groups of patients. Time

represents years since enrolment in the study. As can been

seen, patients who did not experience transplantation or

death have a low and stable serum bilirubin evolution. On

the other hand, the evolution of serum bilirubin increases

sharply before death/transplantation. Therefore, consider-

ing the evolution of biomarkers for predicting the risk of

the event is of high relevance in clinical practice. Joint

modelling is a popular statistical approach used to link lon-

gitudinal and time-to-event processes.4–6 The idea behind

these models is that a mixed-effects model is fitted to de-

scribe the evolution of the longitudinal outcome, and this

information is included in a time-to-event model.7–10

Key Messages

• The interest in personalized medicine continues to grow. To guide clinical decisions, physicians follow the

progression of several biomarkers of each patient and, if needed, update their prognosis.

• ‘Joint models’ of longitudinal and survival data are a valuable tool to obtain dynamic, or evolving, risk predictions.

• As publicly available software to fit joint models continues to evolve and become more computationally efficient,

larger and more complex data structures can be integrated for dynamic risk predictions.

• The ability to use a statistical model that incorporates all the information of a patient to inform future risk prediction

should be widely applied in clinical practice. We provide accessible tutorials and selected references to promote

wider use of joint models for dynamic risk prediction.
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Model definition

Let us assume that we are interested in the longitudinal bio-

marker serum bilirubin. Assuming n subjects, we let yiðtÞ
denote the follow-up measurements for the longitudinal se-

rum bilirubin for patient i, where i ¼ 1; . . . ;n, at time point

t. Measurements are taken at different moments and could

be of different lengths for each patient. To describe the

subject-specific evolution over time of serum bilirubin, we

rely on a mixed-effects model. In particular we postulate:

yiðtÞ ¼ x>i ðtÞbþ z>i ðtÞbi þ �iðtÞ ¼ miðtÞ þ �iðtÞ; (1)

where b denotes the regression coefficient vector associated

with the design vector for the fixed effects x>i ðtÞ and, z>i ðtÞ

denotes the row vectors of the design matrices for the ran-

dom effects bi. The random effects are assumed to follow a

normal distribution with mean zero and covariance matrix

R, independent of the error terms �i � Nð0;r2Þ. The fixed

effects part describes the average evolution in time of the

longitudinal outcome of interest. The random effects (pa-

tient-specific) part of this model describes the evolution in

time for each of the patients under study, and accounts for

the within-person correlation over time.

For the survival submodel, let us assume that we are in-

terested in modelling the time to death or transplantation.

For simplicity, we assume the composite event of death/

transplantation. However, more sophisticated survival

models are possible for use by analysts (e.g. competing

Figure 1 Evolution of serum bilirubin of all patients per event group, and histogram of event times. The grey lines in the two upper plots represent the

serum bilirubin measurements per patient in each event group, and the black solid lines represent the smooth evolution of all the patients in each

event group. The histogram indicates the percentage of death/transplantation
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risks). We let Ti denote the observed failure time for pa-

tient i, taken as Ti ¼ minðT�i ;CiÞ with T�i indicating the

true failure time in which the ith individual experiences the

event and Ci the censored time. Furthermore, di ¼ f0; 1g is

the event indicator where zero indicates censoring. To

model the risks of the event, we postulate the proportional

hazard model:

hiðtÞ ¼ h0ðtÞ exp fc>wiðtÞ þ amiðtÞg; (2)

where wiðtÞ denotes row vectors of the design matrix of

the covariates (or/and possibly exogenous time-varying

covariates), c> is the corresponding transposed regression

coefficients vector and a is the coefficient that links the lon-

gitudinal serum bilirubin and the time-to-event outcome

survival/transplant-free probabilities. The interpretation of

a is: for a one-unit increase in the underlying value of the

serum bilirubin, the hazard ratio is exp ðaÞ assuming that

the covariates wiðtÞ remain the same.

Dynamic predictions

It is of high clinical interest to obtain personalized risk predic-

tions for death and transplantation, using all the available in-

formation on the patient including the evolution of serum

bilirubin. A unique feature is that each time a new measure-

ment is available for the longitudinal outcome, the risk pre-

dictions can be updated.11–13 In particular, using the joint

modelling of longitudinal and survival data, we would like to

predict event-free probabilities for a new patient l who has

provided us with a set of serum bilirubin measurements

~ylðtÞ ¼ fylðs1Þ; . . . ; ylðsnlÞ; 0 � s1 < s2 < . . . < snl < tg
and some baseline characteristics. Given that no event oc-

curred up to t, we want to obtain death or transplant-free

probabilities up to a future time u> t:

plðt;uÞ ¼ PrðT�l � ujT�l > t; ~ylðtÞ;DnÞ; (3)

where Dn ¼ fTi; di; yi; i ¼ 1; . . . ; ng denotes the sample on

which the joint model was fitted.

The most recent extensions and implementations in the

literature of dynamic predictions using joint models have

been derived under the Bayesian framework.14,15 This ap-

proach facilitates propagating the parameter uncertainty in

the derived predictions and calculating credible intervals.

The estimation of plðu; tÞ is based on the corresponding

posterior predictive distributions, namely:

plðt;uÞ ¼
ð

PrðT�l � ujT�l > t; ~ylðtÞ; hÞpðhjDnÞdh; (4)

where h is the parameter vector for both the longitudinal

and survival outcomes. The second term of the integrand

(4), pðhjDnÞ, is the posterior distribution of the parameters

given the observed data. The first term of the integrand in

(4) can be written as:

PrðT�l � ujT�l > t; ~ylðtÞ; hÞ

¼
ð

Sðujbl; hÞ
Sðtjbl; hÞ

pðbljT�l > t; y~ lðtÞ; hÞdbl;
(5)

where Sð:jbl; hÞ denotes the conditional survival function

on the random effects of patient l. More details about

equation (5) can be found in the Supplementary material,

available as Supplementary data at IJE online. An estimate

of plðt;uÞ can be obtained using the following Monte

Carlo simulation scheme:

• draw hðmÞ from the MCMC sample of the posterior

pðhjDnÞ,
• draw b

ðmÞ
l from pðbljT�l > t; ~ylðtÞ; hðmÞÞ,

• compute plðu; t;bðmÞl ; hðmÞÞ ¼ SðujbðmÞ
l

;hðmÞÞ
SðtjbðmÞ

l
;hðmÞÞ

,

where m ¼ 1; . . . ;M indicates the MCMC sample that is

used each time. We then repeat the above steps several

times and derive the estimates of the plðu; tÞ as,

p̂lðt;uÞ ¼ 1
M

PM
m¼1

pðmÞl ðt; u;b
ðmÞ
l ; hðmÞÞ:

A 95% credible interval (CI) can be obtained using the

Monte Carlo sample percentiles.

Predictive performance

It is crucial for physicians to have a good prognostic tool

for planning the next interventions. Therefore, assessing

the predictive performance of the joint model is an impor-

tant task.16,17

Overall performance measures

The distance between the predicted outcome and the actual

outcome is fundamental to quantifying overall model per-

formance. Using all available information for a particular

patient l, we are interested in comparing the predicted

event-free probability of this patient with the observed

truth. In particular, we define the prediction error (PE) as:

PEðt; uÞ ¼ E½fNlðuÞ � plðt; uÞg2�, where NlðtÞ ¼ IðT�l > tÞ
is the event status at time t. Positive and negative predic-

tion errors could have different practical significance in

some applications. In particular, in our case, a positive pre-

diction error is when we obtain a high probability for a pa-

tient to experience the event (death/transplantation), but

he/she does not experience the event. On the other hand, a

negative prediction error is when we obtain a low
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probability of experiencing the event, but he/she does expe-

rience the event.

Discrimination

A key feature of a dynamic prediction model would be to

distinguish between patients who are going to experience

the event within a time frame after the last measurement,

from patients that are not going to experience the event. In

particular, for a future patient l with repeated measure-

ments ~yl up to time point t, we are interested in investigat-

ing whether the patient will experience the event before a

future time point u within which the physician could inter-

vene to improve the survival outcome. The future time

point u, where predictions will be obtained, should be

within the range of time points available in the dataset.

Predictions past the available data might not be realistic.

To obtain sensitivity and specificity, we assume plðt;uÞ �
c if subject l experiences the event and plðt;uÞ > c if he/she

did not experience the event, for a specific c 2 ½0;1�. Then,

we can define sensitivity and specificity as

Prfplðt;uÞ � cjT�l 2 ðt;u�g and Prfplðt;uÞ > cjT�l > ug;
respectively. We can evaluate the discriminative capability

of the model using the area under the receiver operating

characteristic curve (AUC). In particular, assuming two

patients (l1, l2), we have AUCðt;uÞ ¼ Pr½pl1ðt;uÞ <
pl2ðt;uÞjfT�l1 2 ðt;u�g \ fT

�
l2
> ug�: If patient l1 experiences

the event before the future time point u, whereas patient l2
does not, then we would expect the model to assign higher

risk probability during the predefined period ðt;u� for pa-

tient l1.

Further diagnostic accuracy measures include positive

and negative predictive values, which are more important

from the patient’s point of view. Positive predictive value is

defined as the probability that subjects classified by the

biomarker as having the event truly experience the event.

Negative predictive value is the probability that subjects

classified by the marker as not having the event truly do

not experience it. Depending on the population’s preva-

lence, even a test with both high sensitivity and specificity

can end up with a low positive predictive value.

Calibration

Calibration is how well the model predicts the observed

event rates across the distribution of participant risk. A

graphical way to assess the calibration of a model is to plot

the predictions on the x-axis and the outcome on the y-

axis. Perfect predictions should be on the 45-degree line.

For binary outcomes such as in our case, smoothing techni-

ques can be used to estimate the observed probabilities of

the outcome in relation to the predicted probabilities.

Using all available information up to time point t and pre-

dicting the event until a future time point u> t, the calibra-

tion accuracy CAL(t, u) can be estimated using a Cox

proportional hazards model with restricted cubic splines to

model the relationship between the predictions and the ob-

served values. Based on this model, an estimated probabil-

ity of the occurrence of the outcome for each predicted

value can be obtained. A calibration curve using these esti-

mated probabilities can be created.18 Further numerical

metrics for calibration can be obtained, where the differ-

ence is calculated between the calibration curve and the di-

agonal line of best fit.18

Extensions

Several extensions of the standard joint model mentioned

above have been proposed which, in some cases, might im-

prove personalized risk predictions. Below, we provide

brief introductions to selected extensions.

Multiple longitudinal outcomes

The standard joint model of longitudinal and survival data

focuses on the use of a single biomarker for prediction. In

the primary biliary cirrhosis dataset, multiple biomarkers

are collected simultaneously, and it might be clinically rele-

vant to model them all together instead of choosing a pri-

mary longitudinal biomarker. Furthermore, by using

multiple biomarkers in the proposed model, the dynamic

predictions of the survival outcome might improve.

Assuming P longitudinal outcomes that could be of dif-

ferent type (continuous, binary), we would focus on the

risk probabilities of a new patient l at a future time point t,

given that the patient did not experience the event up to

time point t and has provided us with a set of longitudinal

measurements ~yipðtÞ; p ¼ 1; . . . ;P. The event-free proba-

bilities will then be plðt;uÞ ¼ PrðT�l � ujT�l >
t; ~yl1ðtÞ; . . . ; ~ylPðtÞ;DnÞ: More details can be found at in

Rizopoulos9and Andrinopoulou et al.19

Multiple time-to-event outcomes

As in the primary biliary cirrhosis dataset, we have multi-

ple events (death and transplantation). Therefore, the in-

terest might lie in the risk of each event separately. Given

that no event occurred up to t, we focus on the cumula-

tive incidence probabilities at time u> t. If k ¼ 1; . . . ;K

indicates the different time-to-event outcomes, the event

probabilities will then be plkðt; uÞ ¼ PrðT�lk < uj [K
k¼1

T�lk > t; ~ylðtÞ;DnÞ: More details can be found

inAndrinopoulou et al19 and Ferrer et al.20
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Association structures

An important element of prediction that needs to be con-

sidered when building a joint model is how the longitudi-

nal and survival outcomes are associated. There are a

variety of different features of the longitudinal process that

may be related to the risk of an event. For example, not

only the underlying value of a marker miðtÞ in (1) but also

the slope (how fast the marker progresses) could be associ-

ated with the time-to-event outcome. Therefore, it is im-

portant to investigate how predictions are affected by

assuming different types of association structures between

the longitudinal and event time processes. The event-free

probabilities will be as in equation (3). More details on al-

ternative association parameters are provided in

Rizopoulos et al.21 and Papageorgiou et al.22

Time-varying association parameter

A final feature of the standard joint model is that the pa-

rameter that measures the association’s strength between

the longitudinal and survival outcome is assumed to be

constant in time. However, in some cases, it is more rele-

vant to assume that the longitudinal outcome’s effect on

the survival outcome is changing over time. For example,

serum bilirubin’s effect on survival could be different at the

beginning of the study compared with the end of the study.

It has been previously shown that the dynamic risk predic-

tions could be improved by incorporating a time-

dependent association parameter.23 The event-free proba-

bilities are defined as in equation (3).

Application

In this section, we present the analysis of the primary bili-

ary cirrhosis dataset, which is available in the JMbayes R

package.24 The survival outcomes are time to transplanta-

tion and time to death. During follow-up, several bio-

markers were recorded which are known to be related to

disease progression. Tests to identify the disease include

measuring the levels of serum bilirubin, where high values

indicate liver damage or disease. A total of 312 patients

participated in this study and 50% of the patients received

the drug. Most of the patients were females, 45% of the

patients died and 9% were transplanted during the follow-

up period. In Figure 1, we present the evolution of all

patients per event group and in Figure 2, we illustrate the

evolution of serum bilirubin of nine randomly selected

patients. Figure 3, represents the Kaplan-Meier plot for the

event-free probabilities. We assume the composite event of

death/transplantation. In that case, we consider that death

and transplantation indicate an equal health condition for

the patient before the event occurred, which clinically

might not be correct. More sophisticated survival models

are possible for use by analysts (e.g. competing risks); how-

ever, these models are not always applicable using stan-

dard software. An alternative approach would be to

assume death as the only event and censor the patients

who experience transplantation. Only 29 out of the 312

patients were transplanted; therefore, we do not expect

any essential changes in the results. The following steps il-

lustrate the use of the joint models of longitudinal and sur-

vival outcome to obtain predictions.

Step 1: Build and fit a joint model

Let us assume that we are interested in including the base-

line covariates age, sex and drug in both the longitudinal

and survival submodels. In the longitudinal submodel, it is

important to investigate the evolution of our outcome over

time. The decision of using a linear versus a nonlinear

structure for the fixed and random effects can be based on

the individual profiles and the Akaike information crite-

rion (AIC). However, it is not always clear whether the dif-

ference in the AIC between two or more models is large

and clinically important. Extra investigation can be done

based on the predictive performance of the models. In

Figure 2, we have illustrated that some patients have non-

linear profiles; therefore, we assumed a flexible linear

mixed-effects submodel including natural cubic splines for

time with two internal knots at 1 and 4 years (correspond-

ing to 33.3% and 66.7% of the observed follow-up times;

i.e. quantiles) in both the fixed-effects and random-effects

parts of the models.25 We did not further investigate the

models’ performance assuming different fixed- and

random-effects structures in the mixed-effects model since

this manuscript’s primary focus is to illustrate the dynamic

predictions in the joint modelling case. Due to convergence

problems, we assume a diagonal matrix for the variance-

covariance of the random effects. This structure is useful

when high-dimensional random-effects structures are con-

sidered. Alternatively, researchers could assume a less flex-

ible time structure and a full variable-covariance matrix of

the random effects. Then the predictive performance of the

two models could be investigated. The logarithmic scale of

the serum bilirubin was used because the assumption that

the variance of the error terms is constant (homoscedastic-

ity) was not satisfied in the original scale. In Figure 4, we

present the results of the mixed-effects models. In compli-

cated settings, such as models with nonlinear time struc-

ture, the coefficients do not have a straightforward
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interpretation. Therefore, a figure might be more informa-

tive than a table with coefficients. Here, we illustrate the

average evolution of serum bilirubin’s logarithmic scale for

the two treatment groups, assuming median age and fe-

male patients.

In the joint model, the baseline risk function is approxi-

mated using B-splines, assuming five knots placed on the per-

centiles of the observed event times (default setting in

JMbayes). Note that we assumed the splines approaches previ-

ously used in the framework of joint models of longitudinal

and survival models, default options in the software presented.

More information on the different types of splines can be

found at in Perperoglou et al.25 The association between the

logarithmic scale of serum bilirubin with time to event seems

to be strong. In particular, the log hazard is increased by 1.28,

with 95% CI (1.1, 1.5), for each unit increase in the current

value of log serum bilirubin (see Supplementary material),

given that all other baseline variables remain the same. In

other words, a 10% increase in serum bilirubin, holding all

other variables constant, is associated with a 0.12% increase

in the hazard of death/transplant.

Step 2: Obtain dynamic predictions

We now present predictions that are updated as more in-

formation is available for the patient. In particular, in

Figure 2 Evolution of serum bilirubin for nine randomly selected patients. Solid lines represent the linear evolution and the dashed lines represent

the nonlinear evolution. The circles represent the observed serum bilirubin measurements. The vertical dashed lines indicate the event time.

International Journal of Epidemiology, 2021, Vol. 50, No. 5 1737

D
ow

nloaded from
 https://academ

ic.oup.com
/ije/article/50/5/1731/6174516 by guest on 08 M

arch 2022

https://academic.oup.com/ije/article-lookup/doi/10.1093/ije/dyab047#supplementary-data


Figure 5, we illustrate predictions from three different

patients (5, 15 and 93), presented at three landmark time

points. Note that the third landmark time point is different

for the three patients. This is explained by the fact that

these patients have measurements of different length and at

different time points. Patient 5 has his/her latest measure-

ment at 4 years, patient 15 at 10 years and patient 93 at

12 years. At landmark time point one, patients 5 and 15

seem to have event-free probabilities close to 0.3–0.4 in

year 11. Patient 93 has a higher event-free probability.

However, after the third visit, we obtain a lower event-free

probability for patient 5 compared with patients 15 and

93. This can be explained by the fact that the longitudinal

measurements of patient 5 increase rapidly over time, indi-

cating that the patient’s condition is getting worse. On the

other hand, patients 15 and 93 have a less steep evolution.

Step 3: Evaluate the predictions

An essential procedure before using the dynamic predic-

tions for future patients is to investigate their predictive

performance. In the previous step, we have presented a dy-

namic prediction model; however, we did not investigate

whether alternative models would improve those predic-

tions. Let us assume that we want to compare the predic-

tive performance of the following models.

i. A linear mixed-effects submodel with a linear time

structure in both the fixed and the random effects: this

model is a more simplified version of the model pre-

sented in steps 1 and 2.

ii. A linear mixed-effects submodel with a nonlinear time

structure in both the fixed and the random effects: in

particular, we use natural cubic splines with three

degrees of freedom. We assume a diagonal covariance-

variance matrix for the random effects. This model is

presented in steps 1 and 2.

iii. A multivariate mixed-effects submodel including both

serum bilirubin and spiders (which indicates whether

there exist blood vessel malformations in the skin) as

longitudinal outcomes: a linear time structure in both

the fixed and the random effects is used. A random in-

tercept and slope are assumed for the outcome serum

bilirubin and a random intercept is assumed for the

outcome spiders. The same baseline covariates are as-

sumed as in steps 1 and 2.

iv. A multivariate mixed-effects submodel including dif-

ferent features of the longitudinal outcomes: since re-

peated serum bilirubin and spider measurements are

available for each patient, different summaries of these

longitudinal outcomes might be associated with the

survival outcome. We assume the underlying value and

how fast the biomarker serum bilirubin is progressing

(slope). Furthermore, the underlying value of spiders is

assumed. A linear time structure in both the fixed and

the random effects is used. A random intercept and

slope are assumed for the outcome serum bilirubin and

a random intercept is assumed for the outcome spiders.

The same baseline covariates are assumed as in steps 1

and 2.

In order to compare the predictive performance of the

models above, we will use the AUC(t, u), PE(t, u) and

CAL(t, u) measures. We will assume all the repeated meas-

urements up to the follow-up time t¼ 5 and the future time

point u¼ 7. Overfitting-corrected estimates of these meas-

ures will be obtained using an internal validation proce-

dure developed by Harrell et al.26 In particular, given that

the number of patients is relatively small, the same data

will be used for fitting the model and evaluating the perfor-

mance of the model. Then, corrections for the optimism

will be done by a bootstrap method. The steps that are fol-

lowed are described below:

i. Fit the model on the original data and calculate the ap-

parent predictive measures on the same data:

AUCappðt;uÞ; PEappðt; uÞ and CALappðt;uÞ.
ii. Create a bootstrap sample (assuming the same number

of patients) of the data and fit the model on the boot-

strap sample.

iii. Calculate the predictive measures on the bootstrap

data from the model fitted on the bootstrap sample:

AUCbootðt;uÞ; PEbootðt;uÞ and CALbootðt; uÞ.

Figure 3 Kaplan-Meier plot for the event-free probability. Event is speci-

fied as death or transplantation
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iv. Calculate the predictive measures on the original data

from the model fitted on the bootstrap sample:

AUCorigðt;uÞ; PEorigðt;uÞ and CALorigðt;uÞ.
v. Calculate the optimism in this bootstrap sample by:

PEoptðt;uÞ ¼ PEbootðt; uÞ � PEorigðt;uÞ;
AUCoptðt; uÞ ¼ AUCbootðt;uÞ � AUCorigðt;uÞ

and
CALoptðt;uÞ ¼ CALbootðt; uÞ � CALorigðt;uÞ

vi. Repeat steps 2-5 100 times.

vii. Finally, correct the apparent predictive measure with

each optimism:

PEcorrðt; uÞ ¼ PEappðt;uÞ þ PEoptðt; uÞ;
AUCcorrðt;uÞ ¼ AUCappðt; uÞ � AUCoptðt;uÞ

and
CALcorrðt; uÞ ¼ CALappðt;uÞ � CALoptðt;uÞ;

The results for each model are presented in Figures 6

and 7. In particular, we obtain small differences be-

tween the models assuming the AUC(t, u) and PE(t, u)

measures. Using the PE(t, u) measure, we obtain a

smaller value for models 3 and 4 compared with models

1 and 2. From the calibration plots, we observe that

model 2 performs better. Even though the differences

are small, these predictive performance measurements

are essential in comparing the models when the focus is

on predictions.

Identifying a good prediction model assuming the pri-

mary biliary cirrhosis dataset is outside the scope of this

manuscript. We aim to guide researchers on the appropri-

ate steps that they need to follow and combine with their

clinical knowledge. Therefore, other joint models might

exist that have a better predictive performance compared

with the models presented here.

Figure 4 Estimated average effect of treatment on log(serum bilirubin) over time for an average patient. Estimate obtained using a linear mixed-

effects model
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Selecting the most appropriate prediction model is a

challenging task. Researchers should combine their clini-

cal knowledge with the statistical results. A more com-

plicated model might be slightly better according to

predictive performance, but could make the interpreta-

tion more difficult, and the model less useful. In that

case, researchers could decide to use a simpler model for

obtaining predictions. Another reason for not selecting a

complex model is that some information required by

that model might be difficult to obtain. In such a sce-

nario, the researchers might decide to use the simpler

model without this type of information, even though the

predictive performance is not as good as using all

information.

Discussion

Herein we have provided a detailed educational tutorial on

how to obtain individualized, dynamic risk predictions us-

ing the framework for joint models of longitudinal and sur-

vival data. We have used a dataset that is available online,

and we have provided guidance on obtaining and

Figure 5 Dynamic survival/transplantation-free predictions for three randomly selected patients. The x-axis represents years, and the vertical dotted

line indicates the time point of the latest measurement. The y-axis of the left side represents the serum bilirubin measurements in the logarithmic

scale that are available up to the latest visit. In particular, the stars represent the observed values and the solid line the fitted longitudinal trajectory.

The y-axis on the right side represents the mean estimator of the predictions and the dashed lines the corresponding 95% confidence interval
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interpreting dynamic predictions. Additionally, we have in-

vestigated the predictive performance assuming different

models. The syntax that was used in this manuscript is

available online.

There are alternative approaches for individualized risk

predictions not presented in this paper. For example, the

time-dependent Cox model could be used to obtain dy-

namic risk predictions. However, this model assumes a

step function between the repeated measurements, which is

not realistic for biomarkers such as serum bilirubin be-

cause such outcomes cannot be assumed to be constant be-

tween visits. One other method, that has been previously

compared with the joint modelling framework, is land-

marking.20,27,28 This approach uses a Cox proportional

hazards model with patients still alive at a particular time

point, and then predicts the survival probability for a fu-

ture time point. Furthermore, latent class joint models are

useful for heterogeneous populations. Using different sub-

model linking assumptions, each latent class is character-

ized by its own biomarker trajectory and class-specific

event risk. Readers interested in latent class models are re-

ferred to Proust-Lima et al.29 Dynamic predictions derived

from these types of models have been discussed in the liter-

ature.30,31 Additionally, other joint model extensions that

are possible have not been discussed, such as how person-

alized dynamic predictions can be obtained for the longitu-

dinal outcome.

The dynamic risk predictions illustrated in this research

(and as shown in Figure 5) could provide the physician

with a useful tool to investigate the impact of the longitudi-

nal outcomes on patient prognosis. The calculated risk

probabilities can be used as an early warning system,

allowing the necessary time for the physicians to prepare

and plan an intervention. Joint models are an important

tool for dynamic prediction of an individual’s disease prog-

nosis. The ability to use all of a patient’s trajectory to in-

form future outcome prediction should be used more

widely in the clinical care. A detailed explanation on how

to fit the joint models and obtain the dynamic prediction in

R can be found at [https://erandrinopoulou.github.io/

EducationalCorner_JMpred/].
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