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Abstract
Within the framework of continuous-review (S − 1, S) inventory systems with ration-
ing and backorders, there are two streams of studies in the literature that involve 
optimization models. In the first stream, service level optimizations are studied 
for which exact optimization routines are provided. The second stream of studies 
involves cost optimization models, which relies on optimizing approximate cost 
models rather than the original cost model. Our main contribution in this study is 
to fill this research gap by providing a computationally efficient and exact optimi-
zation algorithm for determining the optimal policy parameters which minimizes 
the expected cost rate per unit time. One important aspect of our method is that, 
as the base-stock level is increased by 1 as the iteration continues, the steady-state 
probabilities need to be calculated only once in our optimization routine (for which 
the rationing level equals to zero). For the given base-stock level, the cost meas-
ures of all other policy parameters can be computed immediately through the knowl-
edge of the probabilities computed in previous iterations. This result significantly 
reduces the computational complexity of the optimization routine. In the numerical 
study section, we show the efficiency of the proposed optimization routine under 
varying system parameters. We also compare the performance of our approach with 
the existing heuristic in the literature and show that savings up to 34.75% can be 
achieved.
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1  Introduction and literature review

Inventory rationing is a powerful tool to manage inventories for systems where 
demand classes differ in terms of their priority/criticality to the stock/service 
provider, their service level requirements or their penalty costs during stockout 
situations, etc. Rather than dedicating a separate stock for each demand class or 
keeping a common stock that serves all demand classes, rationing enables inven-
tory management system to provide differentiated levels of service while tak-
ing advantage of demand pooling to decrease inventory costs. However, inher-
ent computational complexity and intractability of the closed form solutions for 
most rationing models generally make it very difficult, if not impossible, to com-
pute accurate performance measures and determine optimal policy parameters. 
In particular, backorder models are generally more difficult to analyze than lost 
sales models since on-hand stock and backorders can exist at the same time due 
to rationing. System dynamics depend on both how physical inventory is rationed 
among demands of different customer classes as well as on the way how incom-
ing replenishment orders from the resupply are allocated between backorders of 
different demand classes and the reserve stock, which is stored for higher prior-
ity demand classes. Therefore, for example, over a deterministic lead time inter-
val the knowledge of number of class-specific demand arrivals alone is not suf-
ficient to determine the system state at the end of the interval; the knowledge of 
sequence of both demand arrivals and deliveries from the resupply becomes rel-
evant (for more discussion, see, e.g. Vicil and Jackson 2016). Hence, to perform 
exact analysis, one has to capture enumeration of all possible events that might 
have happened over the lead time period, which is extremely difficult. For many 
model settings, this causes analysis to become intractable. On the other hand, for 
example, within the class of continuous review one-for-one replenishment poli-
cies with lost sales, the system can be modeled as a queuing model. Because there 
is no backorder clearing process and all the incoming units from the resupply are 
used to restore the physical stock. As a result, the analysis becomes tractable and 
queuing literature results can be used to compute exact performance measures. 
In addition, the system is a closed network and the single-dimension finite sys-
tem state representation makes it possible to write steady-state probabilities in a 
simple closed form . This in turn helps to greatly reduce the computational com-
plexity of the optimization analysis (i.e., Dekker et al. 2002; Kranenburg and van 
Houtum 2007).

In this study, we are primarily motivated by the research problem of develop-
ing a computationally efficient procedure to determine optimal policy parameters 
for the cost optimization model. We consider an inventory system for a single 
product with two priority-demand classes: non-critical and critical. Backorders 
are allowed and demand classes are differentiated in terms of their penalty cost 
when stock-out occurs. Both classes exhibit mutually independent, stationary, 
Poisson demand processes. Order lead times are positively valued but there is 
no restriction on the form of the lead time distribution, it can be deterministic or 
stochastic. We assume a continuous review one-for-one replenishment policy and 
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a static threshold level based inventory allocation and backorder clearing policy 
(also known as the critical level policy with priority backorder clearing mecha-
nism). Within this framework, although forms of the optimal solutions and exact 
optimization routines are provided for several service level optimization models 
(e.g., Vicil and Jackson 2016, 2018; Gabor et al. 2018), there is no study yet in 
the literature that provides an optimization algorithm for the cost models. The 
existing literature relies on optimizing approximate cost models rather than the 
original cost model (e.g., Dekker et al. 1998; Deshpande et al. 2003). Our main 
contribution in this study is to provide a computationally efficient and exact opti-
mization search algorithm for determining the optimal policy parameters which 
minimizes the expected cost rate per unit time.

The cost optimization model is a nonlinear programming model. It is very dif-
ficult, if not impossible, to show whether the total cost rate function is convex and/
or unimodal. Therefore, to develop an exact optimization routine, one needs to con-
sider an extensive enumeration of base-stock and rationing levels until optimal pol-
icy parameters are found. This raises the problem of computational complexity. Our 
optimization routine has two important features to reduce the computational com-
plexity. First, by establishing bounds on the cost rate function as the search contin-
ues and using several monotonicity results, we are able to reduce the enumeration 
space greatly. Second, we derive a very important structural result to determine the 
cost rate function of a system from the knowledge of steady-state probabilities of 
another system such that the difference between base-stock and rationing levels are 
identical for these two systems. In particular, as the base-stock level is increased by 
1 as the iteration continues, the steady-state probabilities need to be calculated only 
once in our optimization routine (for which the rationing level equals to zero). For 
the given base-stock level, for all other policy parameters such that rationing level is 
positive, the cost measures can be computed immediately through the knowledge of 
the probabilities computed in previous iterations.

It is important to note that our structural results have several important features. 
They are valid for both constant and stochastic lead times, which hold irrespective of 
the form and variability of the lead time distributions. In addition, our expressions 
for performance measures are exact. On the other hand, this is not the case for the 
existing heuristics in the literature, which provide expressions for the approximate 
performance measures.

In the numerical study section, we show the efficiency of our optimization algo-
rithm under constant, Erlang and exponential lead time distributions. We demon-
strate that for constant lead times, on average we need to search 1.542 values for 
base-stock level beyond the optimal base-stock level. We also show that the steady-
state probabilities need to be computed on average only (optimal base-stock level+ 
2.542) times for all possible enumeration of base-stock and threshold level pairs in 
our optimization routine until the optimal policy parameters are determined. The 
results are similar for Erlang and exponential lead time distributions. We also com-
pare the performance of our approach with the existing heuristic in the literature and 
show that our optimization routine can achieve savings up to 34.75%.

Considering practical applications, computational efficiency might be impor-
tant in inventory systems where thousands of stock keeping units are managed. 
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Therefore, in addition to the exact optimization routine, we introduce a new heu-
ristic to be used in practice which is computationally more efficient. In the numeri-
cal study, we demonstrate that the new heuristic perform very well for a variety of 
system parameters. The average deviation from the true optimal cost is only 0.17% 
while the maximum deviation is limited to 2.67%.

Within the framework of continuous-review inventory replenishment policies 
with static rationing, Dekker et  al. (1998) are among the first to study critical 
level policy for the one-for-one inventory replenishment model framework. They 
assume Poisson demand processes for two priority-demand classes and determin-
istic positive lead times. For both priority-demand classes, any unmet demand 
from on-hand stock is backordered. Under the restrictive assumption that a lead 
time ago there are no replenishment orders in the resupply, at a random point in 
time they are able to derive the probability of filling the class-specific demands 
immediately using a hitting time approach. The critical class fill rate is an approx-
imation while the non-critical class fill rate is exact. They also provide approxi-
mate expressions for the expected cost rate. Koçaǧa and Şen (2007) study an envi-
ronment similar to Dekker et al. (1998), but their model allows orders of one of 
the priority-demand classes to be filled in a given lead time, while the other class 
orders needs to be satisfied immediately. Using similar approach and assump-
tions as Dekker et al. (1998), they provide an approximation for the critical class 
fill rate while while it is exact for the non-critical demand class. Recently, Vicil 
(2020) studies the same model setting as Koçaǧa and Şen (2007) but proposes 
a new method for the estimation of service levels which significantly improves 
the quality of approximation than the existing heuristic. By analyzing the limit-
ing behavior of transition probabilities during an infinitesimal time interval, Vicil 
(2020) has been able to characterize the relationships between the steady-state 
probabilities, which satisfy nicely formed balance equations under the so called 
independence assumption. Fadiloglu and Bulut (2010) study the same model as 
Dekker et  al. (1998) but provide an alternative approach for estimating steady-
state probabilities, which is based on the embedded Markov chain approach. Vicil 
and Jackson (2016) study is the only study in the literature that considers gener-
ally distributed lead times in a similar inventory system as Dekker et al. (1998). 
Under the so-called independence assumption, they prove the insensitivity of the 
steady-state probabilities to the form and variability of the lead time distribution 
when expected lead times are fixed, and show that the steady-state probabilities 
are identical to the steady-state probabilities of the system with exponential lead 
times with the same mean. They also provide an efficient optimization algorithm 
for the fill rate optimization model which requires the computation of steady-
state probabilities only once. Later, Vicil and Jackson (2018) extend the model 
to to include class-specific expected waiting-time requirements along with fill-
rate constraints. They characterize the form of the optimal solution and propose a 
simple two-step solution strategy that leads to an optimal base-stock and thresh-
old levels under generally distributed lead times. Gabor et al. (2018) consider a 
similar inventory system as Dekker et  al. (1998) with deterministic lead times 
but study a service level optimization model. Their model assumes that the ser-
vice level of low-priority customers is measured by a response time guarantee, 
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while the service level of the high-priority customers is measured by the fill rate. 
Using a basic lattice path combinatorics, they derive an explicit expression of the 
response time constraint for low-priority customers, while derivation of the fill 
rate of the high-priority customers is an approximation.

For the lost sales models within the class of one-for-one inventory replenish-
ment policy, Dekker et al. (2002) and Kranenburg and van Houtum (2007) study 
an inventory system for multiple demand classes with Poisson demand processes 
under general lead time distributions. Using the queuing theory result for the 
state-dependent Poisson arrival rates, they derive the exact steady-state distribu-
tion of on-hand inventory and develop techniques to find optimal policy param-
eters. Isotupa (2015) consider a similar inventory system, except that the model 
is restricted to two demand classes and the order lead times are assumed to be 
independently and identically distributed exponential random variables.

In a similar environment, there are two studies in the literature that consider 
inventory systems with heterogeneous demand classes in which customers are 
primarily distinguished in terms of their willingness to wait for backordered 
demand. Enders et  al. (2014) study an inventory system with stochastic lead 
times in which the low-priority class demands are backordered when inventory 
is at or below the critical level, while high-priority class demands are lost dur-
ing stockout situations. Recently, Vicil (2021) studies the same setting as Enders 
et al. (2014) and fills the research gap by establishing a theoretical basis for the 
rationale of using the Continuous-Time Markov Chain (CTMC) approach as an 
approximation.

There are several studies that consider continuous review (Q, r, K) replenishment 
policy with high and low priority-demand classes: Nahmias and Demmy (1981), 
Moon and Kang (1998), Melchiors et  al. (2000), Deshpande et  al. (2003), Arslan 
et al. (2007), Escalona et al. (2019). A more detailed review is available in the Vicil 
(2021) article.

We note that although we rely on some of the structural results given by Vicil 
and Jackson (2016, 2018), their results do not extend to our model. The dynamics of 
the cost optimization model with the expected cost measures are quite different than 
the dynamics of their service level optimization model with class-specific service 
level constraints. Therefore, we need to establish new structural results regarding the 
properties of the performance measures and total expected cost rate to decrease the 
computational complexity of the search routine.

The rest of the paper is organized as follows. In Sect. 2, we introduce the model 
and derive structural results regarding the properties of the steady-state distribution 
and the infinite horizon average cost rate measures. Then using the structural results 
and the established bounds on the base-stock and threshold levels, we construct an 
exact optimization search routine to determine optimal policy parameters. In Sect. 3, 
we perform numerical study with varying penalty costs, demand rates and order 
lead times to demonstrate the efficiency of our optimization routine. In Sect. 3.1, we 
compare the performance of our exact solution with the existing heuristic in the lit-
erature and show the relative savings. In Sect. 3.2, we introduce a new heuristic that 
is computationally more efficient, and demonstrate its performance.

All proofs are provided in the appendices.
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2  Model

Our model assumes a continuous review one-for-one replenishment policy and a 
static threshold level based inventory allocation and backorder clearing policy. Any 
demand that is not immediately satisfied from the physical stock is backordered. The 
demand streams for the critical and non-critical customers are independent Poisson 
processes with rates �c and �n , respectively. Whenever a demand of any customer 
class occurs, immediately a replenishment order of size 1 is placed through the sup-
plier, which will be received after a lead time of L periods. Order lead times are 
positively valued but there is no restriction on the form of the lead time distribution, 
it can be deterministic or stochastic. For stochastic lead times, they are assumed to 
be independent and identically distributed random variables, which have no atom 
at zero. As long as on-hand stock is greater than the threshold (critical) level Sc , 
both demand types are satisfied on a first-come, first-served basis. Once the on-hand 
stock drops to or below Sc , all incoming non-critical class demands are backordered 
while critical class demands are continued to be satisfied from the physical inven-
tory. Sc is the stock reserved in anticipation of future critical class demands. Criti-
cal class demands are backordered only if the on-hand stock is zero at the time of 
demand arrivals. Existing backorders are cleared according to the priority clearing 
mechanism. An incoming unit from the resupply is first used to clear an existing 
critical class backorder, if any. Otherwise it is added to the common stock pool. An 
incoming unit from the resupply is used to clear an existing non-critical class back-
order only if on-hand stock is greater than or equal to Sc at the time of the delivery.

The expected total cost rate C(S, Sc) , the infinite horizon average total cost per 
unit time, consists of three parts. First, there is a one-time penalty cost whenever a 
demand is not immediately satisfied from on-hand stock: �n for the non-critical class 
and �c for the critical class. Second, for each demand that is backordered, there is an 
associated penalty cost per unit per unit time of delay: �n for the non-critical class 
and �c for the critical class. Naturally 𝜌c > 𝜌n , and 𝜔c > 𝜔n . Third, there is a unit 
holding costs of h (per unit time) for each unit being held in stock (Note that since 
this is a backorder model and all demands should be eventually satisfied, the order 
cost rate is invariant to changes in policy parameters. Therefore, for simplicity it is 
not included in the cost model).

Our main objective is to solve the cost optimization problem for the two demand-
class model and determine the optimal policy parameters (S, Sc) that minimize the 
infinite horizon average total cost per unit time.

First, we need to derive several structural results which will be used in the opti-
mization routine.

2.1  Structural results

At an arbitrary point t in time, let S be the base-stock level, OH(t) be the on-hand 
stock, R(t) be the number of units in the pipeline, and let Bn(t) and Bc(t) be the num-
ber of non-critical and critical class backorders, respectively. Since a one-for-one 
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replenishment policy is implemented and the rationing policy is static, the knowl-
edge of 

(
R(t),Bn(t)

)
 is sufficient to implement the policy and determine the rest of 

the system state information. The following relations hold at any point in time:

and

These relations also hold for the steady-state distribution of these quantities, denoted 
by OH, R, Bn , and Bc . We assume these probabilities are already available for a given 
arbitrary set of base-stock and threshold levels. Vicil and Jackson (2016) provide a 
high quality approximation to compute steady-state probabilities for the generally 
distributed lead time model.

Let �t = (r, bs) ∈ �(S,Sc)
 denote the system state at time t, t ≥ 0 , where �(S,Sc) rep-

resents the set of feasible states when the policy parameters are given by (S, Sc) . Let 
us also denote the steady-state probabilities as �(r,bn)(S, Sc) , 

(
r, bn

)
∈ �(S,Sc)

 when the 
policy parameters are (S, Sc).

We first refer to the following invariance property previously established by Vicil 
and Jackson (Corollary 1 in Vicil and Jackson 2016), which will be used later in the 
optimization routine.

Proposition 1 The steady-state probabilities �(r,bn) , 
(
r, bn

)
∈ �(S,Sc)

, are invariant to 
changes in S provided Δ = S − Sc is constant.

Let �h

(
S, Sc

)
 denote the steady-state distribution of on-hand inventory for given 

policy parameters (S, Sc) . Let us also denote P∞( ·) as the steady-state probability dis-
tribution of a random process. Then, we have

Lemma 1 For fixed Δ, k = 1, 2, ..., and h = 0, 1, ...,

Arriving demands face the steady-state distribution of on-hand inventory, OH, 
due to the Poisson Arrivals See Time Averages principle (see, e.g., Wolff 1982). 
Hence, as functions of the given policy parameters 

(
S, Sc

)
 , the class-specific fill rates 

are as follows:

(1)S =OH(t) + R(t) − Bc(t) − Bn(t),

(2)OH(t) =
[
S − R(t) + Bn(t)

]+
,

(3)Bc(t) =
[
R(t) − Bn(t) − S

]+
.

(4)

�h

(
S, Sc

)
≡P∞

(
OH(t) = h | (S, Sc)

)

=
∑

(
r, bn

)
∈ �(S,Sc)(

S − r + bn
)+

= h

�(r,bn)(S, Sc).

�h+k(Δ + k, k) = �h(Δ, 0).
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The non-critical class fill rate can be easily determined as (see, e.g., Vicil and Jack-
son 2016):

where � = �n + �c , and T = E[L].
Let �u

(
S, Sc

)
 denote the steady-state marginal distribution of critical class back-

orders excluding the case of positive on-hand inventory:

Lemma 2 (Lemma 3.1 in Vicil and Jackson 2018) For fixed Δ, k = 1, 2, ..., and 
u = 0, 1, ...,

The following lemma establishes the equivalence relation between the on-hand 
inventory and critical class backorders for systems with different policy parameters.

Lemma 3 For fixed Δ, k = 1, 2, ..., and h = 1, ..., k

Let �n(S, Sc) (respectively �c(S, Sc) ) be the expected number of non-critical (respec-
tively critical) class backorders, �(S, Sc) be the expected on-hand stock, and �(S, Sc) be 
the expected pipeline stock. Then,

(5)
𝛽n
(
S, Sc

)
=P∞(OH > Sc |

(
S, Sc

)
) =

S∑

h=Sc+1

𝜑h

(
S, Sc

)
,

𝛽c
(
S, Sc

)
=1 − P∞(OH = 0 |

(
S, Sc

)
) = 1 − 𝜑0

(
S, Sc

)
.

(6)

𝛽n
(
S, Sc

)
=P∞(OH > Sc |

(
S, Sc

)
)

=P∞(R < S − Sc |
(
S, Sc

)
)

=

S−Sc−1∑

i=0

(𝜆T)ie−𝜆T

i!
,

(7)

�u

(
S, Sc

)
≡P∞

(
Bc(t) = u, OH(t) = 0 | (S, Sc)

)

=
∑

(
r, bn

)
∈ �(S,Sc)(

S − r + bn
)+

= 0(
r − bn − S

)+
= u

�(r,bn)(S, Sc).

�u(Δ + k, k) = �u+k(Δ, 0).

�h(Δ + k, k) = �k−h(Δ, 0).

(8)�n(S, Sc) =

∞∑

bn=1

bn

∑

(r,bn)∈�(S,Sc)

�(r,bn)(S, Sc),
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(11) follows from the observation that if we consider only the evolution of number 
of units in the resupply system, then the system could be analyzed as a single class 
system with demand rate � = �n + �c since only the replenishment policy has any 
effect on the evolution of system states. Hence, due to Palm’s Theorem, the expected 
number of units in the resupply is �T  , which is independent of the choice of the 
policy parameters (S, Sc).

The following proposition establishes important monotonicity results, which 
will later be useful in the optimization search routine.

Proposition 2 The performance measures depend on the threshold level Sc, Sc < S , 
in the following manner:

As long as Δ is fixed, it is possible to compute several performance 
measures of the system (Δ + k, k), k = 1, 2, ... , from the knowledge of 
�(r,bn)(Δ, 0), (r, bn) ∈ �(Δ,0) . The following theorem establishes important connec-
tions between the performance measures of systems with different policy param-
eters. These connections play significant role in reducing the computational com-
plexity of the optimization search routine, which will be described in detail in the 
next section.

Theorem 1 For fixed Δ and k = 1, 2, ... , the following relations hold:

(9)�c(S, Sc) =

∞∑

u=1

u�u

(
S, Sc

)
,

(10)�(S, Sc) =

S∑

h=1

h�h

(
S, Sc

)
,

(11)�(S, Sc) =

∞∑

r=1

r
∑

(r,bn)∈�(S,Sc)

�(r,bn)(S, Sc) = �T .

(12)𝛽n(S, Sc + 1) <𝛽n(S, Sc)

(13)�c(S, Sc + 1) ≥�c(S, Sc)

(14)�n(S, Sc + 1) ≥�n(S, Sc)

(15)�c(S, Sc + 1) ≤�c(S, Sc)

(16)�(S, Sc + 1) ≥�(S, Sc)

(17)�n(Δ + k, k) =�n(Δ, 0)
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It is important to note that, regarding the policy parameters (Δ, 0) , although 
Sc = 0 , which means that there is no reserve inventory for the incoming critical 
class demands, the rationing policy is still in effect. Priority is still given to clear-
ing the existing critical class backorders over the non-critical class backorders. 
Hence, an incoming unit from the resupply will clear an existing critical class 
backorder first, if there is any. Therefore, the class-specific expected backorders 
of the system (Δ, 0) under rationing policy are not identical to the class-specific 
backorders of the system without rationing.

2.2  Cost optimization

The total expected cost rate can be written as

The cost optimization model can be written as:

where ℤ0 is the set of non-negative integers. The optimization model is a nonlinear 
integer programming model. It is very difficult, if not impossible, to show whether 
the total cost rate function is convex and/or unimodal. Therefore, we will employ an 
alternative approach for which bounding functions are used to determine the optimal 
policy parameters.

The following proposition immediately follows from (22).

Proposition 3 A lower bound function for C(S, Sc) is given by:

(18)�c(Δ + k, k) =�c(Δ, 0) +

k−1∑

u=0

�u(Δ, 0)

(19)�n(Δ + k, k) =�n(Δ, 0)

(20)�c(Δ + k, k) =

∞∑

u=k+1

(u − k)�u(Δ, 0)

(21)�(Δ + k, k) =

Δ∑

h=1

(k + h)�h(Δ, 0) +

k∑

u=1

u�k−u(Δ, 0)

(22)
C
(
S, Sc

)
=�n�n(1 − �n(S, Sc)) + �c�c(1 − �c(S, Sc)) + �n �n(S, Sc)

+ �c �c(S, Sc) + h �(S, Sc).

(23)

min
S,Sc

C
(
S, Sc

)

s.t. Sc ≤ S,

S, Sc ∈ ℤ0,
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Lemma 4 The lower bound function CLB

(
S, Sc

)
 is monotonically increasing in Sc.

Let C∗(S) be the minimum cost for a given value of S:

Proposition 4 A lower bound function for C∗(S) is given by

The following lemma immediately follows.

Lemma 5 The lower bound function C∗
LB
(S) is monotonically increasing in S.

Our optimization routine has two important features to reduce the computa-
tional complexity. First, the enumeration space can be greatly reduced by using the 
monotonicity results presented in Lemmas 4 and 5, and the bounds established in 
Propositions 3 and 4, which play crucial role in terminating the search routine and 
determining the optimal policy parameters. For a different inventory model setting, 
similar bounds and monotonicity results have been previously established by Enders 
et al. (2014). We will follow a similar approach in our search for the optimal policy 
parameters. However, our optimization routine differs from the Enders et al. (2014) 
routine with respect to the second feature of our approach. As the base-stock level 
S is increased by 1 as iteration continues, the steady-state probabilities need to be 
calculated only once in our algorithm, which is for (S, 0). For all other policy param-
eters (S, Sc) such that Sc > 0 , the cost measures can be computed through the knowl-
edge of the probabilities computed in previous iterations using Theorem 1.

Let C̄∗(S) be the minimum cost up to a certain value of S (including S). Let 
Π(r,bn)

(S, Sc) be the steady-state distribution vector for system states for given policy 
parameters (S, Sc) . The optimization algorithm is presented in Algorithm 1. There 
are two "while loops" in our approach. Starting from S = 0 , we increase S, one unit 
at a time until the condition C̄∗(S) ≤ C∗

LB
(S + 1) is satisfied for the first time, which 

is checked via the "main while loop" execution (Lines 5 − 32 ). When the condition 
is satisfied for the first time, C̄∗(S) is guaranteed to be the minimum cost for the opti-
mization problem. This is because, C∗(S + 1) ≥ C∗

LB
(S + 1) due to Proposition 4, and 

the lower bound function C∗
LB
(S) is monotonically increasing in S due to Lemma 5. 

Hence, for all (S �, Sc) pairs such that S ′ > S , C̄∗(S) ≤ C∗
LB
(S �) ≤ C∗(S �) ≤ C(S �, Sc) . 

If the condition C̄∗(S) > C∗
LB
(S + 1) is not violated, then S is incremented by one and 

then starting from Sc = 0 the search algorithm now continues to iterate over Sc to 
determine C∗(S) , the minimum cost for a given value of S. This is controlled by the 
"inner while loop" execution (Lines 17 − 32).

Initially C∗(S) is set to be equal to C(S, 0) and is updated whenever a 
lower C(S, Sc) is encountered as the iteration continues. When the condition 

C
(
S, Sc

)
≥CLB

(
S, Sc

)
∶= �n�n(1 − �n(S, Sc)) + �n �n(S, Sc) + h �(S, Sc).

C∗(S) ∶= min
Sc

{
C
(
S, Sc

)
∶ 0 ≤ Sc ≤ S, Sc ∈ ℤ0

}
.

C∗(S) ≥ C∗
LB
(S) ∶= h(S − �T)
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C∗(S) ≤ CLB(S, Sc + 1) is satisfied for the first time, due to Lemma 4 C∗(S) is guar-
anteed to be the minimum cost for the given value of S. Therefore, there is no 
need to check for higher values of Sc and the inner while loop terminates. Note 
that since Sc should not exceed S, the second condition of the "inner while loop", 
Sc < S , is necessary to terminate the while loop execution because the condition 
C∗(S) ≤ CLB(S, Sc + 1) might never be satisfied during the iteration. Furthermore, 
as mentioned before, one of the strengths of our optimization routine is that as 
the search continues and Sc is increased by 1 for a given S, there is no need to 
compute steady-state probabilities; CLB

(
S, Sc + 1

)
 can be computed from the 

prior knowledge of Π(r,bn)
(S − Sc − 1, 0) using Theorem 1 and Proposition 3 (Line 

16, Line 28). Similarly, C
(
S, Sc

)
 can be computed from the prior knowledge of 

Π(r,bn)
(S − Sc, 0) using (22) and Theorem 1 (Line 19). 
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If we modify Line 5 of Algorithm 1 as " ����� {C̄∗(S) > C∗
LB
(S + 1) ��� S < S �}�� ", 

the following result immediately follows from Algorithm 1.

Proposition 5 For given S ′ , determining C̄∗(S �) requires at most S � + 1 number of 
steady-state probability computations.

This means that the computational complexity of our optimization algo-
rithm is O(n). On the other hand, for given S ′ , the brute force approach requires 
(S � + 1)(S � + 2)∕2 number of steady-state probability computations. Hence, its com-
putational complexity is O(n2).

It is important to note that the algorithm is guaranteed to terminate with the opti-
mal solution. We initialize C̄∗(0) ← C(0, 0) , and starting from S = 0 , we increase S, 
one unit at a time until the condition C̄∗(S) ≤ C∗

LB
(S + 1) is satisfied for the first time. 

By construction, C̄∗(S) ≤ C̄∗(0) for all S. Since C∗
LB
(S) is monotonically increasing in 

S due to Lemma 5, there exist an S such that C̄∗(0) ≤ C∗
LB
(S + 1) . Which in turn 

implies that there exist an S such that C̄∗(S) ≤ C∗
LB
(S + 1).

3  Numerical study

All the existing literature, except the Vicil and Jackson (2016) study, is based on 
constant lead times. Erlang distribution is also common in many inventory system 
settings, especially in manufacturing. Therefore, to show the efficiency of the pro-
posed optimization algorithm, we perform a numerical study with constant lead 
times, Erlang distributed lead times (with the shape parameter 4) and exponentially 
distributed lead times. For the numerical study, we fix �c = 10, h = 1, �n + �c = 1 , 
and consider cases with �n ∈ {0.1, 0.5, 1, 2}, �T ∈ {2.5, 5, 10, 20},

�n

�c
∈ {1∕3, 1, 3} . 

Here, �T  is the total workload on the system, which is the expected total lead time 
demand. We also set �n = 2�n, �c = 2�c for all the cases. In total, we conduct 
numerical experiments for 48 instances for each studied lead time distribution.

The results are presented in Tables 1, 2, and 3. In columns 3, 5, 7 and 9 we pre-
sent the optimal policy parameters under varying workload �T  . In columns 4, 6, 8 
and 10, we provide the maximum base-stock values that the algorithm has to search 
until the optimal policy parameters are determined before the termination of the 
search routine, which is denoted by S̄.

We note that since there is no exact solution yet in the literature for computing the 
limiting distributions, neither for constant lead time models nor for stochastic lead 
time models (except for the special case of exponential lead times), we have to rely 
on simulations to estimate the steady-state probabilities.

In Table  1, considering all 48 instances with constant lead times, we observe 
that the algorithm performs very well and on average we need to search 1.542 val-
ues for base-stock level beyond the optimal base-stock level. That is, on average 
S̄ = S∗ + 1.542 . The maximum and the minimum number of required iterations for S 
beyond S∗ are observed as 5 and 0.
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This also implies that, on average, the steady-state probabilities need to be com-
puted only S∗ + 2.542 times for all possible enumeration of (S, Sc) pairs due to The-
orem  1. This is because as the base-stock level is increased by one at each itera-
tion, the steady-state probabilities need to be computed only once in our proposed 
optimization routine (which is for (S, 0)). For a given base-stock level S, C(S, Sc) 
can be immediately determined for all Sc > 0 from the knowledge of the steady-
state probabilities already computed in previous iterations using Theorem 1. Also 
note that when the optimization routine terminates with base-stock level, say S̄ , the 
steady-state probabilities are calculated in total S̄ + 1 times for the policy parameters 
(0, 0), (1, 0),… , (S̄, 0) . On the other hand, even if the upper bound S̄ is provided, the 

Table 1  Optimal policy 
parameters vs. S̄ (Constant lead 
times)

�
n

�
n

�
c

�T = 2.5 �T = 5 �T = 10 �T = 20

(S∗, S∗
c
) S̄ (S∗, S∗

c
) S̄ (S∗, S∗

c
) S̄ (S∗, S∗

c
) S̄

0.1 1/3 (5,3) 6 (8,3) 9 (14,4) 15 (24,5) 27
0.5 1/3 (5,2) 6 (8,2) 9 (14,3) 16 (25,4) 27
1 1/3 (5,2) 6 (9,2) 10 (15,2) 16 (26,3) 28
2 1/3 (6,1) 6 (9,1) 10 (15,2) 16 (27,2) 29
0.1 1 (4,2) 5 (7,2) 8 (11,3) 14 (20,3) 24
0.5 1 (5,1) 5 (7,2) 9 (13,2) 15 (23,2) 26
1 1 (5,1) 5 (8,1) 9 (14,1) 15 (25,2) 27
2 1 (5,1) 6 (8,1) 9 (14,1) 16 (26,1) 28
0.1 3 (3,1) 4 (5,1) 7 (9,2) 12 (18,2) 23
0.5 3 (4,1) 5 (7,1) 8 (12,1) 14 (22,1) 25
1 3 (4,1) 5 (7,1) 8 (13,1) 14 (23,1) 26
2 3 (5,0) 5 (8,0) 9 (14,0) 15 (25,1) 27

Table 2  Optimal policy 
parameters vs. S̄ (Erlang-4 
distributed lead times)

�
n

�
n

�
c

�T = 2.5 �T = 5 �T = 10 �T = 20

(S∗, S∗
c
) S̄ (S∗, S∗

c
) S̄ (S∗, S∗

c
) S̄ (S∗, S∗

c
) S̄

0.1 1/3 (5,3) 6 (8,3) 9 (13,4) 15 (24,5) 27
0.5 1/3 (5,2) 6 (8,3) 9 (14,3) 16 (25,4) 27
1 1/3 (5,2) 6 (9,2) 10 (15,2) 16 (26,3) 28
2 1/3 (6,1) 6 (9,1) 10 (15,2) 16 (27,2) 29
0.1 1 (4,2) 5 (7,2) 8 (11,3) 14 (20,3) 24
0.5 1 (5,1) 5 (7,2) 9 (13,2) 15 (23,2) 26
1 1 (5,1) 5 (8,1) 9 (13,2) 15 (24,2) 27
2 1 (5,1) 6 (8,1) 9 (14,1) 16 (26,1) 28
0.1 3 (3,1) 4 (5,1) 7 (9,2) 12 (18,2) 23
0.5 3 (4,1) 5 (6,1) 8 (12,1) 14 (22,1) 25
1 3 (4,1) 5 (7,1) 8 (13,1) 14 (23,1) 26
2 3 (5,0) 5 (8,0) 9 (14,0) 15 (25,1) 27
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brute-force approach requires the computation of (S̄ + 1)(S̄ + 2)∕2 steady-state prob-
abilities for all possible enumeration of (S, Sc) pairs. (Recall that the computational 
complexity of our proposed algorithm is O(n) while it is O(n2) for the brute-force 
approach.)

Furthermore, we can observe that S̄ − S∗ tends to increase as the mean lead time 
demand increases, while keeping other parameters fixed. However, the pattern is 
irregular for other cases when we vary �n or �n

�c
.

The results are similar for the Erlang-4 and exponentially distributed lead times. 
We note that for the exponentially distributed lead times, we can exactly determine 
the steady-state probabilities using the computationally efficient procedure described 
in Vicil and Jackson (2016). Considering Table 2 with the Erlang-4 distributed lead 
times, on average our algorithm needs to search 1.646 values for base-stock level 
beyond the optimal base-stock level. Regarding Table 3 with exponentially distrib-
uted lead times, considering all 48 instances the algorithm needs to search 1.604 val-
ues on average for base-stock level beyond the optimal base-stock level. The maxi-
mum and the minimum number of required iterations for S beyond S∗ are observed 
as 5 and 0 for both tables.

Comparing Tables 1, 2, and 3, we observe an interesting phenomenon that that 
the optimal policy parameters turn out to be identical for most of the cases. When 
we compare the optimal policy parameters in Table 1 and Table 3, we observe that 
in 41 of the 48 instances, optimal policy parameters of the exponentially distributed 
lead time model coincide with the optimal policy parameters of the constant lead 
time model. The situation is similar for the Erlang-4 distributed lead times. Compar-
ing Table 2 and Table 3, we observe that in 43 of the 48 instances, optimal policy 
parameters of the exponentially distributed lead time model coincide with the opti-
mal policy parameters of the Erlang lead time model.

These results are in line with what we might expect. Because Vicil and Jackson 
(2016) analytically analytically proved that under the Independence Condition, the 

Table 3  Optimal policy 
parameters vs. S̄ (Exponentially 
distributed lead times)

�
n

�
n

�
c

�T = 2.5 �T = 5 �T = 10 �T = 20

(S∗, S∗
c
) S̄ (S∗, S∗

c
) S̄ (S∗, S∗

c
) S̄ (S∗, S∗

c
) S̄

0.1 1/3 (5,3) 6 (8,3) 9 (13,4) 15 (23,5) 26
0.5 1/3 (5,2) 6 (8,3) 9 (14,3) 16 (25,4) 27
1 1/3 (5,2) 6 (9,2) 10 (15,2) 16 (26,3) 28
2 1/3 (6,1) 6 (9,1) 10 (15,2) 16 (27,2) 29
0.1 1 (4,2) 5 (6,2) 8 (11,3) 13 (20,3) 24
0.5 1 (5,1) 5 (7,2) 9 (13,2) 14 (23,2) 26
1 1 (5,1) 5 (8,1) 9 (14,1) 15 (24,2) 27
2 1 (5,1) 6 (8,1) 9 (14,1) 16 (26,1) 28
0.1 3 (3,1) 4 (5,1) 7 (9,1) 12 (18,2) 23
0.5 3 (4,1) 5 (6,1) 8 (12,1) 14 (22,1) 25
1 3 (4,1) 5 (7,1) 8 (13,1) 14 (23,1) 26
2 3 (5,0) 5 (8,0) 9 (14,0) 15 (25,1) 27
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steady-state probabilities of the generally distributed lead time model (constant or 
stochastic) are identical to the steady-state probabilities of the system with exponen-
tial lead times with the same mean. In other words, under the Independence Condi-
tion, the steady-state probabilities are insensitive to the form and variability of the 
lead time distribution as long as mean lead times are identical. They empirically 
showed that steady-state probabilities depend weakly on the Independence Condi-
tion, and hence the quality of the CTMC approximation turns out to be high for 
most model settings as long as the service levels are reasonably high ( �n ≥ 60% 
and �c ≥ 90% ). So, their CTMC approximation works as follows. To estimate the 
steady-state probabilities of the generally distributed lead time model, they (exactly) 
compute the steady-state probabilities of the alternate system under the exponen-
tially distributed lead times with the same mean, and then use these probabilities to 
approximate the steady-state probabilities of the original system.

In Algorithm 1, if we use the CTMC approximation to estimate the steady-state 
probabilities of the constant lead time model rather than relying on simulation to 
estimate them, in 41 of the 48 instances, true optimal policy parameters could be 
found. Furthermore, for the remaining 7 instances in which suboptimal solutions are 
found, the average percentage increase of the total cost rate from the true optimal 
cost rate turns out to be only 1.17% while the maximum percentage increase is lim-
ited to 2.67% . Results are similar for the Erlang-4 distributed lead times. Using the 
CTMC approximation in our optimization algorithm will allow us to determine 43 
of the 48 true optimal solutions correctly. For the remaining 5 suboptimal solutions, 
the average percentage increase of the total cost rate from the true optimal cost rate 
turns out to be only 0.98% while the maximum percentage increase is limited to 
2.96%.

3.1  Performance comparison with the existing heuristic

To our knowledge, there are only two studies in the literature that focus on the cost 
optimization models within the framework of continuous-review (S − 1, S) inven-
tory systems with rationing and backorders: Dekker et  al. (1998) and Deshpande 
et al. (2003). Both studies are limited to constant lead times. Although Deshpande 
et  al. (2003) consider a continuous review (Q, r) policy and provide approxima-
tions for the expected cost measures and service levels, they also analyze the special 
case with Q = 1 which reduces the system to the (S − 1, S) inventory model. On the 
other hand, Dekker et al. (1998) study has certain limitations. First, their cost model 
does not consider penalty cost per unit per period delay; it considers only a one-
time stock-out cost per unit backordered. In addition, they also do not provide any 
approximation for determining the performance measures regarding the class-spe-
cific expected backorders. They also state in their paper that the expression for the 
average holding costs is only an approximation, which is only justified for relatively 
high service levels (i.e. at least 90% ). Therefore, we are unable to compare the per-
formance of our exact optimization routine with the Dekker et al. (1998) heuristic.

In order to compare the performance of the the Deshpande et al. (2003) heuristic 
with our exact solution, we consider the same cases as in Table 1. The results are 
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presented in Table 4. In columns 3, 5, 7 and 9, optimal policy parameters are deter-
mined using the Deshpande et al. (2003) heuristic. In columns 4, 6, 8 and 10, we 
present the % Gap with respect to the true optimal cost. % Gap entries are calculated 
as follows. We take the optimal policy parameters determined according to the 
Deshpande et al. (2003) heuristic (columns 4, 6, 8 and 10) and run simulations to 
determine the total expected cost rates (denoted as C∗

Deshpande
 ) the system experi-

ences with these policy parameters. And then we calculate the percentage increase 
in costs from the true optimal cost rates C∗

True
.

From Table 4, we observe that Deshpande et. al heuristic provides satisfactory 
results for several instances, though a Gap can be as high as 34.75% . The heuristic is 
able to determine 14 of the 48 optimal solutions correctly. Considering the remain-
ing 34 non-optimal solutions, the average Gap is 7.82%.

3.2  Introducing a new heuristic

In the previous section, we have provided the exact solution for the cost opti-
mization model. Considering practical applications, computational efficiency 
might be important in inventory systems where thousands of stock keeping units 
are managed. Therefore, running simulations to estimate limiting probabilities 
may not be time efficient. Having said that, it is important to note that we are 
not limited to using simulations in our optimization algorithm to estimate the 
steady-state probabilities. Our structural results have several important features. 
To begin with, they are valid for both constant and stochastic lead times, which 
hold irrespective of the form and variability of the lead time distribution. In 

Table 4  Performance of the Deshpande et  al. (2013) heuristic vs. True Optimal Cost 
(Gap =

C∗
Deshpande

−C∗
True

C∗
True

)

�
n

�
n

�
c

�T = 2.5 �T = 5 �T = 10 �T = 20

(S∗, S∗
c
) % Gap (S∗, S∗

c
) % Gap (S∗, S∗

c
) % Gap (S∗, S∗

c
) % Gap

0.1 1/3 (5,3) 0 (8,5) 6.30 (15,5) 7.07 (26,8) 16.88
0.5 1/3 (5,2) 0 (9,3) 1.40 (15,4) 3.91 (27,5) 7.49
1 1/3 (6,1) 0.88 (9,2) 0 (15,3) 1.54 (27,4) 3.40
2 1/3 (6,1) 0 (9,1) 0 (15,2) 0 (27,3) 1.03
0.1 1 (4,3) 10.00 (7,3) 3.96 (13,4) 16.05 (23,6) 34.75
0.5 1 (5,1) 0 (8,2) 1.24 (14,3) 8.88 (25,4) 13.81
1 1 (5,1) 0 (8,2) 3.66 (14,2) 1.00 (26,3) 7.70
2 1 (5,1) 0 (9,1) 1.01 (15,1) 0.73 (27,2) 4.54
0.1 3 (4,1) 8.25 (6,2) 8.67 (11,3) 28.43 (21,3) 28.12
0.5 3 (4,1) 0 (7,1) 0 (12,2) 10.80 (23,2) 8.57
1 3 (5,1) 1.72 (8,1) 2.91 (13,1) 0 (24,2) 9.19
2 3 (5,0) 0 (8,0) 0 (14,1) 0.99 (26,1) 1.08
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addition, our expressions for performance measures are exact. Therefore, we can 
conveniently use the Vicil and Jackson’s (2016) computationally efficient CTMC 
approach in our optimization routine to estimate the steady-state probabilities, 
because the structural results also holds for the exponentially distributed lead 
time model. On the other hand, we note that this is not the case for the existing 
heuristics in the literature, which provide expressions for the approximate per-
formance measures.

Hence, to use in such inventory systems, we propose the following new heu-
ristic to the cost optimization literature.

New Heuristic: Use the exact optimization search routine in Algorithm  1 
with the steady-state probabilities estimated by the CTMC approximation.

If we apply our new heuristic to the same cases in Table  1, we achieve the 
following results in Table 5. We observe that the performance of our heuristic is 
very high.

If we compare the results of our new heuristic in Table 5 with the Deshpande 
et al. (2003) heuristic in Table 4, we see that our approach is significantly supe-
rior to theirs. The summary of the results are presented in Table 6. In the first 
row, we compare the number of correctly determined true optimal solutions out 

Table 5  Performance of the New Heuristic vs. True Optimal Cost ( Gap =
C∗
New

−C∗
True

C∗
True

 )

�
n

�
n

�
c

�T = 2.5 �T = 5 �T = 10 �T = 20

(S∗, S∗
c
) % Gap (S∗, S∗

c
) % Gap (S∗, S∗

c
) % Gap (S∗, S∗

c
) % Gap

0.1 1/3 (5,3) 0 (8,3) 0 (13,4) 0.44 (23,5) 2.00
0.5 1/3 (5,2) 0 (8,3) 0.10 (14,3) 0 (25,4) 0
1 1/3 (5,2) 0 (9,2) 0 (15,2) 0 (26,3) 0
2 1/3 (6,1) 0 (9,1) 0 (15,2) 0 (27,2) 0
0.1 1 (4,2) 0 (6,2) 2.67 (11,3) 0 (20,3) 0
0.5 1 (5,1) 0 (7,2) 0 (13,2) 0 (23,2) 0
1 1 (5,1) 0 (8,1) 0 (14,1) 0 (24,2) 0.34
2 1 (5,1) 0 (8,1) 0 (14,1) 0 (26,1) 0
0.1 3 (3,1) 0 (5,1) 0 (9,1) 2.30 (18,2) 0
0.5 3 (4,1) 0 (6,1) 0.31 (12,1) 0 (22,1) 0
1 3 (4,1) 0 (7,1) 0 (13,1) 0 (23,1) 0
2 3 (5,0) 0 (8,0) 0 (14,0) 0 (25,1) 0

Table 6  Performance 
comparison of the New 
Heuristic vs. Deshpande et. al 
heuristic

New Heuristic Deshpande et. al

Number of hits (out of 48) 41 14
Average Gap 0.17% 5.54%

Maximum Gap 2.67% 34.75%



119

1 3

Cost optimization in the (S − 1, S) backorder inventory model with…

of 48 instances. Considering all instances, the average Gap of the new heuristic 
is only 0.17% , while it is 5.54% for the Deshpande et. al heuristic.

4  Conclusion and future research

In this paper, we study the cost optimization problem within the framework of con-
tinuous review (S − 1, S) replenishment policy with a static threshold level based 
inventory allocation and backorder clearing policy. In the literature, although exact 
optimization algorithms have been provided for several service level optimization 
models, it has remained an unsolved problem for the cost optimization model. Our 
main contribution in this study is to provide a computationally efficient and exact 
optimization algorithm for determining the optimal policy parameters which mini-
mizes the expected cost rate per unit time. The main theorem allows us to determine 
the cost rate function of a system from the knowledge of steady-state probabilities of 
another system such that the difference between base-stock and rationing levels are 
identical for these two systems.

In the numerical study section, we demonstrate that for constant lead times, on 
average we need to search 1.542 values for base-stock level beyond the optimal base-
stock level, which also implies that the average number of times steady-state prob-
abilities need to be computed only S∗ + 2.542 times for all possible enumeration of 
(S, Sc) pairs in our optimization routine until the optimal policy parameters are deter-
mined. The results are similar for Erlang and exponential lead time distributions.

We also compare the performance of our approach with the existing heuristic 
in the literature and show that our optimization routine can achieve savings up to 
34.75%.

Considering practical applications, computational efficiency might be important 
in inventory systems where thousands of stock keeping units are managed. There-
fore, we also introduce a new heuristic to be used in such inventory systems in which 
computational efficiency is crucial. In the numerical study, we demonstrate that the 
new heuristic perform very well for a variety of system parameters. The average 
deviation from the true optimal cost is only 0.17% while the maximum deviation is 
limited to 2.67%.

As a suggestion for future research, one possible extension of the model might be 
to consider cost optimization model for multiple priority-demand classes.
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Appendix: A Proof of Lemma 1

  ◻

Appendix: B Proof of Lemma 3

  ◻

�h+k(Δ + k, k) =
∑

(
r, bn

)
∈ �(Δ+k,k)(

Δ + k − r + bn
)+

= h + k

�(r,bn)(Δ + k, k), by (4)

=
∑

(
r, bn

)
∈ �(Δ,0)(

Δ + k − r + bn
)+

= h + k

�(r,bn)(Δ, 0), due to Proposition 1

=
∑

(
r, bn

)
∈ �(Δ,0)(

Δ − r + bn
)+

= h

�(r,bn)(Δ, 0)

=�h(Δ, 0).

�h(Δ + k, k) =
∑

(
r, bn

)
∈ �(Δ+k,k)(

Δ + k − r + bn
)+

= h

�(r,bn)(Δ + k, k)

=
∑

(
r, bn

)
∈ �(Δ,0)(

Δ + k − r + bn
)+

= h

�(r,bn)(Δ, 0), due to Proposition 1

=
∑

(
r, bn

)
∈ �(Δ,0)(

Δ − r + bn
)+

= 0(
r − bn − Δ

)+
= k − h

�(r,bn)(Δ, 0)

=�k−h(Δ, 0).
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Appendix: C Proof of Proposition 2

(12) follows directly from (6). The monotonicity relation in (13) has been estab-
lished by Vicil and Jackson (2016) (Proposition 2).

Beginning from a regeneration point in which no orders are outstanding, let 
(m,Tm,Em) describe the mth event in the system: Tm is the time of the mth event, and 
Em is the type of event where Em ∈ {}}vε, }}cε, }}nε} representing events "deliv-
ery", "critical class demand", and "non-critical class demand", respectively. Let Rm 
denote the number of units in resupply after the mth event, Bn,m denote the num-
ber of non-critical class backorders after the mth event, Bc,m denote the number of 
critical class backorders after the mth event, and OHm denote the physical stock 
after the mth event. Let us consider two systems with identical event sequences {
(m,Tm,Em);m = 1, 2, 3, ...

}
 . In the first system the policy parameters are (S, Sc) and 

in the second system they are (S, S �
c
) , S ′

c
> Sc . In the proof of Proposition 2 in Vicil 

and Jackson (2016), it is shown that R �
m
= Rm , and B ′

n,m
≥ Bn,m for all m. If we con-

sider (2) and (3), then we have OH ′
m
≥ OHm and B ′

c,m
≤ Bc,m for all m . Since these 

are also true for all sample paths, they also hold for the expected values. Hence, the 
results �n(S, Sc + 1) ≥ �n(S, Sc) , �c(S, Sc + 1) ≤ �n(S, Sc) and �(S, Sc + 1) ≥ �(S, Sc) 
follow immediately.   ◻

Appendix: D Proof of Theorem 1

Invariance of the non-critical class fill rate in (17) is the direct result of (6). (18) is 
the result of Lemma 3.2 in Vicil and Jackson (2018).
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  ◻

Appendix: E Proof of Lemma 4

Due to Proposition 2, �n�n(1 − �n(S, Sc)) is monotonically increasing in Sc , and 
�n(S, Sc) and �(S, Sc) are nondecreasing in Sc .   ◻

Appendix: F Proof of Proposition 4

The following relations hold for any (S, Sc) pair:

�n(Δ + k, k) =

∞∑

bn=1

bn

∑

(r,bn)∈�(Δ+k,k)

�(r,bn)(Δ + k, k), by (8)

=

∞∑

bn=1

bn

∑

(r,bn)∈�(Δ,0)

�(r,bn)(Δ, 0), due to Proposition 1

=�n(Δ, 0).

�c(Δ + k, k) =

∞∑

u=1

u�u(Δ + k, k), by (9)

=

∞∑

u=1

u�u+k(Δ, 0), by Lemma 2

=

∞∑

u=k+1

(u − k)�u(Δ, 0), by change of variables.

�(Δ + k, k) =

Δ+k∑

h=1

h�h(Δ + k, k), by (10)

=

Δ+k∑

h=k+1

h�h(Δ + k, k) +

k∑

h=1

h�h(Δ + k, k)

=

Δ∑

h=1

(k + h)�h+k(Δ + k, k) +

k∑

h=1

h�h(Δ + k, k), by change of variables

=

Δ∑

h=1

(k + h)�h(Δ, 0) +

k∑

h=1

h�h(Δ + k, k), by Lemma 1

=

Δ∑

h=1

(k + h)�h(Δ, 0) +

k∑

h=1

h�k−h(Δ, 0), by Lemma 3

=

Δ∑

h=1

(k + h)�h(Δ, 0) +

k∑

u=1

u�k−u(Δ, 0), by change of variables.
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(F.2) follows from (F.1) due to (1), which also holds for the expected val-
ues. (F.3) follows from (F.2) due to (11). Furthermore, for given S the relation 
C(S, Sc) ≥ h(S − �T) holds for all Sc because RHS of (F.3) is independent of Sc . 
Hence, C∗(S) ≥ h(S − �T) should hold by definition.   ◻
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