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1 Introduction

Almost forty years ago, in the beginning of the 1980s, sociologist Nico Wilterdink, a friend
of mine, was working at his PhD thesis [4] about trends in the distribution of wealth in the
Netherlands from the nineteenth century until the middle of the 1970s. At that time I was
a mathematics teacher in high school, but I was trained as a statistician. Nico asked me to
help him in figuring out the statistical processing that needed to be done for his thesis. I
liked the diversion from my teaching duties, and I joined in.

The main problem we had to deal with, was the following: the data on personal wealth
that were available for the years between 1894 and 1974 covered only a small, relatively
wealthy part of the Dutch population – less than 10 percent –, since most households
were exempt from the wealth tax on which the data were based. For each of a number of
wealth classes these data consisted of 1) the lower and upper border of the wealth class
(in the highest class only the lower border), 2) the number of individual wealth owners in
that class (with married couples couples counted as individual owners) and 3) the total
wealth of all the individuals in each class. At the same time, nothing was known about
the distribution of wealth below the lowest class border. Nor were there any data about
the total wealth of the households below that. Thus, from the lowest border upward, the
distribution of wealth could be charted fairly accurately. Below that border, only the size
of that part of the population was known. Nevertheless, in order to assess changes in
inequality we wanted to calculate important inequality measures for the period 1894–1974,
for example the percentage of the total personal wealth that was owned by the richest 1%
of the population in a given year. What was needed above all, was an estimate of the total
wealth in the population. Since the size of the population was known, the mean wealth in
the total population could be taken as the number to be wanted.

So, we were confronted with the problem of estimating the mean of a distribution, of
which only some data in one of the tails were given. This can only be done, I realized,
by assuming the distribution to come from a pre-specified family, for instance a normal,
lognormal or Weibull distribution. When I plotted some years’ data on lognormal probabil-
ity paper, it struck us the data points were almost perfectly on a straight line. Moreover,
we were aware of the reasons why wealth and income data are often modeled using the
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lognormal distribution.1 The assumption of lognormality for the wealth distribution be-
came therefore quite obvious. Using this assumption, it should be possible to estimate the
parameters µ and σ of the lognormal distribution. Having found those, the mean of the
distribution is easily calculated. Since the size of the population was known for all relevant
years, the total wealth could be calculated as the estimated mean wealth times the size of
the population.

Remained the problem of estimating the µ and σ of a lognormal distribution when only
data about the right tail of this distribution is available. I was aware of the work of Aitchison
and Brown [1] on estimating the parameters of a lognormal distribution from censored data,
but their solutions seemed so complex to me that I decided to come up with my own solution:
find the straight line closest to the data points on lognormal probability paper, and from
the parameters of that line, calculate the µ and σ of the associated lognormal distribution.
In an appendix to Nico Wilterdink’s book2 [4], I explained this method in Dutch. This
explanation is still available on his website3.

Apart from this short explanation, I never published this method in a scientific journal
or in a technical report, other than the short explanation just mentioned. Also, as far as I
know, it has never been published by others. However, since a group of researchers [3] makes
new study of historical trends in the distribution of wealth in the Netherlands in which they
extend Wilterdink’s work and make use of this method, the need of a solid technical report
that can be referred to, is quite obvious. Thus, in this report I will describe the method
extensively, so that it can also be used by other researchers working with similar data.

2 The estimation problem

Let us assume that wealth w has a lognormal distribution with parameters µ and σ. This
means that x = logw has a normal distribution with mean µ standard deviation σ. (We
will only use natural logarithms in this report, i.e. logarithms with base e.) The mean value
of such w can be easily4 be calculated as

Ew = eµ+
1
2σ

2

= exp(µ+ 1
2σ

2). (1)

If z = (x − µ)/σ then z has a standard normal distribution with mean 0 and standard
deviation 1. If the distribution function of z is called Φ(z) and Ψ(z) = 1− Φ(z), we have

P (z ≥ z) = 1− Φ(z) = Ψ(z) = p,

so the inverse function is
z = Ψ−1(p) (2)

for 0 < p < 1.
As can be seen from any textbook on statistics under the heading of the normal proba-

bility plot, the distribution function of x = logw is a straight line in the (z, x) plane, using
transformation (2) for changing from p-values to z-values. This straight line has equation
x = µ + σz, so σ is the slope of the line and µ is the x-intercept, i.e. the x-value when
z = 0.

1see [4] pp.108-109 or the chapter Origin of the Lognormal Distribution in [1].
2pp.411–413
3http://nicowilterdink.nl/wp-content/uploads/2015/06/Appendix.vermogens.pdf
4see for instance [2]
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Next, let us assume that there is a sample of size N from this lognormal(µ, σ) distribu-
tion. Only scarce information about this sample is known: for each of a number of known
thresholds wi, the number Ni of elements from the sample ≥ wi is known for i = 1, ..., n.
Also the size of the sample N is known. The question is: can we give estimates of µ and σ
based on these known quantities wi, Ni and N .

To start with answering this question, let us first define

pi =
Ni

N
, (3)

the fraction of the sample that is ≥ wi, and

zi = Ψ−1(pi), (4)

the corresponding z-values of the standard normal distribution. If we now plot the points
(zi, xi), where

xi = logwi, (5)

in the (z, x)-plane, these will not all be on the straight line x = µ+ σz. However, they will
approximate it, in greater or lesser degree.
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We will now try to estimate µ and σ by fitting a straight line to the points (z1, x1), ..., (zn, xn),
using the method of least squares. This works as follows. We will find the µ and σ that
minimize the sum of the distances of all points (zi, xi) to the straight line ℓ : x = µ+ σz.

If P = (zi, xi) is one of these points, we have the following situation (see Figure 1 on next
page): in this figure PQ is the vertical distance between P and line ℓ, PR is the horizontal
distance and PS is the perpendicular distance. (S is placed such that PS is perpendicular
to line ℓ.) Each of these three distance definitions can be taken as the one to be minimized,
as we will see below.

Let us first consider the proportions of the sides of triangle PQR. Since straight line ℓ
with equation x = µ+ σz has slope z, if PR = 1 then PQ = σ and QR =

√
1 + σ2. So the

proportions of the sides of triangle PQR are

PR : PQ : QR = 1 : σ :
√
1 + σ2.
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Figure 1: The three distances of one data point (zi, xi) from line ℓ

Since triangle SPR is similar to triangle PQR, we have PS : PR = PQ : QR or PS/1 =
σ/

√
1 + σ2, so

PQ : PR : PS = σ : 1 :
σ√

1 + σ2
.

Now that the proportions of all the relevant line segments are known, we can calculate
the absolute lengths of these line segments as follows: from Figure 1 we read the vertical
distance

PQ = xi − µ− σzi

so, from the above proportions, it follows that the horizontal distance

PR =
xi − µ− σzi

σ

and the perpendicular distance is

PS =
xi − µ− σzi√

1 + σ2
.

So, for instance in the case of minimizing the sum of the squared perpendicular distances,
this leads to the following function to be minimized

f(µ, σ) =
n∑

i=1

(xi − µ− σzi)
2

1 + σ2
(6)

and similar expressions in the case of vertical distances:

fv(µ, σ) =

n∑
i=1

(xi − µ− σzi)
2 (7)
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or, in the case of horizontal distances:

fh(µ, σ) =
n∑

i=1

(xi − µ− σzi)
2

σ2
=

n∑
i=1

(
xi − µ

σ
− zi

)2

. (8)

3 The proposed estimators

In this section the estimators µ̂ and σ̂ will be derived by minimizing (6). Likewise, the
alternative estimators µ̂v and σ̂v will be derived by minimizing (7), and another pair of
alternative estimators µ̂h and σ̂h will be derived by minimizing (8).

Let’s start with minimizing (6). We will try to find the values of µ and σ for which (6)
is minimal by equating the partial derivatives ∂

∂µf and ∂
∂σf to zero:

∂

∂µ
f(µ, σ) = 0 (9)

and
∂

∂σ
f(µ, σ) = 0 (10)

In this manner, we will get two equations in µ and σ, that will be solved for µ and σ. The
solutions to these two equations will be called µ̂ and σ̂.

In order to express our results we need some notation. First of all, x̄ =
∑

i xi/n is the
mean of the xi. Likewise, z̄ =

∑
i zi/n is the mean of the zi. Next, var(x) =

∑
i(xi − x̄)2/n

is the variance of the xi. Likewise, var(z) =
∑

i(zi − z̄)2/n is the variance of the zi, and
cov(x, z) =

∑
i(xi − x̄)(zi − z̄)/n is the covariance of the xi and zi. Finally, we will need

the following notation:

Q =
var(x)− var(z)

2cov(x, z)
. (11)

According to the calculations described in the appendix to this report, the solutions to the
two equations (9) and (10) are

µ̂ = x̄− σ̂.z̄ (12)

and
σ̂ = Q+

√
Q2 + 1 (13)

So, these are the wanted estimators, when minimizing (6). Likewise, when minimizing (7),
we get the following solutions:

µ̂v = x̄− σ̂v.z̄ (14)

and

σ̂v =
cov(x, z)

var(z)
(15)

And, when minimizing (8), we get

µ̂h = x̄− σ̂h.z̄ (16)

and

σ̂h =

√
var(x)

var(z)
(17)
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We used µ̂ and σ̂ for the estimates of the total wealth in [4], because we supposed that the
estimates based on perpendicular distances would be better than those based on vertical
or horizontal distances. Whether this presumption was right, we will see in the next sec-
tion, where we will compare the estimates based on horizontal, vertical and perpendicular
distances.

4 Experimental results

In this section we will test the performance of the three proposed estimators, and we will
compare these performances with each other. All our experiments were based on a wealth
variable w having a lognormal distribution with parameters µ = 2 and σ = 10. According
to (1), the mean value Ew of such a variable is exp(10 + 22/2) = 162754.79, so these are
the numbers that we are going to estimate based on simulated data.

In order to generate the data for our experiments we made use of six thresholds wi:

i wi

1 50,000

2 100,000

3 200,000

4 300,000

5 500,000

6 1,000,000

Table 1: The thresholds used to generate the data

First, we generated a sample of size N = 1000 from the distribution of w.5 Subsequently,
we recorded the number (Ni) of items of this sample that exceeded threshold wi, for each
threshold. This results in a complete dataset. An example of such a dataset is as follows:

i wi Ni

1 50,000 332

2 100,000 206

3 200,000 139

4 300,000 102

5 500,000 67

6 1,000,000 42

Table 2: An example dataset for sample size N = 1, 000

Note, that not even half of the items exceed the lowest threshold, although this threshold
is much lower than the mean wealth: for a lognormal distribution the mean far exceeds the
median, because of the heavy right tail of this distribution.

Starting with a dataset like the one of Table 2, we calculated the estimates (12) - (17)
of µ and σ, after obtaining pi, zi and xi from (3) - (5). Next, the estimate of the mean

5Note, that a population of N household wealth amounts might be cast statistically as a sample of size
N from some continuous distribution, such as a lognormal distribution.
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wealth Ew followed from plugging the estimates of µ and σ into (1). So, from one dataset
we obtain three estimates of µ and σ, and three estimates of Ew: one for each proposed
method (horizontal, vertical and perpendicular).

This process was repeated 100 times: we generated 100 different samples of size N =
1, 000, obtaining 100 datasets like the one in Table 2, resulting in 100 estimates of µ, σ and
Ew for each of the three different methods. In Table 3 the first 4 of these 100 estimates for
each of the parameters are shown.

perpendicular vertical horizontal

µ̂ σ̂ Ew µ̂ σ̂ Ew µ̂ σ̂ Ew

10.1163 1.9978 182,026 10.1187 1.9957 181,684 10.1172 1.9970 181,898

10.0340 2.0088 171,381 10.0517 1.9935 169,169 10.0407 2.0030 170,540

9.8484 2.0350 150,089 9.8503 2.0335 149,906 9.8491 2.0344 150,019

9.8306 2.1587 191,080 9.8447 2.1465 188,797 9.8361 2.1539 190,176

Table 3: The first 4 out of 100 estimates for sample size N = 1, 000
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Figure 2: Histograms of the 100 perpendicular estimates of µ, for three different sample
sizes.

So far, we only generated samples of size N = 1000. However, all of the foregoing
was performed also for samples of sizes N = 10, 000, 100, 000 and 1, 000, 000. We expect
the estimates to become more accurate when the sample size increases. For measuring
the accuracy of the estimators, we used two different performance measures. If µ̂j is the
estimate of µ in the j-th trial, the error of this estimate is µ̂j − µ and the absolute error is
|µ̂j − µ|. The first accuracy measure we use is

m.e. = mean error =
1

100

100∑
j=1

(µ̂j − µ)

and the second measure is

m.a.e. = mean absolute error =
1

100

100∑
j=1

|µ̂j − µ|.
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Of course, both should be as close to zero as possible. Whereas the m.e. is better as a
measure of bias, the m.a.e. is a measure of dispersion.

To get a general idea of the performance of the estimators based on the perpendicular
method, in Figures 2, 3 and 4 we first present histograms of their outcomes for µ, σ and Ew.
Note, that for the estimates of the mean wealth we present percentages of Ew = 162754.79,
in order to facilitate reading. It is clear that for all parameters the estimates tend to clutter
more around the true values when the sample size is larger. For the vertical and horizontal
estimates the histograms are very similar to those of the perpendicular method so they are
not reproduced here.
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Figure 3: Histograms of the 100 perpendicular estimates of σ, for three different sample
sizes.
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Figure 4: Histograms of the 100 perpendicular estimates of mean wealth Ew, in percentages
of the actual mean wealth, for three different sample sizes.

Since these histograms only present a rather diffuse picture of the estimators’ perfor-
mance, we also present more precise measure of accuracy. In Table 4 we present mean
absolute errors (m.a.e.) for each of the three estimates of µ for all considered sample sizes.

First of all, it clear that these m.a.e.’s become smaller and smaller, if sample size in-
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sample size vertical horizontal perpendicular

1,000 0.08559 0.08587 0.08613

10,000 0.03122 0.03123 0.03123

100,000 0.00886 0.00885 0.00885

1,000,000 0.00300 0.00300 0.00300

Table 4: Mean absolute errors in estimates of µ for different sample sizes

creases, for all three methods. So the estimates of µ improve fast with growing N . Also, it
is seems quite obvious that the m.a.e.’s of the three methods do not differ from each other
very much, with large sample size they are (almost) identical. This phenomenon takes us
to the important conclusion that the three proposed methods do not differ very much in
accuracy.

Table 5 shows the mean errors in the µ-estimates for the three methods, for all sample
sizes. Clearly, these m.e.’s are at least a factor 10 closer to zero than their corresponding
m.a.e.’s. This enforces the accuracy of the proposed estimators. At the same time we notice
the same phenomenon that we saw with the m.a.e.’s: The values of the m.e.’s for the three
proposed methods tend to almost equal with large sample sizes. Again, the three methods
do not appear to differ much in accuracy.

sample size vertical horizontal perpendicular

1,000 0.00449 0.00137 -0.00049

10,000 -0.00328 -0.00358 -0.00376

100,000 0.00039 0.00036 0.00034

1,000,000 -0.00029 -0.00029 -0.00030

Table 5: Mean error in estimates of µ for different sample sizes

To check whether the conclusion of the equivalence of the three proposed estimating
methods can be justified, we also calculated the correlation between these estimates for all
sample sizes. For sample size N = 1, 000 these correlations are shown in Table 6.

vertical horizontal perpendicular

vertical 1.0 0.99976 0.99940

horizontal 0.99976 1.0 0.99992

perpendicular 0.99940 0.99992 1.0

Table 6: Correlation matrix of the three estimates of µ for sample size 1,000

The correlations appear to be very close to 1, suggesting a very strong linear relationship
between the three. For larger sample sizes, the correlations are still closer to 1. So far, we
presented m.e.’s, m.a.e.’s and correlations about the estimators of µ only. However, for σ
and Ew the results are quite similar as can be seen in Appendix B.

To be honest, I did not expect this outcome of the experiments: since a perpendicular
distance is shorter than a horizontal or vertical distance, I had expected the estimators
(12) and (13) to be at least slightly better than the other two. These experiments suggest,
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however, that all three methods perform equally well, although based on quite different
formulas.

Summing up, all three proposed estimators seem to show a satisfactory performance
with respect to accuracy, but since their achievements are very similar, in practice one is
the easiest to calculate, which is the method using horizontal distances (16), (17).

5 Example: 2019 wealth data from the Netherlands

As an example of how the described methods can be used, we applied them to the wealth
statistics of private households in the Netherlands in the year 2019, furnished by the CBS
(Central Bureau of Statistics).6 The wealth distribution of households in 2019 is given by
the CBS according to the following table:

nr wealth class (euros) nr of hh’s (x 103) tot. wealth (x 109)

1 less than -5000 845.2 - 43.3

2 from -5000 to 0 442.7 - 0.8

3 0 to 1000 419.5 0.2

4 1000 to 5000 629.0 1.6

5 5000 to 10,000 341.7 2.5

6 10,000 to 20,000 436.5 6.4

7 20,000 to 50,000 755.6 25.1

8 50,000 to 100,000 742.7 54.5

9 100,000 to 200,000 1026.8 151.2

10 200,000 to 500,000 1466.8 462.3

11 500,000 to 1,000,000 467.5 317.5

12 more than 1,000,000 253.4 720.4

Table 7: Wealth distribution in the Netherlands in 2019

The total number of households N = 7, 827, 400 and the total wealth over all classes is
1, 697, 500 million euros. So the average wealth per household is ¿216, 866, according to
this table.

i wi Ni pi
1 100,000 3,214,500 0.41067

2 200,000 2,187,700 0.27949

3 500,000 720,900 0.09210

4 1,000,000 253,400 0.03237

Table 8: The dataset used for the 2019 example

Since the methods described in this report can be used when there is only information
available about the right tail of the wealth distribution, we tried to estimate the average
wealth per household, using only the number of households in the highest four classes, from
class 9 to class 12. To perform this estimation, we assume that the wealth distribution is

6see the Statline database on http://opendata.cbs.nl

10



lognormal with unknown parameters µ and σ.7 So, we started with the data set of Table 8.
Here the numbers in the Ni column are the numbers in the third column of Table 7, but
accumulated. The numbers in the pi column were calculated as Ni/N. Next, the (zi, xi)
values were found using formulas (4) and (5):

i zi xi
1 0.22581 11.51293

2 0.58435 12.20607

3 1.32794 13.12236

4 1.84700 13.81551

Table 9: The (zi, xi) values for the 2019 example

From this tabel, using the definitions of mean, variance, covariance andQ from Section 3,
we found the following values:

x̄ 12.6642

z̄ 0.99628

var(x) 0.76769

var(z) 0.39926

cov(x,z) 0.55178

Q 0.33385

These values, plugged into the formulas (12) to (17), gave the following estimates of µ
and σ for each of our three variant methods:

method µ̂ σ̂

vertical 11.28734 1.38202

horizontal 11.28274 1.38664

perpendicular 11.28128 1.38811

Just like we saw in the experimental section of this report, the three estimates differ very
little from each other. Using these estimates of the parameters of the lognormal distribution,
we found with the help of (1) the following estimates of the mean wealth (of which the true
value is ¿216,866 as we saw in the beginning of this section):

estimated mean wealth (in ¿) error (in %)

vertical 207,386 -4.37

horizontal 207,758 -4.20

perpendicular 207,877 -4.14

This result is remarkably accurate, having in mind the unrealistic assumption of lognor-
mality for this case.

7Of course, this can only be a very crude approximation of the real wealth distribution, since negative
wealth (debt) is impossible in the lognormal case.
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Although for calculating the estimates of the parameters of the lognormal distribution
it is not needed, we were curious how well the calculated lognormal distribution fits the
data that we started with. To this end, we plotted the (zi, xi) data points from Table 9
in the (z, x)-plane with black dots, and we plotted the line x = µ̂ + σ̂z for the horizontal
estimates of µ and σ as a dotted line:
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The fit to the lognormal distribution for the right tail of the 2019 wealth distribution
seems to be fairly good, though not spectacular.

6 Conclusion

In this report three related methods are described to estimate the parameters µ and σ of
a lognormal distribution, in a situation in which only grouped data are available about
the right tail of this distribution. This description was until now only partly available in
an appendix to [4], in Dutch. While also Aitchison and Brown [1] propose a method for
this situation, the methods proposed here seem to be much simpler. After explaining these
methods, we perform a large number of simulation experiments to test the accuracy of the
proposed estimators. Remarkably, it appears that all three estimators are satisfactory and
perform almost equally accurate. Since (16) and (17) are the simplest to calculate, we
recommend these as estimators of µ and σ for the situation described.
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A Appendix: calculations

In this appendix we will show the calculations needed to arrive from equations (9) and (10)
to the estimates µ̂ and σ̂ in (12) and (13).

Using the chain rule of differentation and the definition of f(µ, σ) in (6), we can rewrite
(9) as follows:

2

1 + σ2
.
∑
i

(xi − µ− σzi).(−1) = 0

which can be rewritten as
∑

i xi − nµ− σ
∑

i zi = 0. Using the definitions of x̄ and z̄ from
section 3, we arrive at

µ = x̄− σz̄. (18)

To rewrite (10) we use the quotient rule of differentation on (6) to get:

(1 + σ2).2
∑

i(xi − µ− σzi)(−zi)− 2σ
∑

i(xi − µ− σzi)
2

(1 + σ2)2
= 0

which can be simplified to:

(1 + σ2)
∑
i

(xi − µ− σzi)zi + σ
∑
i

(xi − µ− σzi)
2 = 0.

Substituting x̄− σz̄ for µ (see (18)) we arrive at an equation in σ:

(1 + σ2)
∑
i

(xi − x̄+ σz̄ − σzi)zi + σ
∑
i

(xi − x̄+ σz̄ − σzi)
2 = 0.

Now, the first summation in this equation can be written as∑
i

(xi − x̄)zi − σ
∑
i

(zi − z̄)zi

and the second summation as∑
i

(xi − x̄)2 − 2σ
∑
i

(xi − x̄)(zi − z̄) + σ2
∑
i

(zi − z̄)2.

So, using the definitions of var(x), var(z) and cov(x, z) from Section 3, the whole equation
may be written as:

(1 + σ2)
(
cov(x, z)− σvar(z)

)
+ σ

(
var(x)− 2σcov(x, z) + σ2var(z)

)
= 0.

This is a third degree polynomial equation in σ, having the following coefficients: the
constant term is cov(x, z), the coefficient of σ is var(x) − var(z), the coefficient of σ2 is
cov(x, z)− 2cov(x, z) = −cov(x, z) and finally, the coefficient of σ3 is −var(z) + var(z) = 0.
Since σ3’s coefficient vanishes, the equation is actually of the second degree, which can be
easily solved:

σ1,2 =
var(x)− var(z)±

√(
var(x)− var(z)

)2
+ 4cov(x, z)2

2cov(x, z)
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or

σ1,2 =
var(x)− var(z)

2cov(x, z)
±

√(
var(x)− var(z)

2cov(x, z)

)2

+ 1

or, using (11):

σ1,2 = Q±
√
Q2 + 1.

Since σ is a standard deviation and must be positive, the solution with the minus sign is
canceled, and we arrive at (13). And, because of (18), we also have (12). This finishes the
calculating of the estimates of µ and σ using perpendicular distances.

Along similar lines, the estimates using horizontal or vertical distances may be derived.

B Appendix: results for the estimators of σ and Ew

sample size vertical horizontal perpendicular

1,000 0.07138 0.07108 0.07104

10,000 0.02730 0.02731 0.02732

100,000 0.00850 0.00850 0.00850

1,000,000 0.00267 0.00267 0.00267

Table 10: Mean absolute errors in estimates of σ for different sample sizes

sample size vertical horizontal perpendicular

1,000 -0.01040 -0.00777 -0.00619

10,000 0.00587 0.00613 0.00629

100,000 -0.00139 -0.00137 -0.00135

1,000,000 0.00025 0.00026 0.00026

Table 11: Mean error in estimates of σ for different sample sizes

vertical horizontal perpendicular

vertical 1.0 0.99976 0.99940

horizontal 0.99976 1.0 0.99991

perpendicular 0.99940 0.99991 1.0

Table 12: Correlation matrix of the three estimates of σ for sample size 1,000
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sample size vertical horizontal perpendicular

1,000 9.1853 9.2129 9.2341

10,000 3.4793 3.4819 3.4837

100,000 1.2436 1.2433 1.2431

1,000,000 0.3915 0.3915 0.3915

Table 13: Mean absolute errors in estimates of Ew for different sample sizes, in percentages

sample size vertical horizontal perpendicular

1,000 -0.5214 -0.3077 -0.1778

10,000 1.0054 1.0274 1.0406

100,000 -0.2219 -0.2196 -0.2182

1,000,000 0.0235 0.0237 0.0238

Table 14: Mean error in estimates of Ew for different sample sizes, in percentages

vertical horizontal perpendicular

vertical 1.0 0.99976 0.99940

horizontal 0.99976 1.0 0.99991

perpendicular 0.99940 0.99991 1.0

Table 15: Correlation matrix of the three estimates of Ew for sample size 1,000
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