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ABSTRACT
In e-commerce fulfilment centres, storage assignment is critical to ensure short response times. To
achieve this, many online retailers have moved to product dispersion in combination with product
turnover-based slotting.However, commonlyusedpolicies donot fully utilise thehistorical customer
demand information to optimise the storage assignment. This paper addresses a comprehensive
approach to estimate the joint effects of ‘turnover frequency’, ‘product correlation’, and ‘inventory
dispersion’ storage strategieson theexpectedorderpicking travel time inautomated (robotic), parts-
to-picker systems. Additionally, it provides a thorough analysis of the impact of product correlation
and turnover frequency on storage policies’ performance. We develop a mixed-integer linear pro-
gram for optimal product-to-cluster and cluster-to-zone allocation tominimise the robot’s expected
travel time. The travel time expressions are developed for different zone and station configura-
tions. An efficient construction and improvement heuristic method is proposed and applied to a
real dataset of a personal care products distributor. The analytical results show that the correlated
dispersed assignment leads to a shorter expected travel time than the benchmark policies for order
sets with sufficiently large order size. The demand correlation plays a major role in the performance
of the models in the cases we tested.
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1. Introduction

Many robotic warehouses, particularly in e-commerce
retail, compete for short order throughput times. Order
picking time is a critical component of order through-
put time. It depends on several factors, in particular on
the storage assignment policy, which defines where the
products are stored in the warehouse. An efficient stor-
age policy reduces the workload of the robots (Yuan,
Graves, and Cezik 2019). Random storage is a simple
and straightforward policy. However, a product turnover
frequency-based storage policy, where products with
higher turnover frequency are stored closer to the depot,
typically leads to shorter throughput times. The turnover
frequency of a product can bemeasured in different ways,
such as the number of units of the product retrieved per
day or the number of times the product is retrieved per
day. This paper uses the latter.

Storage policies such as class-based and full turnover-
based use the product ranking by turnover frequency.
With class-based storage, products are grouped in several
classes, and locations are grouped in the same number of
storage zones. Products with higher turnover frequency

CONTACT René B.M. de Koster rkoster@rsm.nl

are grouped in a class and stored in a zone closer to
the depot. Within a zone, storage is random. The gain
from implementing such turnover frequency-based stor-
age policies is particularly high when orders consist of
few products, and when product turnover speeds are
known and relatively constant.

For larger orders picked from large assortments (or
when small orders are picked in batch), it may pay off
to also focus on correlated storage assignments. Prod-
ucts appearing jointly in such orders can be stored close
together. Particularly when products are dispersed over
the storage area, a productmay be retrieved in close prox-
imity to another product that has to be picked for the
same order. Orders that demand one or two products
have a low correlation. However, many sectors, such as
apparel and fashion e-commerce and store-based retail,
have average order sizes much larger than two.

Several studies suggest that dispersing product units
in the warehouse reduces the order picking travel time
(Onal, Zhang, and Das 2017, 2018; Weidinger and Boy-
sen 2018). When replenishing a product, the incom-
ing batch is divided into smaller quantities which are
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spread over the storage area. Spreading products typically
increases the replenishment effort, but it can decrease the
average proximity to the next pick location or to the pick
stations.

The impact of storage assignment policies, based on
the historic turnover frequency, correlation of products
in past customer demand, and product dispersion, on
order picking time has been studied in the literature, but
typically only in isolation. This paper contributes to the
literature by investigating the combined impact of these
storage assignment decisions on the total order picking
travel time. Minimising order picking travel time helps
thewarehousemeet the customer requirements at a lower
investment cost, i.e. the number of robots in robotised
warehouses and operational cost in manual warehouses.

Advanced automation technologies, such as
autonomous shuttles and robots, provide more oppor-
tunities to take advantage of combined storage poli-
cies. Such systems are relatively flexible, as the through-
put capacity can be adjusted by adding or withdrawing
robots. Often, also the storage space is flexible and can be
expanded by adding more racks. Azadeh, De Koster, and
Roy (2019) provide an overview of recent developments
in automated warehouse systems. In a robotic mobile ful-
filment (RMF) system (Lamballais, Roy, and De Koster
2017), like Amazon RoboticsTM and QuicktronTM used
by Alibaba and JD, the autonomous robots transport
mobile storage racks, called storage ‘pods’, to pick sta-
tions. Figure 1(a) shows robots waiting at the front aisle
to pick orders.

Each storage pod (a ‘cluster’) contains a group of prod-
ucts, which can be clustered based on historical corre-
lation. The inventory of each product can be split into
smaller quantities and assigned to multiple clusters to
increase the dispersion in the system.The pod clusters are
then assigned to storage locations and zones, taking into
account turnover frequency. We formulate this problem
as a mixed-integer program that determines the optimal
assignment tominimise the expected order picking travel
time. The problem is NP-hard, making it difficult to effi-
ciently solve real-life instances (with thousands of racks,
orders, and products). Therefore, we propose a simple

and efficient construction and improvement heuristic to
solve large problem instances efficiently.

A real dataset of a warehouse storing personal care
products is used to evaluate the model’s performance.
One may say that past data cannot guarantee future per-
formance, but it can often estimate it. Numerical results
show that significant improvement in order picking travel
time is achieved compared to commonly used policies
in practice. The remainder of the paper is structured as
follows. Section 2 reviews relevant research on storage
policies and warehouse robotics. Section 3 introduces the
robotic mobile fulfilment system studied in this paper.
Section 4 presents the mathematical model for the cor-
related dispersed storage policy. Section 5 discusses the
solution approach, and Section 6 presents the numeri-
cal analysis. Section 7 draws Conclusions and discusses
further research.

2. Literature review

This section reviews the literature on storage assignment
policies in warehouses and their application in robotic
systems. A vast amount of literature has been dedicated
to the design and analysis of different storage assignment
policies. We, therefore, limit ourselves to data-intensive
storage policies. De Koster, Le-Duc, and Roodbergen
(2007) review the literature investigating design choices,
including storage assignment, in manual order picking
warehouses. The review paper of Roodbergen and Vis
(2009) investigates topics such as storage assignment and
travel time estimation in automated storage and retrieval
(AS/R) systems.

Research on storage assignment policies widely stud-
ies the class-based assignment that uses the turnover
frequency of the products to rank them, group them
into different classes and to assign these classes to stor-
age locations (Hausman, Schwarz, and Graves 1976;
Graves, Hausman, and Schwarz 1977; Zaerpour, Yu, and
de Koster 2017a; Zou, De Koster, and Xu 2018). Several
studies discuss the optimal number of classes in the class-
based storage assignment (Van den Berg and Gademann
2000; Petersen, Aase, and Heiser 2004; Yu, de Koster, and

Figure 1. (a) Robots idling next to storage pods (Source: insidelogistics.ca) and (b) a top view of the storage locations in a typical RMF
system.
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Guo 2015). A full turnover-based assignment uses rules
such as the cube-per-order index (COI) introduced by
Heskett (1963, 1964) to fully rank the products based on
their turnover frequency per unit of stock space required
(e.g. per pallet stored). Products at a higher rank are
assigned closer to the depot. While some papers (Malm-
borg and Bhaskaran 1987, 1990) prove the optimality of
COI-based storage, Yu, de Koster, and Guo (2015) prove
for a finite number of products, class-based storage with
a tiny number of classes is already optimal. Yuan, Graves,
and Cezik (2019) study the impact of class-based storage
policy in RMF systems and find two or three classes are
enough to achieve the benefits. These benefits increase if
the turnover frequency of products on the pods have a
highly skewed Pareto curve. Nearly all papers that study
storage assignment rules also examine random (or vari-
ants, such as closest open location) assignment, often as
a benchmark to compare with other policies (Petersen,
Aase, and Heiser 2004; Onal, Zhang, and Das 2017, 2018;
Weidinger and Boysen 2018).

Correlated storage assignment uses the information of
demand correlation between products. The correlation,
or ‘affinity’ between products, can be calculated in dif-
ferent ways based on the joint frequency by which the
products occur in a single order (see Amirhosseini and
Sharp 1996). A common approach in modelling corre-
lated assignment is to sequentially group the correlated
products in several clusters and assign the clusters to stor-
age locations tominimise the picking travel time (Frazelle
1989; Amirhosseini and Sharp 1996; Sharp, Amirhos-
seini, and Schwarz 1998; Zhang 2016). The sequential
approach cannot guarantee the optimality of the corre-
lated assignment because it decomposes the problem into
clustering and assignment problems. A similar method
assigns correlated products to the same picking zone to
minimise zone visits in order picking (Garfinkel 2005;
Xiao and Zheng 2012). Conversely, Jane and Laih (2005)
assign correlated products to different zones, which
increases the workers’ utilisation. A different approach to
correlated assignment defines a so-called similarity or fit-
ness measure as a function of relevant measures such as
correlation, turnover, and distance to assign the products
to the optimal storage location (Chiang, Lin, and Chen
2014; Li, Moghaddam, and Nof 2016). The performance
of these models depends on the relevance of the defined
fitness values because they maximise the sum of the fit-
ness value.Mirzaei, Zaerpour, and Koster (2020) propose
an integrated model that optimally clusters and assigns
products to storage locations based on historical demand
to minimise the total picking travel time.

Dispersed assignment, splitting each product’s inven-
tory and assigning them to several locations, also referred
to as scattered or explosive storage, may improve the

order picking process. Weidinger and Boysen (2018)
show that evenly spreading product inventory over a
manual warehouse reduces the expected travel time of
order picking by reducing the expected distance to the
next requested product’s location.When a product needs
replenishment, they minimise the maximum distance
between each pick station and its closest inventory loca-
tion. Lamballais Tessensohn, Roy, and De Koster (2020)
show that the pod-inventory reorder level of products in
RMF systems (see Section 3.1) has a significant impact
on the throughput time, for both cases of dispersed and
non-dispersed products. They recommend replenishing
a pod before the inventory level becomes zero. Onal,
Zhang, and Das (2017) split the inventory of a prod-
uct into several storage lots and randomly assign them
to as many unique storage locations as possible. They
show a higher explosion ratio, that is, the total ratio of
the number of storage lots to the inventory per prod-
uct, up to 80% leads to shorter mean fulfilment time.
Existing dispersed assignment methods are limited in lit-
erature and often do not consider the customer demand
information to spread the inventory over the storage area
optimally. In this paper, however, we use product affin-
ity obtained from historical customer order information
to disperse the inventory so that products that are likely
to be requested together are stored in close proximity to
reduce the travel time between sequential picks of order
lines.

Choices of appropriate storage assignment in auto-
mated systems have been extensively investigated since
the introduction of such systems (Hausman, Schwarz,
and Graves 1976; Zaerpour, Yu, and de Koster 2015;
Mirzaei, De Koster, and Zaerpour 2017; Zaerpour, Yu,
and de Koster 2017b; Zou, De Koster, and Xu 2018;
Yuan, Graves, and Cezik 2019; Lamballais Tessensohn,
Roy, and De Koster 2020). However, they consider
the storage policies traditionally used in manual ware-
houses and partially use the demand data, namely the
turnover frequency. Storage assignment in automated
robotic (parts-to-picker) warehouses differs from man-
ual (picker-to-parts) warehouses in several respects. For
instance, in automatedmobile robotic warehouses, prod-
ucts are stored on movable storage units such as bins
or pods, each containing multiple products. A robot
transports the whole storage bin or pod which contains
a requested product. In manual picker-to-parts ware-
houses, an order picker has access to all the storage loca-
tions on his or her picking route. Additionally, robots
are free to return the storage pods to any available loca-
tion after each retrieval, whereas the location of products
in a manual warehouse usually does not change. Wei-
dinger, Boysen, and Briskorn (2018) study the optimal
pod assignment to storage locations to minimise robots’
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travel time, given that the pick stations sequence the
robot has to visit, and product assignment to pods are
known. The inventory and combination of products on
each storage unit significantly impact the order picking
performance. This paper introduces a storage assignment
method in robotic warehouses that optimally spreads the
inventory of products over multiple storage units while
clustering highly correlated products on the same stor-
age unit to minimise the travel time, based on histori-
cal customer demand. The performance of this policy is
compared to common storage policies.

3. System description

Section 3.1 describes the robotic mobile fulfilment sys-
tem and introduces the assumptions. Section 3.2 explains
four choices for storage assignment that are considered in
this paper to investigate the operational performance of
the order picking process in robotic systems.

3.1. Robotic mobile fulfilment systems

In parts-to-picker RMF systems, products are stored on
mobile pods transported by automated vehicles. Each
pod contains multiple stock-keeping units (SKU), each
in a compartment at different height levels, accessible for
a manual picker. The stored pods are grouped in stor-
age blocks. Each storage block consists of multiple floor
locations to store a pod. Figure 1(b) shows six storage
blocks, each consisting of twelve floor locations. The grey
cells represent the floor locations occupied by pods. The
white cells represent open locations that can accommo-
date pods. The black cell shows a pod that is requested to
fulfil a customer order. In case the order consists of more
products, more pods may be required at the pick sta-
tion. The pod positions are accessible from the horizontal
aisles but not from (vertical) cross-aisles. All the aisles
are single-directional, except the front and end cross-
aisles (the most left and right cross-aisles), to save aisle
space and avoid congestion. An empty robot can travel
underneath the pods. The allowed driving directions for
the robots within the aisles and underneath the pods are
shown on the left and top of Figure 1(b). Two pick sta-
tions are shown on the left and right sides. The dashed
line shows a path that a robot can take from the left pick

station to retrieve a requested pod. At the pick station,
the requested products are picked from the pod. Multiple
orders may be picked in a batch to include more corre-
lated products each run. The robot then returns the pod
to an open location in the storage area.

The storage locationsmay be grouped in storage zones
based on their distance to the pick stations. Figure 2
shows a division in two zones 1 and 2 for the system
shown in Figure 1(b). Zone 1 is dedicated to the pods
with high turnover frequency and Zone 2 to the remain-
ing pods. The turnover frequency of a pod is defined as
the collective turnover speed of the products it carries.
Within each zone, the pods are randomly assigned to
storage locations.

3.2. Inventory allocation choices for RMF systems

Several inventory allocation policies can be applied in
RMF systems. Each pod can carry one or multiple prod-
ucts. Three allocation decisions should be made (1) allo-
cation of products to pods, (2) allocation of pods to zones,
and (3) dispersion of a product over multiple pods. The
dispersion of a product over pods is controlled via a
parameter (the maximum quantity of a product that is
allowed to be stored on a pod). Together with the known
storage quantity, this guarantees a minimum degree of
dispersion. A product is called ‘dispersed’ when its inven-
tory is spread over more than the minimum required
number of pods to house it. In other words, by tuning this
dispersion parameter, we purposefully spread the inven-
tory over several pods, even if it can fit on a single pod. In
the CDA model, the allocation decisions are integrated.

Table 1 shows an overview of possible inventory allo-
cation choices in different storage policies. The most
straightforward and commonly used approach is the ran-
dom (RND) allocation of products to pods and pods to
zones. In this policy, products are not dispersed, and the
entire pick inventory is stored on the minimum required
number of pods. A turnover-based (or ABC) assignment
policy allocates pods to zones using the pod turnover fre-
quency. However, the allocation of products to pods is
random and products are not dispersed. On the other
hand, a correlated storage assignment (CRL) allocates
products to pods based on the correlation between prod-
ucts, but the pod to zone allocation is random. Products

Figure 2. A top view of the storage locations divided into two zones, zone 1 is shown in black and zone 2 is shown in grey.
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are dispersed over multiple pods such that products with
a higher correlation share the same pod. The correlated
dispersed assignment (CDA) policy purposefully allo-
cates products to pods, pods to zones and also disperses
products over pods, using both product correlation and
product turnover speed. This policy is explained in detail
in Section 4.

4. Correlated dispersed assignment model
description

Section 4.1 presents a mathematical model to minimise
total expected travel time to the closest pick station by
deploying a CDA policy. In Section 4.2, symmetry break-
ing constraints are introduced to increase the efficiency
of the model. In Section 4.3, we develop expressions for
the expected travel time for various zone and pick station
configurations.

4.1. Mathematical model of CDA

This section presents a mathematical model for the cor-
related dispersed assignment (CDA) policy that clusters
correlated products by assigning them to the same stor-
age pod. The inventory of a product can be dispersed over
multiple pods. Each pod p ∈ P is located at a given stor-
age location with a travel time of τp, where P is the set
of available pods. The decision variables are the assign-
ment of products to pods and the quantity of products
on each pod. Each product can appear in several clus-
ters. The model aims to minimise the expected travel
time of a customer order. Note that this model focuses
on investigating the total benefit of a CDA policy, not a
dynamic allocation in a rolling horizon. Valle and Beasley
(2021) and Xie et al. (2021) model assignment decisions
on orders to pick stations and pods to pick stations in
RMF systems.

We make the following assumptions (1) the total
storage space is sufficiently large to accommodate the
required number of pods. The available pods have suffi-
cient storage capacity to store the inventory; (2) the pick
stations pick one order at a time. Note, however, that this
order can be the result of a prior batching process; (3) an
order can be broken down over multiple pick stations. In
this case, it is common to have a downstream order con-
solidation before dispatching, which this paper does not
consider (See Xie et al. 2021); (4) the total inventory of
products is sufficient to pick all orders during the replen-
ishment horizon; and (5) the product inventory on each
pod is sufficiently large to pick any order line of the prod-
uct. This assumption implies that each order line needs

at most one pod. The notation used in the model is as
follows.

Parameters

P the set of available storage pods in the system.
I the set of products in the assortment.
O the set of given customer orders over a certain

period.
L the set of storage locations in the warehouse.
qio =1 if the product i ∈ I is requested in order σ ∈

O, qiσ = 0 otherwise.
πi the volume of product i ∈ I, in terms of fraction

of the pod capacity.
μi the inventory of product i∈ I in terms of themax-

imum number of units to be stored during the
replenishment horizon.

li the minimum allowed quantity of product i∈ I to
be assigned to a pod.

ui dispersion parameter that defines the maximum
allowed quantity of product i∈ I to be assigned to
a pod.

τp the travel time of pod p ∈ P to the closest pick
station.

Cp the fraction of storage capacity available on the
pod p ∈ P.

Variables

aip =1 if product i∈ I is assigned to pod p∈ P, aip =
0 otherwise.

vip the quantity of product i ∈ I assigned to pod p ∈
P.

xiσp =1 if pod p ∈ P is retrieved to pick product i ∈ I
in order σ ∈ O, xiσp = 0 otherwise.

yσp =1 if pod p ∈ P is retrieved to pick one or more
lines in order σ ∈ O, yσp = 0 otherwise.

The mathematical model of the CDA policy is now
formulated as follows.

Minimize
∑
p∈P

τp
∑
σ∈O

yσp

Subject to
∑
p∈P

xiσp ≥ 1,∀i ∈ I,∀σ ∈ O : qiσ > 0 (2)

aip ≥ xiσp,∀i ∈ I,∀σ ∈ O,∀p ∈ P (3)

yσp
∑
i∈I

qiσ ≥
∑
i∈I

xiσp,∀σ ∈ O,∀p ∈ P (4)

∑
p∈P

vip = μi,∀i ∈ I (5)
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Table 1. Four inventory allocation choices for RMF.

Policy Product-to-pod Pod-to-zone Product Dispersion

Random (RND) Random Random No
Turnover-based (ABC) Random Turnover Frequency No
Correlated (CRL) Product Correlation Random Yes
Correlated dispersed (CDA) Product Correlation Turnover Frequency Yes

∑
i∈I

vip.πi ≤ Cp,∀p ∈ P (6)

vip ≥ liaip,∀i ∈ I,∀p ∈ P (7)

vip ≤ uiaip,∀i ∈ I,∀p ∈ P (8)∑
σ∈O

xiσp ≤ vip,∀i ∈ I,∀p ∈ P (9)

yσp ∈ {0, 1},∀σ ∈ O,∀p ∈ P

xiσp ∈ {0, 1},∀i ∈ I,∀σ ∈ O,∀p ∈ P

aip ∈ {0, 1},∀i ∈ I,∀p ∈ P

vip ≥ 0,∀i ∈ I,∀p ∈ P

The objective function (1) minimises the total
expected travel time to pick all the products in the given
order set. Constraints (2) make sure that at least one
pod containing the requested product in each order is
retrieved. Constraints (3) ensure that a product may be
picked fromapodonly if it is already assigned to that pod.
Constraints (4) guarantee that a pod will be retrieved
for an order if at least one product from that order is
requested from the pod.

∑
i∈I

qiσ equals the number of

products in order σ ∈ O. Constraints (5) ensure that par-
tial assignments of each product to different pods add
up to its inventory. Constraints (6) ensure that partial
assignments respect the capacity limit of each pod. Con-
straints (7) ensure the quantity assigned to each pod is
not less than li so that products are not extremely dis-
persed. Similarly, constraints (8) ensure that the quantity
assigned to each pod is not more than ui to enforce a
least amount of dispersion. li and ui are to be set by the
company and would depend on the order profile and the
available inventory. Constraints (9) ensure that each pod
can serve as many orders as its inventory allows.

4.2. Symmetry breaking constraints

The model introduced in Section 4.1 provides the opti-
mal assignment for the stock quantities of products to
pods, pods to locations, and inventory to orders. The
CDA model is NP-hard because it can be reduced to a
bin packing problem when the order set is reduced to
one order. Suppose that pods are equivalent to bins with
the same capacity and τp = 1, p ∈ P. li = ui = 1, and the
volume of the products are calculated as μiπi for all the

products in the order. Now, the optimal assignment of
all products in the order to pods to minimise the travel
time of products is equivalent to the minimum number
of bins needed to pack the products’ inventory. This is a
bin packing problem, a classic NP-hard problem (Garey
and Johnson 1979).

We can simplify the model by assuming that we no
longer assign pods to locations but to storage zones, i.e.
groups of locations in a certain proximity to the pick
stations. The travel time of a pod assigned to a random
location in a zone is then estimated by calculating the
pods’ average travel time in that storage zone to the clos-
est pick station. This simplification reduces the search
space, as pods are now identical.However, this introduces
symmetry in the problem, as all pods in the zone have
the same expected travel time,which givesmany identical
(optimal) solutions in product allocation. We, therefore,
add symmetry breaking constraints to the model.

The assignment of a cluster of products to pod p1 in
zone 1 with an expected travel time of τ1, for instance,
is similar to the assignment of this cluster to pod p2 in
the same zone. This symmetry arises for each given set
of correlated products within each zone and makes the
solution space large and complex to solve. Jans (2009)
addresses a similar issue in the lot-sizing problem at iden-
tical parallel machines and includes a set of lexicographic
ordering constraints to break the symmetry of assigning
jobs to identicalmachines. In a similar fashion, we use the
following constraint to assign product 1 to the identical
pods, with smaller ordinal numbers.

a11 ≥ a12 ≥ . . . ≥ a1p.

This constraint breaks the symmetry by assigning
product 1 to the pods with a smaller ordinal num-
ber such that a11 = a12 = . . . = a1b = 1 and a1b+1 =
a1b+2 = . . . = a1p = 0, where b is the required num-
ber of pods. Extra hierarchical constraints are needed to
break the tie for the remaining products. The following
constraint imposes the ordering on product 2.

2a11 + a21 ≥ 2a12 + a22 ≥ . . . ≥ 2a1p + a2p.

The coefficients are powers of two and ensure the
assignments of different products are distinguished. This
is done for all the products to obtain a unique order-
ing. All the ordering constraints can be summarised in
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Constraints (10).

∑
i∈I

2|I|−iai,p−1 ≥
∑
i∈I

2|I|−iai,p,∀p ∈ P\{1}. (10)

Constraints (10) ensure that each product is assigned
to the pods with a smaller ordinal number. These con-
straints can strengthen the model by eliminating equiv-
alent solutions via ordering and speed up the solution-
finding. Note that if the assignment of a product leads to
a different correlation rank of products on the pods, the
pods’ order should be adjusted according to the decreas-
ing correlation of the pods.

4.3. Travel time calculation of the pods

A key parameter in the model is the travel time of the
pods. The model assigns the pods to zones, but within
each zone, they are stored randomly. The average travel
time of pods in each zone is denoted by τ̄m,m ∈ Z where
Z represents the set of all zones. Given a rectangular stor-
age area, τ̄m depends on the zone size, the layout of the
zones, and the position of the zones with respect to the
pick stations. We assume the size of the zones is given.
This section studies the impact of the zones’ layout and
pick stations’ position on the pods’ expected travel time.

For each storage location, we calculate the travel
time to the closest pick station using Manhattan dis-
tance. However, the aisles only allow one-directional traf-
fic. Pods stored at some of the storage locations will
move away from the closest pick station in the first part
of the retrieval process. The Manhattan distance travel
time, therefore, must be adapted accordingly as τ l = tl +
δl,∀l ∈ L ,where L is the set of storage locations, tl is the
one-way travel time from location l to the closest pick
station according to the Manhattan distance and δl is
the additional travel time of this location due to single-
directional traffic in the aisles. The value of δl depends on
several factors, including storage capacity, size of the stor-
age blocks and the number and position of the pick sta-
tions. For the system shown in Figure 1(b), for instance, δ
is on average smaller than the travel time along three stor-
age space units. This implies that theManhattan distance
can be used to access each storage location.

Figure 3 illustrates how the storage area can be opti-
mally zoned in two storage zones (top) and in three
storage zones (bottom) based on travel time, depend-
ing on the number and position of the pick stations.
We assume the zone sizes are given parameters and the
shapes are optimal (minimising average travel distance).
The aisles are removed from the figure for simplicity.
We consider three configurations of the pick stations.
Figure 3(a) shows one pick station on the left side in the

Figure 3. Storage zones for 2-class (top) and 3-class (bottom) storagewhen there is/are (a) one pick station on themiddle-left, (b) many
pick stations on the left side, and (c) many pick stations on the left, top and right sides.
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middle. Figure 3(b) shows the zones and boundaries for a
storage systemwithmany pick stations on the left side, i.e.
equal to the number of aisles. The system in Figure 3(c)
has many pick stations on the left, top and right sides.
The black-colored area shows the pods with fast-moving
products, and the light grey-colored area shows the pods
with slow-moving products. The dark grey-colored area
in the 3-zone systems is used for pods with medium
turnover speed. These areas are defined based on the
Manhattan distances travel time of each storage location
to the closest pick station. Figure 3 shows that in the sys-
tem with one pick station, the fast-moving class has a
triangular shape, and in the system with many pick sta-
tions, the fast-moving area has a rectangular or reverse U
shape.

Travel Time Distribution Functions. To obtain closed-
form expressions and simplify calculations, we assume
a continuous storage location space for each zone.
Figure 4(a) shows a continuous representation of a rect-
angular zone. The area within the dashed triangle, set
�t = {T|T ≤ t}, includes all the locations within travel
time t of the closest pick station, where T is a ran-
domvariable representing theManhattan distances travel
time of a pod at those storage locations. The condi-
tional expected travel time from a random location in the
storage zonem ∈ Z is computed as

τm = E(T ≤ t|sm−1 < T ≤ sm)

=
sm∫

t=sm−1
tf (t)dt, sm−1 < t < sm, (11)

where f (t) is the conditional probability density func-
tion (pdf) of T and sm is the Manhattan distances travel
time to the furthest storage location of zonem. sm,m ∈ Z
are design choices of the warehouse and given for each
zone, and s0 = 0. The conditional cumulative distribu-
tion function (CDF) of travel time T, given that T is in
zonem, is computed as

Fm(t) = P(T ≤ t|sm−1 < T ≤ sm)

= Area of the region {T ≤ t and sm−1 < T ≤ sm}
Area of the region {sm−1 < T ≤ sm} ,

Figure 4. A continuous representation of the storage area (in
travel time units) divided into zone 1 and zone 2.

× sm−1 < t < sm. (12)

Now, we derive the corresponding expressions for the
expected travel time of the pods in each zone for the
configurations shown in Figure 3.

Travel Time Expressions for a Single Pick Station on the
Left Side in the Middle. The conditional CDF for the sys-
tem with one single pick station (denoted as S) can be
derived using Formula (12). Figure 4(a) shows that the
area of zone 1 has a triangular shape with the hypotenuse
of 2s1 and height of s1. We assume H ≤ W for calcula-
tion purposes, whereH andW denote the system’s height
and width, respectively. H and W are sufficiently large.
We also assume s1 ≤ H

2 and H
2 ≤ s2, because it is not

common to dedicate more than 25% of the storage area
to zone 1 or assign less than that to zone 1 and zone
2. If these assumptions are violated, it is still possible to
derive relevant travel time expressions for each zone. The
area that covers set �t also has a triangular shape, with a
hypotenuse of 2t and a height of t. In Figure 4(b), the area
that covers set �t has a pentagon shape. The conditional
CDF can be derived for the travel time in a storage area
with two and three zones as follows:

FS2−z(t) = P(T ≤ t|T ≤ s1)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

t2

s21
, if t ≤ s1,

H
(
t − H

4
) − s21

H.W − s21
, if s1 ≤ t ≤ W.

FS3−z(t) = P(T ≤ t|s1 < T ≤ s2)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

t2

s21
, if t ≤ s1,

H
(
t − H

4
) − s21

H
(
s22 − H

4
) − s21

, if s1 ≤ t ≤ s2,

H
(
t − H

4
) − s22

H.W − s22
, if s2 ≤ t ≤ W,

,

where FS2−z and FS3−z are the conditional CDFs of travel
time in systems with 2 and 3 storage zones respectively,
and single pick station. The corresponding conditional
pdfs can be derived as follows:

f S2−z(t) = dFS2−z(t)
dt

=

⎧⎪⎪⎨
⎪⎪⎩

2t
s21
, if t ≤ s1,

H
H.W − s21

, if s1 ≤ t ≤ W.
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f S3−z(t) = dFS3−z(t)
dt

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

2t
s21
, if t ≤ s1,

H
H

(
s22 − H

4
) − s21

, if s1 ≤ t ≤ s2,

H
H.W − s22

, if s2 ≤ t ≤ W.

The conditional expected travel time of an arbitrary
pod stored in zone 1 and zone 2 in a 2-zone system can
now be calculated using Formula (11) respectively as

τ̄ S2−z,1 =
s1∫
0
tf S2−z(t)dt =

s1∫
0

2t2

S21
dt = 2

3
s1,

τ̄ S2−z,2 =
W
∫
s1
t

H
H.W − s21

= H
2(H.W − s21)

(W2 − s21),

where τ̄ S2−z,1 and τ̄ S2−z,2 are the conditional expected
travel times of zone 1 and 2, respectively, in a 2-zone sys-
tem with a single pick station. Similarly, the conditional
expected travel time for each zone in a 3-zone system can
be calculated as follows:

τ̄ S3−z,1 = 2
3
s1,

τ̄ S3−z,2 = H(s22 − s21)
H

(
2s22 − H

2
) − 2s21

,

τ̄ S3−z,3 = H
2(H.W − s22)

(W2 − s22),

where τ̄ S3−z,1, τ̄ S3−z,2 and τ̄ S3−z,3 are the conditional
expected travel times of zones 1, 2 and 3, respectively, in
a 3-zone system with a single pick station. In the special
case of H = W, we have τ̄ s2−z,2(t) = τ̄ s3−z,3(t) = H

2 .
Travel Time Expressions for Many Pick Stations on the

Left Side. In a similar fashion, we can derive the condi-
tional CDF in the case of a systemwithmany pick stations
on the left side of the system (denoted as ML). Let H be
the length of the left side of the area in Figure 3(b) and
sm be the depth (in travel time) of zone m in the aisle.
Each zone has a rectangular shape with a length ofH and
width of (sm − sm−1). The area that covers set �t has a
rectangular shape with the following conditional CDFs

FML
2−z(t) =

⎧⎪⎪⎨
⎪⎪⎩

t
s1
, if t ≤ s1,

t − s1
W − s1

, if s1 < t < W.

FML
3−z(t) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

t
s1
, if t ≤ s1,

t − s1
s2 − s1

, if s1 < t ≤ s2,

t − s2
W − s2

, if s2 < t < W,

where FML
2−z and FML

3−z are the conditional CDFs of travel
time in systems with 2 and 3 storage zones respectively,
and many pick stations on the left side. The respective
conditional pdfs can be derived as:

f ML
2−z(t) = dFML

2−z(t)
dt

=

⎧⎪⎪⎨
⎪⎪⎩

1
s1
, if t ≤ s1,

1
W − s1

, if s1 < t < W.

f ML
3−z(t) = dFML

3−z(t)
dt

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
s1
, if t ≤ s1,

1
s2 − s1

, if s1 < t ≤ s2,

1
W − s2

,if s2 < t < W.

Thus, the conditional expected travel time of the sys-
tems with 2 zones is computed as

τ̄ML
2−z,m =

sm∫
sm−1

tf ML
2−z(t)dt = Sm−1 + Sm

2
,

where τ̄ML
2−z,m is the conditional expected travel time of

zone m ∈ Z in a 2-zone system with many pick sta-
tions on the left side. For systems with 3 zones, similar
expressions can be derived.

Travel Time Expressions for Many Pick Stations on
Three Sides. In a similar fashion, the conditional CDFs
in the case of a system with many pick stations on the
left, top and right sides of the system (denoted as M3)
can be obtained. Here, zone 1 consists of three rectan-
gles, one with a length and width of s1 × W and two
with (H − s1) × s1. Zone 2 (in a 2-zone system) has a
rectangular shape with a length and width of (H − s1) ×
(W − 2S1). The area that covers set�t has a similar shape
in each zone with the following conditional CDFs:

FM3
2−z(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Wt + 2t(H − t)
Ws1 + 2s1(H − s1)

, if t ≤ s1,

Wt + 2t(H − t)
−[Ws1 + 2s1(H − s1)]

(H − s1)(W − 2s1)
, if s1 < t < W.

FM3
3−z(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Wt + 2t(H − t)
Ws1 + 2s1(H − s1)

, if t ≤ s1,

Wt + 2t(H − t)
−[Ws1 + 2s1(H − s1)]
Ws2 + 2s2(H − s2)

−[Ws1 + 2s1(H − s1)]

, if s1 < t ≤ s2,

Wt + 2t(H − t)
−[Ws2 + 2s2(H − s2)]

(H − s2)(W − 2s2)
, if s2 < t < W,
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where FM3
2−z and FM3

3−z are the conditional CDFs of travel
time in systems with 2 and 3 storage zones respectively,
and many pick stations on three sides. The respective
conditional pdfs can be derived as

f M3
2−z(t) = dFM3

2−z(t)
dt

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

W + 2H − 4t
Ws1 + 2s1(H − s1)

, if t ≤ s1,

W + 2H − 4t
(H − s1)

(W − 2s1)

, if s1 < t < W.

f M3
3−z(t) = dFM3

2−z(t)
dt

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

W + 2H − 4t
Ws1 + 2s1(H − s1)

, if t ≤ s1,

W + 2H − 4t
Ws2 + 2s2(H − s2)

−[Ws1 + 2s1(H − s1)]

, if s1 < t ≤ s2,

W + 2H − 4t
(H − s1)(W − 2s1)

, if s2 < t < W.

The conditional expected travel time of an arbitrary
pod stored in zone 1 or 2 in a 2-zone system can now be
calculated respectively as

τ̄M3
2−z,1 =

s1∫
0
tf M3
2−z(t)dt =

(W
2 + H

)
s2 − 4

3 s1
3

Ws1 + 2s1(H − s1)
,

τ̄M3
2−z,2 =

W
∫
s1
tf M3
2−z(t)dt

=
(W
2 + H

)
H2 − 4

3H
3 − [(W

2 + H
)
s12 − 4

3 s1
3]

(H − s1)(W − 2s1)
,

where τ̄M3
2−z,1 and τ̄M3

2−z,2 are the conditional expected
travel times of zones 1 and 2, respectively, in a 2-zone sys-
tem with many pick stations on three sides. Similarly, the
conditional expected travel time for each zone in a 3-zone
system can be calculated as follows:

τ̄M3
3−z,1 =

(W
2 + H

)
s12 − 4

3 s1
3

Ws1 + 2s1(H − s1)
,

τ̄M3
3−z,2 =

(W
2 + H

)
H2 − 4

3H
3 − [(W

2 + H
)
s12 − 4

3 s1
3]

Ws2 + 2s2(H − s2) − [Ws1 + 2s1(H − s1)]
,

τ̄M3
3−z,3 =

(W
2 + H

)
H2 − 4

3H
3 − [(W

2 + H
)
s12 − 4

3 s1
3]

(H − s1)(W − 2s1)
,

where τ̄M3
3−z,1, τ̄M3

3−z,2 and τ̄M3
3−z,3 are the conditional

expected travel times of zones 1, 2, and 3, respectively, in
a 3-zone system with many pick stations on three sides.
Section 6 uses these expected travel time expressions to
solve the model and obtain analytical results.

5. Solution approach

General-purpose optimisation solvers can only solve
small instances for this model. In our tests, Gurobi 9.0
solved instances up to 100 order lines from 50 products
within one day of execution. Real-life instances may con-
sist of thousands of products and order lines. Due to the
model’s complexity, we propose an efficient and effec-
tive construction and improvement heuristic that enables
us to solve the model for real-size instances. We group
the pods into zones and use the expected travel time of
the pods calculated in Section 4, which depends on the
number of zones and pick station configuration.

5.1. Preprocessing the data

Designing an efficient solution algorithm requires pro-
cessing the available data of assortment and historical
customer orders to generate useful data. We compute the
COI, Fi, i ∈ I based on product turnover frequency in
historical orders and volume of the product. The prod-
ucts are sorted in decreasing order of Fi so that i1 repre-
sents the most popular product. Additionally, we com-
pute the product correlation measure Rij = ∑

σ∈O
qiσ ×

qjσ , i �= j ∈ I, based on the joint turnover frequency of
each pair of products in the historical order set. A sub-
set Ii = {j|Rij ≥ 1, j ∈ I − {i}} includes all the products
correlated with product i ∈ I. To maintain dispersion of
product units over the pods, at most ui units of a prod-
uct are allowed in each pod. This algorithm stores the
maximum allowed quantity in each pod. The maximum
number of pods needed to store product i ∈ I is there-
fore ni = μi

ui . This means that (ni − 1) batches of size ui
of product i are assigned to (ni − 1) pods and one batch
of size μi − (ni − 1)ui is assigned to another pod.

5.2. Step I: initial feasible solution construction

Conventionally, productswith higher turnover frequency
are assigned to locations with shorter travel times to a
pick station. However, we use both turnover frequency
and correlation of products to construct an initial feasi-
ble solution for the model. Algorithm 1 demonstrates the
procedure of constructing a solution. The empty pods are
pre-assigned to two zones, such that b% and (100 − b)%
of the pods are in zones 1 and zone 2, respectively. The
value of b is usually less than 20 (Hausman, Schwarz, and
Graves 1976; Zaerpour, Yu, and de Koster 2017a).

In Step I, we first assign product pair i and j with the
highest correlation tomin(ni, nj) pods. ui and uj are small
enough for pairs i and j to fit on a pod. The remaining
batches of i or j are assigned randomly to |ni − nj| empty
pods. i and j are then removed from I. Then, we select the



INTERNATIONAL JOURNAL OF PRODUCTION RESEARCH 559

Algorithm 1: Pseudocode for Correlated Dispersed Storage Assignment

1: inputI, P, Rij , Cpandni
Step I- initial feasible solution
2: Select the product pair with the highest Rij .
3: Assign batches of this pair tomin(ni , nj) random pods. %Batches are

defined in Section 5.1%
4: Assign the remaining batches of these products to |ni − nj| random
empty pods in zone 1 and, if necessary, in one of the lower class turnover
frequency zones.

5: Reduce Cp by uiπi and ujπj for the pods carrying i and j.
6: UpdateI = I/{i, j}
7:whileI �= ∅do
8: Select the productk := Argmax{∑i∈Ic Rik|k ∈ I}; in

case of a tiek := Argmax
{∏
i∈Ic

Rik

}
.

9: Assign k to nk pod with the lowest Cp , sufficient to fit a batch of k.
10: Update Cp = Cp − ukπk for pods carrying k, and Set I = I/{k}.
11: end while Step II- improvement within/across zone
12: ComputeRp = ∑

,i,j∈I|aip=1,ajp=1 Rij , p ∈ P.

13: SortRp ,G:= ρ-th percentile of the pods.
14:whileG �= ∅do
15: On pod p ∈ G, find the product with the lowest Ec = ∑

j∈I|ajp=1 Rcj .

16: Removes product c from the pod p.
17: Find product c’ with the highestE′

c′ =∑
j∈I|ajp=1 Rc′ j.

18: If
∑

p∈P Rp increases then
19: Swap c and c’.19: G = G − p.
20: end while22: ComputeFp = ∑

i∈I|aip=1 Fi , p ∈ P.23: Re-assign
the pods to the zones according toFp .24: return product assignment

next product k ∈ I with the highest total correlation with
products in Ic, the complement of set I with regards to
the assortment. Assign k to nk pods with i and j on them.
In doing so, we only compute the correlation of k with
the products on the pods with positive remaining capac-
ity (see Algorithm 1 line 8). If there are multiple products
with the same total correlation with assigned products,
we prioritise the one with the most homogeneous indi-
vidual correlation, i.e. the one with correlations close to
the average. The remaining capacity and product set are
updated afterward. This procedure is repeated until all
the products are assigned to pods.

5.3. Step II: improvement of feasible solution

To improve the solution, we propose two procedures to
update the storage assignment and evaluate the solution.
Based on the initial assignment, we define for each pod
an aggregated pod turnover frequency and pod correla-
tion measures. The aggregated pod turnover frequency
is computed byFp = ∑

i∈I|aip=1
Fi. Pod correlation is com-

puted byRp = ∑
i,j∈I|aip=1,ajp=1

Rij. The improvement poli-

cies that work with these two measures toward a better
solution are as follows.

Within ZoneUpdate Policy: Pods in the same zone have
the same expected travel time to the closest pick station.A

higher pod correlation increases the benefit of the corre-
lated assignment. In this iterative updating policy, we try
to increase Rp as much as possible by swapping prod-
ucts among the pods within a zone. Pods of each zone
are sorted according to Rp in descending order. For the
firstρ-th percentile of the pods, this policy removes prod-
uct c from the pod if Ec = ∑

j∈I|ajp=1
Rcj < εz, where εz

is the threshold for the minimum acceptable pod cor-
relation level of zone z. Ideally, this product should be
replaced with the product c′ with the highest correla-
tionwith existing products on the pod, Ec′ = ∑

j∈I|ajp=1
Rc′j.

Then, starting from the pod with the lowestRp, the first
pod that contains c′ is selected. A product swap of c and
c′ takes place if

∑
p∈P

Rp increases by doing so. Swapping

is repeated until the improvement is marginal at a given
level.

Across Zone Update Policy: The pods (cluster of prod-
ucts) with a higher Fp should generally be assigned
closer to the pick stations, namely to a zone with a
lower ordinal position. However, the initial solution
might deviate from this to achieve a higher correla-
tion. Therefore, in this updating policy, we sort the
pods according to Fp in descending order and re-assign
them to the zone accordingly. This step swaps the pods,
including all the products they carry, with low Fp with
those with a higher Fp in zone with a higher ordinal
number.

The algorithm is demonstrated through a simple
example of a set of 10 orders from 10 products with
homogeneous size: 1, 2, 3, 4, 5, 1,2, 2, 3, 6, 7, 8, 1, 8, 9, 10, 1,
2, 8, 10, 5, 9. We can compute Fi = 4, 4, 2, 1, 2, 1, 1, 3, 2, 2
for i = 1 . . . 10, and R12 = 3,R13 = 1,R18 = 2,R110 =
1,R23 = 2,R28 = 1,R210 = 1,R45 = 1,R56 = 1,R67 = 1,
R810 = 1,R910 = 1. The products should be assigned to
4 pods with 6 compartments. Assume that each product
unit fits in one compartment. Pod 1 is in zone 1 with τ̄1 =
1s and pods 2, 3, and 4 are in zone 2 with τ̄p = 4s, p =
2, 3, 4. R12 is the product pair with the highest correla-
tion. According to Step I of Algorithm 1, we first assign
one pair of products 1 and 2 to pods 1–4. Then, product
3, which has the highest total correlation with products 1
and 2 is assigned to pods 1 and 2. See Figure 5(a). This is
repeated until all the products are assigned. A dashed line
separates zones 1 and 2. Figure 5(b) shows the assignment
results of Step I, which lead to total order picking time of
23s. In Step II, we start with within zone improvement.
The total correlation on each pod is R1 = 13,R2 =
12,R3 = 8 andR4 = 4. Pod 4 has the lowest total corre-
lation. Products 5 and 9 on pod 4 can be swapped with
products 8 and 10 on pod 2. The total correlation on each
pod changes to R1 = 13,R2 = 7,R3 = 8 andR4 = 11.
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Figure 5. Illustrative example of assignment of 10 products to 4 pods: (a) Step I, one iteration, (b) Step I, result, (c) Step II, within zone
improvement result.

Since the collective correlation has increased by two,
this swap is beneficial. Figure 5(c) shows the assignment
results of Step II, which lead to total order picking time
of 21s. Here, no across zone improvement can be made
since the collective turnover frequencies of the pods
F1 = 17,F2 = 15,F3 = 15 andF4 = 16, are already in
good order.

5.4. Performance evaluation of heuristic

To evaluate the performance of the heuristic, we solve
tractable instances using the Gurobi solver and obtain
the optimal solution of the CDA model. The instances
range from a set of 10 orders and 10 products to 200
orders and 50 products. Table 2 compares the solver
results with the heuristic solution described inAlgorithm
1. Column Gap shows the percentage gap between
the solver’s best-found solution, truncated after 3600s,
and the heuristic. Execution times of the heuristic for
these instances are shorter than one second, and there-
fore are negligible. The results show that the heuris-
tic performs optimally for small instances, and the gap
with the best-found solution increases with the instance
size.

6. Numerical analysis

This section first compares the CDA’s performance to the
RND, ABC, and CRL based on a real dataset. These poli-
cies use one part of the data to assign products to pods
and pods to storage locations. The remaining part of the
data is used for evaluation.

Correlation and turnover frequency of products
may have a significant impact on the performance

Table 2. Comparison between optimal and heuristic solutions of
the CDAmodel.

# Orders # Products
Solver
Obj. (s)

Heuristic
Obj. (s)

Solver
Exc.∗ (s) Gap (%)

10 10 10.5 10.5 0.2 0.0
20 15 32.3 32.5 7.0 0.0
30 30 56.5 56.8 15.4 0.5
40 15 79.8 80.5 49.4 0.9
50 20 71.5 72.8 62.2 1.8
60 30 93.5 95.0 52.9 1.6
70 40 130.0 132.5 3600.0 1.9
100 50 345.0 351.3 3600.0 1.8
200 50 1022.0 1043.0 3600.0 2.0

∗Solver execution times in seconds. Solutions that are truncated after 3600s
are not optimal. Heuristic execution times are negligible (less than 1s).

of the storage policies. We parameterize the corre-
lation and turnover frequency to effectively evaluate
this impact. Hausman, Schwarz, and Graves (1976)
and Bender (1981) propose two different functions to
approximate the turnover frequency of stored prod-
ucts. Hausman, Schwarz, and Graves (1976) formulate
the ranked cumulative demand percentage, G, versus
the percentage of inventoried products, i, as G(i) =
iA, 0 < A ≤ 1. Bender (1981) shows experimentally that
G(i) = (B + 1)i/(B + i),B ≥ 0,B + i �= 0 can represent
the ABC curve better than Hausman’s curve for some
cases. Parameters A and B represent the shape factor of
the demand curve of the two functions, respectively. For
both cases, a smaller shape factor means the demand
curve is more skewed to the left, which corresponds to
larger contribution to the demand of fewer inventoried
items. Inspired by these functions, in Section 6.1, we
introduce two expressions to approximate the correlation
level of the product pairs in customer demand. Section
6.2 presents the case description. Section 6.3 presents the
numerical results.
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6.1. Assortment correlation expressions

The correlation of each product pair Rij is the number of
times products i and j are jointly ordered within a given
order set. To approximate the ranked cumulative corre-
lation Cor(ϕ), as a function of the cumulative fraction of
product pairsϕ, we introduce two correlation expressions
as follows.

Cor(ϕ) = ϕs, 0 < s ≤ 1, , 0 ≤ ϕ ≤ 1, (13)

Cor(ϕ) = (r + 1)ϕ
(r + ϕ)

, 0 < r, 0 ≤ ϕ ≤ 1, (14)

where s and r are the shape factors of the correlation
curve. Smaller shape factors mean a more skewed cor-
relation curve. This indicates a smaller number of pairs
contribute to a larger cumulative correlation. Section 6.2
shows that both expressions fit well and are statistically
significant for the case tested. Since Expression (14) pro-
vides a better fit, we use r in the analytical models of
Section 6.3.

6.2. Case description

We use a dataset of an international distributor of per-
sonal care products in our numerical analysis to obtain
realistic insights into the proposedmodels. In the dataset,
there are requests for pallet and case pickings. The pal-
let retrievals are excluded from the analysis because they

Table 3. Information of order profile in the dataset.

# Orders # Products # Order Lines
Order Line
Quantity

Unit
Volume
(litre)

28,139 2,362 (35.2, 47.9)∗ (1.5, 1.4)∗ (8, 13)∗
∗(Average, Standard Deviation).

are retrieved from a different inventory. The data are
anonymised due to confidentiality concerns of the com-
pany. They include 28,139 customer orders for three
consecutive months in 2018. The dataset provides infor-
mation on the size of the products, date, and time of the
customer orders, requested products in each order, and
quantity.

Analysis of the Dataset: Table 3 summarises the order
profile in the dataset, including the number of orders and
active products in the distribution centre during the three
months. Each order consists, on average, of 35.2 order
lines. Each line requests 1.5 selling units of a product
on average. Selling units of products require 8 litres of
storage space on average.

Figure 6(a) shows the turnover frequency curves of
the products in the dataset. The solid-line curve repre-
sents the real data points. The dashed-line curve shows
Hausman’s Pareto curve, and the dotted-line curve shows
Bender’s Pareto curve (Hausman, Schwarz, and Graves
1976 and Bender 1981). The goodness-of-fit statistics,
which are presented below each curve, support the sig-
nificance of both fits. Figure 6(b) shows the turnover
frequency curve of the training dataset and Figure 6(c)
for a random sample of 325 orders from the test dataset.
The training and test datasets are obtained by dividing
the company’s dataset into two sets. Refer to Section 6.3
for details. All three analyses in Figure 6 support a sta-
tistically significant fit of Bender’s function with a higher
R2 value than the Hausman’s function. Therefore, we use
Bender’s curve with this coefficient B to parameterise the
turnover frequency.

Figure 7 presents the analysis result of the correla-
tion between products. The solid-line curve represents
the real data points. The dashed-line curve is obtained
using Formula (13), and the dotted-line curve is obtained

Figure 6. Turnover frequency curve for (a) full dataset, (b) training set, and (c) a random sample. ∗Coefficients with 95% confidence
bounds. ∗∗SSE: Sum of squares due to error; SE: standard error.
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Figure 7. Correlation curve for (a) full dataset, (b) training set, and (c) a random sample. ∗ Coefficients with 95% confidence bounds.
∗∗SSE: Sum of squares due to error; SE: standard error.

using Formula (14), which are calledM1 andM2, respec-
tively. Figure 7(a) shows the correlation in the dataset,
7(b) shows the correlation in the training set, and 7(c)
shows the correlation in a random sample of 325 orders
from the test set. The coefficients of M1 and M2 are set
out below each graph, with a 95% confidence interval.
The goodness-of-fit statistics presented below each graph
support the fit. We choose model M2 with parameter r
to approximate the correlation curve in our experiment.
The results in Figure 7(a,b) show a better visual fit, a
lower sum of squared errors, and a higher R2 for M2
compared to M1, while Figure 7(c) shows a nearly equal
performance of the two models.

MRF System Set-Up: We consider a system with 1300
pods, sufficiently large to accommodate all invento-
ried products. Each storage pod has a gross size of
1.5× 1.5× 1.8metres, with 20 compartments of 100-litre
capacity each. At least one selling unit of each prod-
uct in the assortment fits in one compartment. In order
to maximise space utilisation, the maximum number of
units that fits into a compartment qi, will be assigned
to that pod. The storage area has a square shape and
is divided into two storage zones. The capacity of zone
1 (fast-moving pods) is 20% of the total capacity. We

use the zoning and pick station configuration shown in
Figure 3(b) with many pick stations on the left side.
The robots move at a speed of 1.5m/s. Robot acceler-
ation, deceleration, turning, lifting, and congestion are
ignored.

6.3. Analytical models of the travel times

We split the dataset randomly into two parts. 70% of
the data serve as the training set (to assign products to
pods and pods to storage zones), and the remaining data
serve as the test set (to calculate the expected order pick-
ing travel time). In other words, we solve the assignment
model using the training set and use the test set to vali-
date the model. Products and pods are assigned using the
information from the training set according to all storage
policies in Table 1. Then, we draw 500 random samples of
325 orders, equal to average daily demand, from the test
order set. In the next sections, the expected travel times
are calculated and analysed.

Travel Time Comparison of the Assignment Policies:
Table 4 presents the total expected order picking travel
times of the sample orders for the RND, ABC, CRL,
and CDA policies. The first row shows the average and

Table 4. Evaluation results of order picking travel time of different storage assignment policies.

Policy CDA CRL ABC RND

Travel time (s)
(69,570, 4,242)∗ (77,850, 4,369)∗ (86,901, 5,744)∗ (167,853, 10,614)∗

Relative savings (%)
CDA∗∗ 11 (9, 12) 20 (14, 37) 58 (56, 61)
CRL∗∗ 10 (4, 15) 54 (51, 56)
ABC∗∗ 48 (46, 51)

∗(Average, Standard Deviation).
∗∗Average relative savings (Minimum Value, Maximum Value) in percentage.
∗∗∗The relative savings in column and row (c, r) are calculated using 100(Tc − Tr)/Tc for each order set.
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standard deviation of the expected travel times of the
sample order sets using each policy. The other rows show
the percentage relative benefits of using a policy com-
pared to other policies and the minimum and maximum
percentage savings of 500 sample order sets. For exam-
ple, the relative saving of the CDA policy compared to
the ABC policy is defined as 100×(TABC−TCDA)/TABC,
where T stands for the total travel time. The results show
that the policies can be ranked according to their per-
formance as CDA, CRL, ABC, and RND, where CDA
outperforms the other three policies by up to 58% on
average. CRL takes second place after CDA, indicat-
ing that correlation-based policies perform better than
turnover-based ones in this experiment.

Prediction of Performance of the Policies with vary-
ing r and B: We use multivariate regression analysis to
explain the variation in expected travel times in differ-
ent assignment policies. We investigate the relationship

between the turnover frequency coefficient (B) and corre-
lation coefficient (r) as the explanatory variables, and the
expected travel time per order line of the sample orders
as the dependent variable. The expected travel time per
order line is obtained by normalising the expected travel
time of each sample order over the total number of order
lines in the sample order. This normalisation eliminates
the influence of varying order size on the total travel time
of each sample.

When the interaction effect r×B was included in
the regression models, the p-values of the coefficients
were not significant at a 5% level. Therefore, we exclude
the interaction effect from the regression models. This
change did not weaken the explanatory power of the
regression model and R2 remained at the same level.
Figure 8 shows the 3D graphs of the regression analysis
of 500 sample order sets for all the policies. The vertical
axis shows the expected travel time per order line for each

Figure 8. Multivariate regression results of the travel times with respect to r and B for different storage policies. ∗The regression result
of RND is not tabulated as TRND = 15 is constant.
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Figure 9. Multivariate regression results of relative savings of different storage policies with respect to r and B.

assignment policy. Below the graphs, the statistical results
of regression models are set out.

We make the following observations.
Observation 1 –TheCDApolicy regression, Figure 8(a),

shows that the expected travel times per order line
increases when r increases. In other words, the CDA pol-
icy performs well for highly correlated products in the
order set (smaller r).

Observation 2 –TheCRLpolicy regression, Figure 8(b),
has a similar behaviour as CDA, with a steeper curve that
means the CRL policy’s performance is susceptible to r
values. This behaviour is expected since the correlation
is the main decision factor in this policy.

Observation 3 – The regression of the ABC policy,
Figure 8(c), has a much smaller r coefficient. The coef-
ficient B is not significant at 95%. The small range of B
values between 0.1 and 0.16 can serve as an explanation
for an insignificant correlation.

Observation 4- The regression curve of the RND pol-
icy, Figure 8(d), is flat. This policy is not sensitive to any
of the factors, and the expected travel time per order line
remains constant.

Comparison of Performance of the Policies for vary-
ing r and B: We use multivariate regression to analyse
the variation in total travel time savings across different
assignment policies. The turnover frequency coefficient
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(B) and correlation coefficient (r) are explanatory vari-
ables, and the relative savings of each two methods are
the dependent variables. Figure 9 shows 3D graphs of the
regression analysis of 500 sample order sets. The interac-
tion effect of the explanatory variables is excluded due to
insignificant p-values.

We make the following observations.
Observation 5 – The relative savings of the CDA com-

pared to the CRL increase with r (Figure 9(a)). The CRL
loses power with an increasing r, while the CDA policy is
less sensitive to it.

Observation 6 – The relative savings of the CDA
and CRL compared to ABC and RND decrease with r
(Figure 9(b–e)). The results indicate that for order sets
with low r (high correlation), the CDA or CRL can pro-
vide high savings compared to the ABC and RND. The
CDA and CRL have substantially higher savings relative
to the RND compared to the ABC.

Observation 7 – Coefficient r is always significant. B is
either insignificant or has a small effect size which might
be due to a small variation in the domain. Therefore, r
is the primary determinant in the variation in relative
saving.

Analysis of Dependence of the Policies on Order Sizes:
The average number of lines per order, also called the
average order size, equals 35.2 in the order history we
used (see Table 3). This number can be different in other
customer order profiles. To evaluate the policies’ depen-
dence for different average order sizes, we use only a part
of the customer orders that include fewer order lines than
a certain limit to acquire a desired average order size. The
desired order size is varied to observe the effect on the
performance of the policies. The experiment first selects
a subset of the order history whose elements are orders
with a maximum of 2 lines. This subset includes 12% of
all orders in the original set. For this subset, ω2 = 1.4,
where ωs is the average order size of the subset whose
elements are orders with a maximum of s lines. This
subset is then split into training and test order sets that
include 70% and 30% of the data, respectively. The sam-
pling procedure is as explained in Section 6.3. We do
this sampling for s = 2, 3, . . . , 200. For each s, the ωs and
the average travel time per order line of samples (T) are
obtained under different policies. Table 5 and Figure 10
depict the results. The random policy is excluded here
because its expected travel time is not affected by
the order size and is determined by the warehouse
layout.

This analysis provides several insights about the
impact of order size on the performance of the policies.
We make the following observations from Figure 10.

Observation 8 – For ωs < 3.8, the ABC policy outper-
forms the CDA and CRL policies. Beyond 3.8 lines per

order, the CDA is the dominant policy with about 12%
shorter travel time than the ABC and CRL policies. Note
that the average order size in some sectors, like store-
based retail, apparel, and fashion e-commerce, is much
larger than 4.

Observation 9 – A low ωs results in a high TCDA and
TCRL but when ωs grows to 4, they decrease rapidly.
Intuitively, dispersing the inventory is not beneficial for
single-line orders as every order requires one pod travel.
It may be even harmful as popular products’ inventory
are split and assigned over several zones.

Observation 10 – T increases for all policies when 5 <

ωs < 10. Large orders deplete rapidly the inventory at a
short distance to the pick stations, and orders should be
picked from the inventory at a more considerable dis-
tance. Therefore, the average travel time of the order set
increases.

Management implications: The observations from the
numerical analysis yield several managerial insights.
Managers are encouraged to use the CDA policy for
warehouses with highly correlated-product demand.
Based on the instances tested, the CDA policy should be
used particularly for warehouses with an average order
size larger than 4 lines per order. In contrast, for ware-
houses with small average order size (< ∼4 lines per
order), it appears that the ABC policy performs better
than the CDA and CRL policies. Thus, the CDA policy
is in particular useful for retail, apparel, and fashion e-
commerce businesses, where order sizes are usually larger
than 4.

7. Conclusion and research directions

This paper studies the design and analysis of storage
assignment policies in robotic mobile fulfilment ware-
houses, based on historical customer orders, in order
to reduce the order travel time. Previous literature has
focused on turnover-based, correlated, and dispersed
assignment separately, mainly in a manual picker-to-
parts warehouse environment, where an order picker
walks to the storage locations and picks the requested
products. We particularly study the effect of using cor-
related and dispersed storage policies on order travel
times in robotic mobile fulfilment systems. The correla-
tion between products is derived from the joint requests
of products in historical customer demand. Dispersing a
product involves assigning its inventory to more than the
minimum required number of storage units. A mixed-
integer linear program is formulated that clusters highly
correlated products on the storage pods while allow-
ing inventory to be dispersed at a desired level. The
model assigns clusters to storage zones and inventory
to customer orders in order to minimise the total order
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Table 5. An overview of sampling design for evaluating the policies for different order sizes.

s 2 4 6 8 10 40 80 200

ωs 1.4 2.1 2.6 3.3 3.8 9.2 22.1 35.2
# Orders test set 1763 2569 3102 3565 3913 5368 7090 8441
# Orders training set 4115 5996 7240 8321 9131 12,528 16,545 19,698
Total orders 5878 8565 10,342 11,886 13,044 17,896 23,635 28,139

Figure 10. The effect of order size on average travel time per order line of different storage policies.

travel time. This model is NP-hard and can be solved
for small instances by Gurobi 9.0. A construction and
improvement heuristic is developed that can solve real
size problems. To evaluate the performance of the model,
we use a real dataset of a warehouse distributing per-
sonal care products. We define two parameters, B and r,
based on Bender’s Pareto curve function to capture the
product turnover frequency and the correlation between
them in the order set. Regression models are developed
for predicting the total travel time using these B and r
values.

The analytical results show that the correlated dis-
persed assignment (CDA) significantly outperforms the
random (RND), turnover frequency-based (ABC), and
correlated (CRL) assignments, for the case we tested with
an average order size of 35.2. This high performance
of the CDA indicates using product turnover frequency,
correlation and dispersion jointly has a high impact on
the order picking travel time. The analysis of the order
picking travel time of the policies for different order sizes
reveals that the performance of the policies depends on
the average order size of the order sets. For the sets with
an average order size of 3.8 or lower, the ABC policy
outperforms the CDA policy. Additionally, the regres-
sion models show that the total travel time for the CDA

and CRL policies increases when r increases. The relative
savings of the CDA policy compared to the CRL pol-
icy increase with r, but compared to the ABC and RND
policies, it decreases. In the case tested, r always has a
significant effect while B has rather a small or insignif-
icant effect, which may be due to a small variation in
B. These results suggest that managers should pay spe-
cial attention to the customer order profile, in particular,
order size, turnover frequency, and correlation of the
products to reduce the operational time and cost. In auto-
mated warehouses, the correlated dispersed assignment
may result in shorter travel times than common policies
such as ABC and RND. Furthermore, when the correla-
tion of the products has a highly skewed Pareto curve, the
performance of the CDA increases.

Future research should evaluate the performance of
correlated dispensed assignment for different cases, espe-
cially where B and r show higher variation than in the
case we tested. Additionally, it would be interesting to
study layouts other than the one considered in this paper.
This paper focuses primarily on retrieval effort to reduce
the customer response time and does not include the
replenishment effort. Future research should study the
impact of dispersing inventory on the replenishment
time and the total effort.
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