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1
Introduction

A supply chain typically consists of separate, individual members who make decisions
autonomously based on their own local preferences and objectives. Such opportunistic
and locally optimal decisions can disadvantage another member and/or the entire
supply chain.
To overcome inefficiencies associated with decentralized supply chains, a large

body of operations management literature has focused on devising mechanisms for
aligning and coordinating decisions of individual supply chain members. One prevalent
coordination mechanism in this literature is referred to as supply chain contracting
on a set of transfer payments. The purpose of supply chain contracting is to provide
incentives so that the decisions of individual members are aligned with those of a
centralized supply chain, see Cachon (2003) and Chen (2003) for reviews of studies on
supply chain coordination with contracts.
Central to the design of contracts in decentralized supply chains is the type and

amount of information that is accessible within the chain. In order to design a contract
that can effectively influence the decisions of supply chain members, one needs to have
access to information such as market/customer demand, inventory level, and cost/profit
structure of each individual member. Access to such comprehensive information rarely
happens in reality, and it is quite likely that no two members possess comparable
information. The problem of information asymmetry is exacerbated when a supply
chain member withholds information and uses his private information strategically, for
example, to exploit any supply chain surplus. Given information asymmetry between
supply chain members, several types of incentive schemes have been designed in the
literature to increase supply chain efficiency, see, e.g., Corbett and de Groote (2000);
Sucky (2006); Özer and Wei (2006); Kostamis and Duenyas (2011).

The focus of this dissertation is on the design of effective and easily implementable
coordination contracts that not only provide an action plan (a production/ordering
plan) to improve the performance of a decentralized supply chain but also incorporate
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incentive schemes to influence chain members and align their decisions. An incentive
scheme here refers to a scheme for allocating the gains of the coordinated action plan
in order to entice individual members’ cooperation. Coordination contracts, in this
dissertation, are designed for a two-echelon supply chain consisting of a single supplier
(she) who serves a retailer (he) with a single product. In this setting, the supplier is
dependent on the retailer’s market reach to maintain her sales volume. As a result, the
retailer has the market power to impose his optimal procurement plan on the supplier.
To persuade the retailer to deviate from his optimal procurement plan, the supplier
makes take-it-or-leave-it offers to the retailer in the form of menus of contracts, each
consisting of a procurement plan (as the action plan) plus a side payment (as the
incentive scheme). Designing contracts is not a simple task for the supplier, as the
retailer has an informational advantage with respect to customer demand and cost
parameters on his side.

This dissertation considers different aspects of the design of coordination contracts,
from the supplier’s perspective, in three chapters as follows. In Chapter 2, we consider
a supply chain in which the retailer has private information across two dimensions:
customer demand and his cost parameters. Both supply chain members are facing an
Economic Lot Sizing (ELS) problem to determine their procurement plans. Relying
on the principal-agent framework, we formulate the supplier’s problem of designing
optimal contracts that simultaneously determine when/how much the supplier needs
to produce and how much she needs to pay the retailer to elicit his private information.
We present Mixed-Integer Programming (MIP) formulations in three settings: no
information asymmetry, information asymmetry across one dimension (retailer’s cost
or customer demand), and information asymmetry across two dimensions (retailer’s cost
parameters). Using a natural network interpretation for the set of incentive constraints,
we show several properties of the optimal solution, particularly with respect to the
retailer’s opportunistic behavior. We also perform numerical experiments to illustrate
the benefits of our coordination contracts both for the supplier and the whole supply
chain.

In Chapter 3, we consider a supply chain in which the retailer has private information
about his cost parameter (one dimension). Both supply chain members are facing an
Economic Order Quantity (EOQ) problem to determine their procurement plans. In
order to design the optimal menu of contracts, we build on the design of the previous
chapter by incorporating an additional design factor: the complexity of the menu of
contracts, captured by the number of contracts in the offered menu. In particular, our
focus is on the design of menus with the so-called pooling contracts (as opposed to
separating contracts) in which each contract is intended to appeal to more than one
type of retailer. We formulate the supplier’s problem of designing optimal pooling
menus with a limited number of contracts. We propose a simple design for the pooling
menu of contracts in which the supplier screens the most inefficient retailer types
(highest costs) and offers a separate contract that is customized for their types. The
remaining more efficient types are grouped together and offered one common contract.
Using this design, we characterize the optimal ordering quantities and side payments
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and find an upper bound on the efficiency loss that the supplier will incur by offering
a pooling menu of contracts.

In Chapter 4, we consider a combination of settings from the previous two chapters.
The retailer has private information about his cost parameter (one dimension), and
both supply chain members are facing an ELS problem to determine their procurement
plans. Similar to Chapter 3, we consider the complexity of the contract menu as a design
factor and present MIP formulations for the supplier’s problem of designing optimal
pooling menus. We then strengthen our formulation by enforcing valid inequalities and
use the network interpretation of the set of incentive constraints to derive multiple
properties of the optimal solution. Using the simple design of the pooling menu in the
EOQ setting, we numerically show that the performance of this design is very close to
that of the optimal but arbitrary complex counterpart.
In Chapter 5, we conclude this dissertation with a summary of the main results.
The author of this thesis performed the main analysis and wrote each chapter with

the guidance of the promotor and coporomotor. Chapter 2 is based on an article written
in collaboration with Albert Wagelmans and Wilco van den Heuvel and published
in the European Journal of Operational Research. Chapter 4 is based on an article
written in collaboration with Albert Wagelmans and Wilco van den Heuvel and is
under review.





2
Designing Multi-Period Supply Contracts in a
Two-Echelon Supply Chain with Asymmetric

Information

Abstract We study a two-echelon supply chain consisting of a supplier and a
retailer, where the supplier uses a simple and easily implementable incentive
scheme of making a side payment to influence the retailer’s ordering plan. The
supplier makes a take-it-or-leave-it offer to the retailer in the form of a menu
of contracts, each consisting of a procurement plan plus a side payment. The
retailer, who possesses private information about customer demand and his
cost parameters, either accepts one of the contracts or imposes his own optimal
plan. We formulate the supplier’s problem of designing optimal contracts
with the assumption that the retailer’s outside option depends on his private
information. Taking into account the retailer’s reaction to the proposed offer,
the supplier faces a nested (bi-level) optimization problem, which we transform
into a single-level mixed integer programming variant. In our analysis, we use
a network interpretation for the set of incentive constraints and show several
structural properties of optimal contracts. This enables us to considerably
reduce the set of incentive constraints and find optimal side payment values.
Our findings regarding the possible behavior of the opportunistic retailer
deviate from those of previous studies as a result of considering more realistic
assumptions.

2.1 Introduction

A supply chain (SC) generally consists of separate, individual members with different
preferences and objectives, making decisions autonomously and striving to meet their
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own local objectives. Such selfish, opportunistic behavior can lead to suboptimal
performance of the whole SC. The loss of efficiency because of the opportunistic
behavior of SC members is referred to as the “price of anarchy” in the literature
(Perakis and Roels, 2007).

Several types of contracts have been proposed in the literature to overcome SC
inefficiencies and reduce the price of anarchy. These include wholesale price contracts
(Lariviere and Porteus, 2001), revenue sharing contracts (Cachon and Lariviere, 2005),
quantity flexibility contracts (Tsay and Lovejoy, 1999), quantity discount contracts
(Jeuland and Shugan, 1983), and sales rebate contracts (Taylor, 2002). A common
assumption in all these studies is that all the SC members possess the same amount
of information. This, however, rarely happens in reality, and it is likely that no two
members have access to comparable information.

In this chapter, we consider a typical two-echelon SC, consisting of a supplier (she)
who serves a retailer (he) with a single product. The retailer faces an Economic
Lot Sizing (ELS) problem to find an ordering plan that maximizes his total profit
of satisfying customer demand. The supplier also faces an ELS problem to find a
production plan that maximizes the total profit earned by fulfilling the retailer’s
orders.

In our SC, the retailer has the market power to impose his optimal ordering plan on
the supplier. Large and financially successful retailers, such as Wal-Mart, whose large-
share suppliers depend on the retailer’s broad market reach to maintain their sales
volumes and strengthen their market positions (Bloom and Perry, 2001), constitute
real-world examples of such an imbalanced power relationship.
To persuade the strong retailer to choose an ordering plan that accords with the

supplier’s cost structure, rather than the retailer’s individual optimal plan, the supplier
can pay a side payment to the retailer. To determine a side payment sufficient to
influence the retailer’s decision, the supplier needs to know the cost/profit function
and external demand at the retailer’s end. In general, the supplier does not have
access to such information about the retailer, and the retailer may use his private
information strategically.

This setting naturally corresponds to a principal-agent model with “adverse selection”
or “hidden knowledge” (Laffont and Martimort, 2001), where the supplier acts as
the principal and the buyer as the agent. The supplier, in our model, offers a menu
with take-it-or-leave-it contracts, each consisting of a procurement plan plus a side
payment. The retailer either chooses one of the contracts or imposes his individual
optimal ordering plan on the supplier.
We formulate the problem of designing optimal contracts from the supplier’s per-

spective in three situations: (a) no information asymmetry, (b) information asymmetry
across one dimension (the retailer’s cost parameter or customer demand), and (c)
information asymmetry across two dimensions (the retailer’s cost parameters). Al-
though the individual SC members make their procurement decisions independently of
each other, the profit they realize depends not only on their own decisions but also on
the decisions of the other SC members. Such a separate, interactive decision-making
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approach requires the supplier to take into account the retailer’s reaction to her
proposed offer. This corresponds to a nested (bi-level) optimization problem for the
supplier, which we transform into a single-level Mixed Integer Programming (MIP)
model.

Next to developing a solution method, we also derive several properties of optimal
contracts. We use a natural network interpretation for the set of incentive constraints
which allows us to considerably simplify the set of incentive compatibility constraints;
rather than working through a large set of constraints, we can focus our attention on
a more tractable set. Additionally, to find the optimal side payment quantities, we
only need to consider constraints that correspond to paths in the relevant network.

A key feature of our study is the dependence between the retailer’s “outside option”
(Muthoo, 1999) and his private information. That is, we drop the simplifying assump-
tion, prevalent in the mechanism design literature, that retailer types with different
private information share an identical outside option (or reservation profit). This
departure from the literature is particularly important as we also consider more than
one dimension of information asymmetry and a discrete type space for each dimension.
Our more realistic assumption, together with the considered information asymmetry
setting, enables us to present unexpected results with respect to the possible behavior
of the opportunistic retailer.
An interesting property of the optimal solution in the one-dimensional setting

corresponds to a well-known result in the mechanism design literature that an inefficient
retailer type (e.g., the one with the higher cost) does not pretend to be efficient (e.g.,
lower cost) in order to gain a larger part of the efficiency gain. We, however, show
that “information rents” (what an agent gets on top of his reservation profit) are not
necessarily monotonic and therefore the inefficient retailer type may make a profit
by pretending to be efficient. Our analysis of the one-dimensional cost uncertainty
setting suggests that optimal contracts can be compared with a ratio of the types’
outside options relative to their cost difference in order to find out which retailer type
has an incentive to misreport his type, i.e., which incentive constraints are binding at
the optimum.
In the two-dimensional cost uncertainty case with a binary type space for each

dimension and assuming an intuitive property for the procurement plans, we show
that unless a retailer type is strong (weak) in both dimensions, he does not make
a profit by pretending to be different from his real type in both dimensions. It was
previously shown in the literature that a retailer who is strong in one dimension
(e.g., high demand) but weak in the other (e.g., high cost) would sometimes prefer
a situation where his weak dimension is known to the supplier to a situation where
both dimensions are private information. With an example, we demonstrate that it
might be in the interest of a retailer type who is strong in both dimensions that one
of the dimensions is known to the supplier.

In sum, our study contributes to the supply chain contracting literature in multiple
ways. (i) We develop MIP models with more realistic assumptions of type-dependent
outside options in settings with one and two dimensions of information asymmetry,
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and a discrete type space for each dimension. (ii) We transform bi-level optimization
problems into single-level MIP variants by exploiting the properties of the lower-level
problem. (iii) Using a network interpretation for the set of incentive constraints,
we considerably simplify this set and show several interesting and counterintuitive
properties of the optimal solutions.

The remainder of this chapter is organized as follows. Section 2.2 provides a review
of the relevant SC coordination literature. The model for the decentralized SC system,
in which the retailer does not have an informational advantage over the supplier is
discussed in Section 2.3. The formulation and network interpretation of the supplier’s
problem of designing optimal contract menus with one and two dimensions of private
cost information are discussed in Sections 2.4 and 2.5, respectively. Section 2.6 analyzes
the model with private demand information. The chapter ends with a conclusion in
Section 2.8.

2.2 Literature review

Although a vast body of the operations management literature focuses on the coordi-
nation of different SC settings with contracts, we restrict our review to some of the
relevant studies that consider information asymmetry. To classify the prior research,
we make a distinction based on the nature of customer demand: deterministic and
constant, deterministic but dynamic, and stochastic demand.
The focus of one strand of research is on the Economic Order Quantity (EOQ)

setting, where demand and cost parameters are independent of time and the time
horizon has a continuous scale of infinite length. Corbett and de Groote (2000)
developed a screening model with information asymmetry on the buyer’s holding
cost on a continuous type space. The supplier follows a lot-for-lot policy and offers a
menu of price-quantity contracts to maximize his own profit. Sucky (2006) presented a
screening model with information asymmetry on both the holding and ordering costs
of the buyer, wherein the reservation values of the two buyer types are not identical.
The seller pays a side payment to influence the buyer’s ordering plan.

Another class of research in a deterministic but non-stationary demand environment
uses the ELS model as the basic model for coordination. Dudek and Stadtler (2005)
developed a negotiation-based model for synchronizing plans between a buyer and a
supplier in which both SC members use MIP models to generate their offers. Later,
the same authors extended this work in Dudek and Stadtler (2007) by considering
an SC consisting of one supplier and several buyers who face a capacitated lot-sizing
model to generate their offers, and the amount of information exchanged between
parties is further reduced.
There are also some studies in the class of stochastic models, addressing the SC

coordination problem with information asymmetry. Ha (2001) used the setting of
the newsvendor model, where demand is stochastic and price sensitive. The author
provided a screening model where the supplier does not know the buyer’s marginal
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cost and assumes a continuous type space for cost. The paper’s analysis suggested
that it is not possible to implement an optimal solution of the complete information
case. In a single-period setting, Özer and Wei (2006) analyzed the problem of credible
information sharing between a supplier and a manufacturer who possesses private
forecast information of his end product. Considering a continuous type space for
demand, they showed that an appropriate pay-back contract can coordinate the SC. In
a similar setting, i.e., one-period planning horizon and information asymmetry about
demand forecast, Taylor (2006) examined the effect of the retailer’s private information
on the manufacturer’s sale-timing decision. It was shown that the manufacturer, who
offers a price-quantity contract for each element of a discrete demand type space,
may prefer to sell close to the selling season if his production cost is low. Kostamis
and Duenyas (2011) studied an SC consisting of a supplier and a manufacturer who
has private information about two dimensions of market demand and his in-house
production cost. The authors concluded that with a screening game with two uncertain
dimensions, the SC performance might deteriorate by sharing information. An SC with
a retailer and a supplier who has private information about his unit production cost
was analyzed in Çakanyıldırım et al. (2012). The retailer offers a menu of contracts to
the supplier with the assumption that the outside opportunities of the two different
types are not identical. The paper concluded that information asymmetry alone does
not necessarily induce loss in channel efficiency.
Table 2.1 summarizes the literature discussed in this section and positions our

research. Although these studies incorporate various aspects of SC contracting with
information asymmetry, their focuses are mainly on the design and analysis of mech-
anisms in settings with tightly defined assumptions. Corbett and de Groote (2000)
in the EOQ setting, Ha (2001) and Çakanyıldırım et al. (2012) in a single-period
stochastic environment considered one-dimensional private information about a cost
parameter. Information asymmetry about demand forecast in a single-period setting
was analyzed by Özer and Wei (2006) and Taylor (2006). Assuming a two-dimensional
setting, Sucky (2006) studied a coordination problem with two uncertain cost pa-
rameters, while Kostamis and Duenyas (2011) dealt with uncertain market demand
and a cost parameter. The underlying multi-period inventory model in Dudek and
Stadtler (2005, 2007) is similar to ours, but our proposed mechanism is simpler and
seems easier to implement than the iterative, negotiation-like scheme suggested in
these papers. Additionally, their negotiation process does not completely rule out the
possibility of cheating by the buyers.

In contrast to much of the literature in which identical outside options for different
retailer types are assumed, we consider the case where the retailer’s outside option
depends on his private information. Although Sucky (2006) and Çakanyıldırım et al.
(2012) did not assume a common outside option for different types, both studies
focused on settings where each dimension of private information has a binary type
space (i.e., low or high). In our models, we consider a more general setting with a
discrete type space for each dimension. The implications of type-dependent outside
options were not reported in Sucky (2006), while Çakanyıldırım et al. (2012) showed
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Table 2.1: Classification of SC coordination models with information asymmetry
One- EOQ ELS IA Type Type-dependent
Period Setting space outside option

DETERMINISTIC DEMAND

Corbett and de Groote (2000) X 1 dim. Continuous
Sucky (2006) X 2 dim. Binary X
Dudek and Stadtler (2005) X NA* NA*
Dudek and Stadtler (2007) X NA* NA*
This study X 2 dim. Discrete X

STOCHASTIC DEMAND

Ha (2001) X 1 dim. Continuous
Özer and Wei (2006) X 1 dim. Continuous
Taylor (2006) X 1 dim. Discrete
Kostamis and Duenyas (2011) X 2 dim. Binary
Çakanyıldırım et al. (2012) X 1 dim. Binary X

* Dudek and Stadtler (2005, 2007) do not fit into these categories as they did not use the mechanism design approach.

that information rents are not necessarily monotonic. Even though the outside options
are different in the latter study, they do not directly depend on the agent’s private
information.
Compared to the operations management literature, the issue of type-dependent

outside options is explored more extensively in the economic literature, see for example
Kahn (1985) and Moore (1985) for models of labor contracts with type-dependent
reservation wages, Maggi and Rodriguez-Clare (1995) for a production setting where
the agent’s marginal cost is private information. These studies assume that the utility
functions and preferences have relatively simple (mostly linear) forms in the agent’s
private information and use the curvature of the utilities to characterize the optimal
contracts, see also Jullien (2000) for a model of type-dependent reservation utility
with a continuum of types. In our models, the profit functions of both the principal
and agent are not linear in the agent’s private information, and we use a combinatorial
approach to derive the optimal contracts.

2.3 Optimal contract with symmetric information

To provide a basis for comparison, this section discusses the situation in which there
is no information gap between the supply chain members. In order to formulate this
problem, we first introduce the model for deriving the individual procurement plans.

2.3.1 Individual optimal procurement plans

In this chapter, we restrict our analysis to a two-echelon serial SC consisting of a
risk-neutral supplier who serves a risk-neutral retailer with a single product. The
retailer faces an ELS problem to find an ordering plan that maximizes his total profit
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of satisfying external customer demand. The supplier also faces an ELS problem to
find a production plan that maximizes the total profit earned by fulfilling the retailer’s
orders.
The ELS model determines the optimal timing and procurement (the term “pro-

curement” is used to cover both ordering -at the retailer’s level- and production -at
the supplier’s level- settings) level in order to satisfy a deterministic but dynamic
demand over a discrete time horizon of finite length. The model can be described
as follows. For a fixed planning horizon of length T , there is a known demand for
a single item. This demand has to be satisfied each period by procurement in this
period or in previous periods, i.e., backlogging is not allowed. Relevant costs include
procurement costs and holding (inventory) costs. The procurement costs consist of a
fixed component (e.g., set-up cost) and marginal procurement cost per item. We use
the following notation for the parameters in each period t ∈ T = {1, 2, ..., T}:

dt : demand in period t
Kt: fixed procurement cost in period t
pt : unit variable procurement cost in period t
ht : unit holding cost in period t
st : unit selling price in period t.

The objective is to determine how much to procure in each period such that demand
is fully met at maximum profit. Decision variables in each period t ∈ T include

xt : procurement quantity in period t
yt : set-up variable in period t, 1 if there is any procurement and 0 otherwise
It : ending inventory in period t.

The basic single-item, uncapacitated ELS problem can be formulated as follows:

max

T∑
t=1

(stdt −Ktyt − ptxt − htIt) (2.1)

s.t. It−1 + xt = It + dt ∀t ∈ T (2.2)
xt ≤ ytdt,T ∀t ∈ T (2.3)
xt, It ≥ 0 ∀t ∈ T (2.4)
yt ∈ {0, 1} ∀t ∈ T (2.5)

I0 = 0. (2.6)

The objective is to maximize profit earned by selling the product minus procurement
and inventory holding costs. Demand can be satisfied from procurement in the current
period or inventory left over from previous periods, while remaining items build up
the current inventory. This is formalized in (2.2). Constraints (2.3) are the set-up
forcing constraints, which together with constraints (2.5), ensure that the set-up
variable is forced to 1 if there is any procurement. As there is no ending inventory
in the last period of the optimal solution and costs are assumed to be non-negative,
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procurement is limited by the remaining cumulative demand. Note that in this
formulation, ds,t =

∑t
i=s di denotes the cumulative demand from period s up to

period t with 1 ≤ s ≤ t ≤ T. Constraints (2.4) ensure that the procurement quantity
and ending inventory are non-negative. Finally, the starting inventory is assumed to
be zero (2.6).

In the remainder of the chapter, the cost parameters of the supplier’s problem are
denoted by sSt , KS

t , p
S
t , and hSt , while those of the retailer are represented by sRt , KR

t ,
pRt , and hRt . We assume that the unit selling price of the supplier’s profit in (2.1) is
equal to the retailer’s unit variable procurement cost, i.e., sSt =pRt . If the supplier and
retailer behave individually rational, they each use the above formulation to maximize
their own profits. These locally optimal plans, however, are not efficient from the
system-wide perspective, and both parties can benefit if their procurement decisions
are coordinated.

2.3.2 Supplier’s optimal contract with symmetric information

In the decentralized SC setting, the supplier is in charge of designing a take-it-or-
leave-it contract. The assumption here is that both the supplier and retailer are in
the same position with respect to the information at the retailer’s end. That is, the
supplier knows the demand and cost type of the retailer. She can then incorporate
this information into her optimization problem to come up with a procurement plan
and the required side payment in order to influence the retailer’s ordering plan.
The sequence of events is as follows. The supplier and retailer observe customer

demand. Knowing the retailer’s cost type, the supplier can derive the maximum profit
that the retailer will earn by satisfying customer demand. This profit is denoted by
πR∗ in our model. Based on customer demand, the retailer’s optimal profit (πR∗)
and her own cost parameters, the supplier determines her production plan and side
payment quantity such that her profit is maximized. Subsequently, the supplier makes
an offer to the retailer in the form of a contract, consisting of a procurement plan plus
a side payment. The retailer either accepts the offer or imposes his optimal ordering
plan on the supplier. The offered contracts in our study are considered as “long-term
contracts.” That is, the procurement and side payment quantities, once determined,
do not change throughout the planning horizon. In addition to providing tractability
to the model analysis, this assumption is of particular interest to our problem setting
for several practical reasons. First, contracts with time-varying parameters would be
unnecessarily complex, making them more difficult to implement in practice. Second,
modifying contracting terms throughout the planning horizon might be costly as it
may require renegotiations between the SC members and cause planning problems
(see Zhang (2010) for more discussions). Third, our model can be valuable for future
research by serving as an initial step to understanding the problem of designing supply
contracts with more realistic assumptions.

The total profit that the retailer will realize by satisfying customer demand is denoted
by πR. If the retailer chooses the procurement plan-side payment pair {(xRt )t∈T , z}
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from the supplier’s contract, his total profit is given by

πR + z =

T∑
t=1

(sRt dt −KR
t y

R
t − pRt xRt − hRt IRt ) + z,

where z is the quantity of side payment. The supplier needs to ensure that the offered
contract is “individually rational”, i.e., she must guarantee that by accepting the offered
contract, the retailer will earn a profit (weakly) larger than his outside option. The
retailer’s outside option in our model is the optimal profit of his individual ordering
plan.
The supplier’s design of the optimal contract with symmetric information can be

formulated as follows:

max

T∑
t=1

(pRt x
R
t −KS

t y
S
t − pSt xSt − hSt ISt )− z (2.7)

s.t. πR + z ≥ πR∗ (2.8)

πR =

T∑
t=1

(sRt dt −KR
t y

R
t − pRt xRt − hRt IRt ) (2.9)

IRt−1 + xRt = dt + IRt ∀t ∈ T (2.10)

xRt ≤ dt,T y
R
t ∀t ∈ T (2.11)

ISt−1 + xSt = xRt + ISt ∀t ∈ T (2.12)

xSt ≤ dt,T y
S
t ∀t ∈ T (2.13)

z ≥ 0 (2.14)

xRt , x
S
t , I

R
t , I

S
t ≥ 0 ∀t ∈ T (2.15)

ySt , y
R
t ∈ {0, 1} ∀t ∈ T (2.16)

IR0 , I
S
0 = 0. (2.17)

Constraint (2.8) is the Individual Rationality (IR) or participation constraint to
ensure that by accepting the supplier’s offer, the retailer’s gain is at least his outside
option. The constraints of the retailer’s individual ELS problem are formalized in (2.10)
and (2.11), while those of the supplier are given in (2.12) and (2.13). Constraint (2.14)
ensures that the side payment quantity is non-negative and constraints (2.15) to (2.17)
define the range of other decision variables.
To illustrate that the described problem has a feasible solution, consider the case

where z = 0. This implies that the supplier will not pay any side payment to the
retailer to influence his individual optimal plan. The solution of the model in this
situation is the outcome of the uncoordinated SC, where the retailer imposes his
outside option on the supplier, and the supplier is forced to satisfy the retailer’s
individual optimal plan.
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Observe that we have a maximization problem in which the optimal choice of
z would be to set it as small as possible. In this case, constraint (2.8) would be
binding and therefore the supplier maximizes not only her own profit, but also the
profit of the SC system as a whole. By designing the contract in this manner, the
supplier ensures that the retailer earns his individual optimal profit and extracts all
the efficiency gains for herself. This solution is known as the “first-best” solution. With
information asymmetry, however, SC optimal profit may not be achieved as shown in
the subsequent sections.

2.4 Optimal menu with asymmetric cost information

Up until this point, we have analyzed the situations in which there is no information
asymmetry. In this section, we drop the assumption of full information and analyze
a more realistic case where the retailer possesses private information. We consider
the setting where information asymmetry arises across one dimension: the supplier
is uncertain about the retailer’s cost type. There is a set of possible cost types that
the retailer can have, and this set is known to the supplier, i.e., the supplier is aware
of the possible cost types, but is not aware of the retailer’s actual cost type. She
believes that the retailer can have N types of cost with associated probabilities P cj ≥ 0

for j ∈ J = {1, 2, ..., N} and
∑N
j=1 P

c
j = 1. The retailer knows his cost type with

certainty.
The situation where the supplier who lacks information moves first and offers a

contract can be analyzed using a so-called “screening game” (see e.g., Chen (2003)).
Instead of proposing a single contract as in the symmetric information case, the
supplier offers a “menu of contracts”, letting the retailer choose a specific contract
from the menu, i.e., a “procurement plan-side payment” pair. In this way, the supplier
persuades the retailer to truthfully reveal his type via the contract selected in the
menu (self-selection).

Since the retailer has an incentive to misreport his cost parameters so as to receive
a higher side payment, the optimal contracts the supplier offers under symmetric
information are not “incentive compatible” under asymmetric information. Therefore,
the supplier needs to ensure that the contract menu she offers does not lead to a
misreport of cost parameters. To eliminate the possibility of cheating by the retailer,
we rely on the “revelation principle” (Myerson, 1981), stating that if there is an optimal
contract for the supplier, then there exists an optimal contract that induces the retailer
to truthfully reveal his cost type.

The sequence of events is as follows. At the outset, the retailer knows his cost type,
unobserved by the supplier. The retailer and supplier observe customer demand. Know-
ing the retailer’s possible cost types, the supplier can compute the retailer’s outside
option of each type (πR∗j ). The supplier offers a menu with a contract {(xj,t)t∈T , zj}
for each retailer type j such that her expected profit is maximized. The retailer either
selects one of the contracts in the menu, or imposes his own optimal plan on the
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supplier. The objective of the optimization problem is to maximize the supplier’s
expected profit.

2.4.1 Formulation

The supplier’s problem of designing the optimal menu of contracts with one dimension
of private information on cost can be formulated as follows:

max

N∑
j=1

P cj (

T∑
t=1

(pRt x
R
j,t −KS

t y
S
j,t − pSt xSj,t − hSt ISj,t)− zj) (2.18)

s.t. πRj|j + zj ≥ πR∗j ∀j ∈ J (2.19)

πRj|j + zj ≥ πRk|j + zk ∀j, k ∈ J, j 6= k (2.20)

πRk|j =

T∑
t=1

(sRj,tdt −KR
j,ty

R
k,t − pRj,txRk,t − hRj,tIRk,t) ∀j, k ∈ J (2.21)

IRj,t−1 + xRj,t = dt + IRj,t ∀t ∈ T ,∀j ∈ J (2.22)

xRj,t ≤ dt,T y
R
j,t ∀t ∈ T ,∀j ∈ J (2.23)

xRj,t ≥ yRj,t ∀t ∈ T ,∀j ∈ J (2.24)

ISj,t−1 + xSj,t = xRj,t + ISj,t ∀t ∈ T ,∀j ∈ J (2.25)

xSj,t ≤ dt,T y
S
j,t ∀t ∈ T , ∀j ∈ J (2.26)

xRj,t ∈ Z+ ∀t ∈ T , ∀j ∈ J (2.27)

zj , x
S
j,t, I

R
j,t, I

S
j,t ≥ 0 ∀t ∈ T , ∀j ∈ J (2.28)

ySj,t, y
R
j,t ∈ {0, 1} ∀t ∈ T , ∀j ∈ J (2.29)

IRj,0, I
S
j,0 = 0. ∀j ∈ J (2.30)

In this formulation, the decision variables have one additional index: j ∈ J =
{1, 2, ..., N}, representing the retailer’s types, e.g., xRj,t denotes the procurement quan-
tity in the contract of retailer type j in period t. The individual rationality constraint
is formalized in (2.19). Each retailer’s type has different cost parameters, and therefore
it is reasonable to assume that the retailer’s participation constraint is type depen-
dent. As mentioned earlier, our type-dependent individual rationality constraint is a
major departure from much of the literature in which identical outside options for
different retailer types are assumed (i.e., πR∗j = πR∗ for all j ∈ J). The main reason
to have such a “simple and debatable” (Laffont and Martimort, 2001) assumption
is because of analytical tractability. This assumption, however, is unnecessary with
the mathematical programming machinery we use (as discussed by Lovejoy (2006)),
and hence there is no reason to prefer identical outside options to the more realistic
case of type-dependent ones. Constraints (2.20) are the Incentive Compatibility (IC)
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constraints to ensure that the retailer will be worse off if he chooses a contract that
is not designed for his own cost type. The profit that the retailer realizes when he
is of type j and chooses the designed contract for type k is defined in (2.21). The
procurement quantities in the contracts offered are not necessarily integer, while we
assume that the supply chain’s final product is indivisible. Constraints (2.27) restrict
the value of procurement quantities to be integers. Constraints (2.24) ensure that the
set-up variable is zero if there is no procurement in period t. It is noteworthy that in
the outcomes of the model without considering this constraint, we have found some
problem instances in which there is no procurement but there is a set-up; i.e., xR1,t = 0

but yR1,t = 1 (see the appendix at the end of this chapter for such an instance). The
explanation is that although a cost is associated with the retailer’s set-up variable, we
do not directly optimize the retailer’s total profit (πRj|j + zj). The following lemma
shows that constraint (2.24) can be left out in case all retailer types have the same
fixed procurement cost across the whole planning horizon.

Lemma 2.1. If KR
j,t = K for all t ∈ T and j ∈ J , constraint (2.24) is redundant.

Proof. We prove the claim assuming two retailer types. It is easy to verify that the
claim holds for more than two types. Suppose that the supplier offers a menu of two
contracts, and in the contract designed for type 1, we have a period t ∈ T in which
xR1,t = 0 and yR1,t = 1 (there is no procurement, but there is a set-up). The relevant
incentive constraints are

πR1|1 + z1 ≥ πR∗1 (2.31)

πR2|2 + z2 ≥ πR∗2 (2.32)

πR1|1 + z1 ≥ πR2|1 + z2 (2.33)

πR2|2 + z2 ≥ πR1|2 + z1. (2.34)

Let πR
′

j|k and z′j respectively denote for j, k ∈ {1, 2}, the cost and side payment
associated with the production plan in which xR1,t = yR1,t = 0. We set z′1 = z1 −KR

1

and z′2 = z2. With z′1 and z′2, it is clear that

πR
′

1|1 = πR1|1 +KR
1 , πR

′

2|1 = πR2|1, πR
′

1|2 = πR1|2 +KR
2 , πR

′

2|2 = πR2|2. (2.35)

With the assumption that KR
j,t = K for all t ∈ T and j ∈ {1, 2}, profits in (2.35) and

side payments associated with the new production plan satisfy constraints (2.31) to
(2.34). We, therefore, have a new feasible solution with a larger profit. It is noteworthy
that z′1 = z1 −KR

1 is non-negative (satisfies constraint (2.28)), because πR
′

1|1 is the
profit associated with a feasible solution that cannot be larger than the retailer’s
maximum profit πR∗1 and we also have

z1 ≥ πR∗1 − πR1|1 = πR∗1 −(πR1|1 +KR
1 ) +KR

1 = πR∗1 − πR
′

1|1 +KR
1 ≥ KR

1 . �
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Similar to the model of Subsection 2.3.2, the feasible region of this problem is not
empty. Consider the case where the supplier does not pay any side payment to the
retailer, i.e., zj = 0 for all j ∈ J . This implies that constraints (2.19) would be binding.
Additionally, the retailer will not be better off by pretending to be another cost type
since there is no side payment. The solution of the above model is then the outcome
of the uncoordinated SC, where the supplier has no option but to satisfy the retailer’s
individual optimal plan. We illustrate the one-dimensional information asymmetry
model with an example.

Example 2.1. Suppose the retailer and supplier face a 5-period planning problem
with parameters according to Table 2.2. The retailer has 2 types of set-up cost shown in
Table 2.2a.The optimal ordering plans of the two types of the retailer and the supplier’s
production plan corresponding to each type with and without coordination are given
in Table 2.3. With the assumption that each retailer cost type arises with the same
probability, the expected profit of the supplier’s outside option is 728.5 (= 1

2 [791+666]).
The total expected profit of the supplier equals 926 (= 1

2 [1418− 349] + 1
2 [1399− 616]),

leading to about a 27% increase in her expected profit. Observe that the existence of
information asymmetry does not allow the supplier to extract all the efficiency gains
for herself. Rather, the supplier is obliged to give up some information rent to the
retailer because of the latter’s information advantage. In this example, there is an
information rent of 40 (= 1331 + 349− 1640) for the retailer’s type 1 (the type with
the higher set-up cost).

Table 2.2: Parameters in Example 2.1

t 1 2 3 4 5

dt 26 25 29 33 77

pRt 15 20 18 10 15

hRt 10 16 10 15 13

sRt 30 30 30 30 30

KR
1,t 179 199 282 285 292

KR
2,t 29 85 29 43 21

(a) Retailer’s parameters

t 1 2 3 4 5

KS
t 327 280 434 450 338

pSt 2 1 3 4 3

hSt 10 18 11 15 14

sSt 15 20 18 10 15

(b) Supplier’s parameters

2.4.2 Network interpretation
In this subsection, we further analyze the optimization problem formulated in (2.18)-
(2.30). In particular, the aim here is to examine which of IR and IC constraints in
(2.19) and (2.20) are binding at the optimal solution and find a bound for the side
payment quantities when the retailer possesses private information about one of his
cost parameters. To do so, we rely on the rationalizability condition (Rochet, 1987)
for linear valuation functions in the private information that dominant strategy IC
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Table 2.3: Individual and coordinated optimal procurement plans (information asym-
metry on cost)

x1 x2 x3 x4 x5 z Profit

In
di
vi
du

al

pl
an

s

Retailer type 1 51 0 29 33 77 − 1640

Retailer type 2 26 25 29 33 77 − 2596

Supplier for retailer type 1 51 0 62 0 77 − 791

Supplier for retailer type 2 51 0 62 0 77 − 666

C
oo

rd
in
at
ed

pl
an

s

Retailer type 1 contract 51 0 62 0 77 349 1331

Retailer type 2 contract 51 0 61 1 77 616 1980

Supplier for retailer type 1 51 0 62 0 77 − 1418

Supplier for retailer type 2 51 0 62 0 77 − 1399

constraints can be characterized in terms of the absence of finite, negative-length
cycles in the relevant graphs. This result can be extended to a more general class of
utility functions by connecting it to network flow theory (Ahuja et al., 1993). The
network interpretation in this section resembles the interpretation in Vohra (2011),
but the structure of our optimal network is different and more complex as we have
type-dependent outside options. For a fixed set of procurement plans {xR

j }j∈J , the
supplier’s problem of finding optimal side payments reduces to

min

N∑
j=1

zj (2.36)

s.t. z0 − zj ≤ πRj|j − π
R∗
j ∀j ∈ J (2.37)

zk − zj ≤πRj|j − π
R
k|j ∀j, k ∈ J, j 6= k (2.38)

with z0 = 0. Observe that the right-hand sides in (2.37) and (2.38) are constant,
specific to type j and the ordered pair (k, j), respectively. From network flow theory,
we know this problem is equivalent to the dual of a one-to-all longest path problem
with a dummy type 0 as the source. As it is more common to work with a shortest path
problem, in our analysis, we consider −zj which corresponds to the length of a shortest
path. To formally describe the shortest-path network corresponding to the problem
(2.36)-(2.38), we introduce a vertex j for each retailer type j ∈ J . Between every
ordered pair of vertices (k, j), we insert a directed arc of length `(k, j) = πRj|j − π

R
k|j

(the right-hand side in (2.38)). The IR constraints are incorporated by assuming a
dummy type of value 0 with z0 = 0. The length of the arcs from the dummy vertex 0
to a vertex j ∈ J is `(0, j) = πRj|j − π

R∗
j (the right-hand side in (2.37)). Figure 2.1

shows a part of this “network of incentive constraints.”
For a given set of procurement plans {xR

j }j∈J , the set of IC constraints is feasible
if and only if the network has no negative-length cycle (because of the strong duality
theorem). So if the network does have a negative cycle, there is no set of side payments
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1 2 j

πR
j|j − πR

1|j

j + 1 N

πR
j|j − πR

N|j

0

πR
2|2 − πR

1|2

πR
1|1 − πR

2|1

πR
j+1|j+1

− πR
j|j+1

πR
j|j − πR

j+1|j

πR
j|j − πR∗jπR

1|1 − πR∗1

πR
2|2 − πR∗2

Figure 2.1: Network of incentive constraints

that makes the procurement plans incentive compatible. It is known from network
flow theory that in a network without negative-length cycles, one feasible solution
is to assign to each −zj the length of a shortest path from the source vertex to the
vertex associated with −zj (vertex j). Then, −zj is upper bounded by the length of
this shortest path and, by strong duality, the optimal choice of zj would be to set it
equal to minus the length of the shortest path. Finally, by the equivalence of problem
(2.36)-(2.38) to the shortest path problem, we know that arcs on the shortest path
tree (union of all shortest paths from the source to all vertices) correspond to binding
IR and IC constraints.

Next, we discuss the relevant IC constraints and identify the ones that are redundant.
Before that, we give two definitions for a set of ordered retailer types with time-invariant
private cost information.

Definition 1. Monotonic procurement plans. The definition of monotonic pro-
curement plans varies with the retailer’s private information: (a) Suppose the retailer
has private information about his holding cost. For ordered holding costs, a contract
menu consists of monotonic procurement plans if the corresponding total ending in-
ventories across the whole planning horizon are monotonic. That is, if hRj < hRj+1

then
∑T
t=1 I

R
j,t ≥

∑T
t=1 I

R
j+1,t. (b) Suppose the retailer has private information about

his set-up cost. For ordered set-up costs, a contract menu consists of monotonic pro-
curement plans if corresponding total numbers of set-ups across the whole planning
horizon are monotonic. That is, if KR

j < KR
j+1 then

∑T
t=1 y

R
j,t ≥

∑T
t=1 y

R
j+1,t.

Definition 2. Local IC constraints. With ordered types, e.g., hRj−1 < hRj < hRj+1,
IC constraints can be divided into two sets: downward IC (DIC) constraints in which
type j retailer chooses the contract designed for a type with a lower cost and upward
IC (UIC) constraints in which type j retailer chooses the contract designed for a type
with a higher cost. Local DIC and UIC constraints are the constraints corresponding



20 Multi-period supply contracts with asymmetric information

to adjacent types and are as follows

πRj|j + zj ≥ πRj−1|j + zj−1 ∀j ∈ {2, ..., N}

πRj|j + zj ≥ πRj+1|j + zj+1 ∀j ∈ {1, 2, ..., N − 1}.

The global IC constraints are the ones corresponding to non-adjacent types, e.g.,
types j − 1 and j + 1.

As mentioned earlier, given a set of procurement plans, we have a way to check
whether the plans are incentive compatible: we need to ensure that the network
corresponding to the incentive constraints does not contain negative-length cycles.
Theorem 2.2 shows the necessary and sufficient condition under which there is no
negative-length cycle between a pair of vertices. Consequently, Theorem 2.4 shows
that with ordered types, the global IC constraints are implied by the local ones.

Theorem 2.2. A set of procurement plans in a menu of contracts are incentive
feasible iff they are monotonic.

Proof. We prove that a network of incentive constraints associated with the sys-
tem (2.38) does not contain negative-length cycles between pairs of vertices if and
only if the procurement plans in a menu of contracts are monotonic. The claim is
shown for the case of information asymmetry on the retailer’s holding costs. A similar
argument can be used for other private cost parameters. Consider the non-negative
cycle condition applied to cycle j → j + 1→ j in Figure 2.1. With the assumption of
time-invariant holding cost, it implies:

`(j, j + 1) + `(j + 1, j) ≥ 0⇔ πRj+1|j+1 − πRj|j+1 + πRj|j − πRj+1|j ≥ 0

⇔
T∑
t=1

(sRt dt −KR
t y

R
j+1,t − pRt xRj+1,t − hRj+1I

R
j+1,t)−

T∑
t=1

(sRt dt −KR
t y

R
j,t − pRt xRj,t − hRj+1I

R
j,t)+

T∑
t=1

(sRt dt −KR
t y

R
j,t − pRt xRj,t − hRj IRj,t)−

T∑
t=1

(sRt dt −KR
t y

R
j+1,t − pRt xRj+1,t − hRj IRj+1,t) ≥ 0

⇔
T∑
t=1

(hRj+1 − hRj )IRj,t −
T∑
t=1

(hRj+1 − hRj )IRj+1,t ≥ 0

⇔ (hRj+1 − hRj )(
T∑
t=1

IRj,t −
T∑
t=1

IRj+1,t) ≥ 0⇔
T∑
t=1

IRj,t ≥
T∑
t=1

IRj+1,t.

The proof for a cycle on a pair of non-consecutive vertices, i.e., j → j + k → j,
k > 1 is similar. �

Next, we show that the retailer’s revenue has a specific property, which we will use
to simplify the set of incentive constraints.

Lemma 2.3. The retailer’s revenue πRj|k for types j, k ∈ J satisfies the increasing
differences property.
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Proof. The claim that we need to prove varies with the retailer’s private informa-
tion. We need to show that given two ordered types of retailer and two monotonic
procurement plans, xR

j and xR
k , we have

πRk|k′ − πRj|k′ ≥ πRk|j′ − πRj|j′ , (2.39)

where
(a) the retailer has private information about his holding cost and hRj′ < hRk′ ,
(b) the retailer has private information about his set-up cost and KR

j′ < KR
k′ .

We prove the claim in part (a). The proof of part (b) is similar. After substituting in
the expression for πRj|k and canceling common terms, the inequality (2.39) is equivalent
to

(hRk′ − hRj′)(
T∑
t=1

IRj,t −
T∑
t=1

IRk,t) ≥ 0,

which holds by the monotonicity of total ending inventories and hRj′ < hRk′ . �

Theorem 2.4. Given monotonic procurement plans, only local IC constraints matter
out of all the IC constraints.

Proof. We prove the claim for the case of information asymmetry on holding cost. A
similar argument can be used to prove the claim for private set-up cost. With ordered
types, i.e., hRj−1 ≤ hRj , we show that only the local DIC constraints are sufficient. To
do so, we show that the following pair of constraints

πRj|j + zj ≥πRj−1|j + zj−1 (2.40)

πRj−1|j−1 + zj−1 ≥πRj−2|j−1 + zj−2 (2.41)

imply πRj|j + zj ≥ πRj−2|j + zj−2. The rest of DIC constraints will follow by induction
and non-negativity of cycles in the network. Adding (2.40) and (2.41) and rearranging
yields

πRj|j + zj ≥ (πRj−1|j − πRj−2|j)− (πRj−1|j−1 − πRj−2|j−1) + πRj−2|j + zj−2.

The increasing differences property and monotonicity of total ending inventories
imply that

(πRj−1|j − πRj−2|j)− (πRj−1|j−1 − πRj−2|j−1) ≥ 0,

and, therefore, we have
πRj|j + zj ≥ πRj−2|j + zj−2.

Using similar arguments, we can show that global UIC constraints are implied by
the local ones. �
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Theorems 2.2 and 2.4 imply that we can replace the set of IC constraints with
the corresponding monotonicity requirement of procurement plans (see Definition 1)
together with the set of local IC constraints.
To summarize, when a set of procurement plans is incentive compatible (there is

no negative-length cycle in the network of incentive constraints), minus the length
of the shortest path to a vertex (type) is the side payment that the supplier pays to
the retailer while preserving incentive compatibility. To find all the shortest paths
from vertex 0 to each vertex j ∈ J , instead of taking into account the full set of IC
constraints, we have shown that it is sufficient to only consider the subset of local
IC constraints. This means that it is sufficient to ensure that each retailer type has
no incentive to make a “small” misreport of his type. This property enables us to
considerably reduce the number of IC constraints from a quadratic number of n(n− 1)
constraints to a more tractable set with a linear number of 2(n− 1) constraints. This
reduction helps us identify several structural properties of an optimal solution, as
shown in the remainder of this section.

Example 2.2. Suppose the retailer has private information about his time-invariant
holding cost. The supplier assumes 4 possible cost parameters for the retailer, arising
with the same probability: hR1 = 1, hR2 = 5, hR3 = 10, and hR4 = 32. Table 2.4 shows
demand and other cost parameters of the retailer. The supplier’s cost parameters are
given in Table 2.2b with sSt = pRt . The network of incentive constraints for this example
is depicted in Figure 2.2. The colored thick arcs form the shortest path tree and show
the binding IC and IR constraints. Considering the length of the shortest path from
vertex 0 to each vertex, we have z1 = 117, z2 = 299, z3 = 79, and z4 = 0. Table 2.5
shows the optimal menu of contracts.

Table 2.4: Parameters of the retailer’s problem in Example 2.2
t 1 2 3 4 5

dt 26 25 29 33 11
KR
t 150 89 182 165 198
pRt 5 6 7 5 9
sRt 15 20 22 21 19

Table 2.5: Optimal menu of contracts in Example 2.2
Contract x1 x2 x3 x4 x5 z πRj,j πR∗j

Retailer type 1 124 0 0 0 0 117 1434 1434
Retailer type 2 51 0 73 0 0 299 932 1152
Retailer type 3 26 54 0 44 0 79 952 1031
Retailer type 4 26 25 29 33 11 0 899 899

Note that with the simplifying assumption that the outside options of different
retailer types are identical, i.e., πR∗j = πR∗ for j ∈ J , there is only one outgoing arc
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Figure 2.2: Network of incentive constraints in Example 2.2

from vertex 0 which goes to the vertex corresponding to the most inefficient (the one
with the highest cost) type. Because if a menu of contracts allows an inefficient type
to reach his outside option, it will be automatically the case for the efficient types that
have lower costs. Then the shortest path tree rooted at vertex 0 must be a unique
path of 0→ N → ...→ 2→ 1. This implies that zN = −(πRN |N − π

R∗
N ) and for each

type j < N, the side payment is equal to zj = −
∑
j6r6N−1(πRr|r − π

R
r+1|r) + zN . In

this case, the problem is considerably simplified as the zj variables can be eliminated
from the formulation by rewriting them in terms of the retailer’s profit. As shown
in Figure 2.2, in the absence of a common outside option, any of the arcs rooted at
vertex 0 can be part of the shortest path tree.

The next step that we take is to examine whether the set of IC constraints can be
further reduced. Consider Example 2.2 and observe that the horizontal dashed arcs
in Figure 2.2 correspond to the local upward IC (or LUIC) constraints in which the
efficient type pretends to be inefficient. This observation is commonly used in the
mechanism design literature to further reduce the set of IC constraints and uncover
some (qualitative) properties of optimal contracts. Although we can show in our setting
that the total profit of the designed contract for an efficient type is not smaller than
the profit of an inefficient type, i.e., πRj|j+zj > πRj′|j′+zj′ for j < j′, this does not allow
us to conclude that information rents (πRj′|j′ + zj′ −πR∗j′ ) are monotonic. Therefore, we
cannot exclude the possibility that the inefficient type pretends to be efficient. This
unexpected result can be attributed to the consideration of the dependence between
the retailer’s private information and his outside option. The consequence of this
observation is that no further simplification of the set of IC constraints is possible in
our setting. An example in which information rents are not monotonic together with
the conditions under which this happens are given in Subsection 2.4.4.

2.4.3 Contract specification and its properties
We now show the relation between the optimal procurement plans with and without
information asymmetry. Since there is an information gap between the retailer and
supplier and the retailer has an incentive to misreport his type, the procurement plans
of the contracts with information asymmetry may be distorted from the first-best



24 Multi-period supply contracts with asymmetric information

solutions derived in Subsection 2.3.2. We show the relation for the situation in which
the retailer has private information about his holding cost. Similar results can be
derived for the setting with information asymmetry on set-up cost.
Although a contract consists of procurement quantities (xRj,t), it is characterized

by other decision variables since total demand in this section is constant and needs
to be fully satisfied (i.e.,

∑
t x

R
j,t =

∑
t x

R
j′,t =

∑
t dt for j, j

′ ∈ J , j 6= j′). In case of
information asymmetry about holding cost, total ending inventories (

∑T
t=1 I

R
j,t) and in

case of information asymmetry about set-up cost, total number of set-ups (
∑T
t=1 y

R
j,t)

turn out to specify the contracts.
The following theorem illustrates how the optimal ending inventories with informa-

tion asymmetry for the most (in)efficient types are compared to the first-best solutions.
To show the relation, we consider the first-best solution with the largest (smallest)
total ending inventories in case there are multiple optimal first-best solutions for the
most efficient (inefficient) type.

Theorem 2.5. Suppose the retailer has private information about his time-invariant
holding cost and hR1 < ... < hRj < ... < hRN . It holds that ĪN ≤ ÎN ≤ Î1 ≤ Ī1, where
for j ∈ {1, N}, Īj =

∑T
t=1 I

Ropt

j,t is the total ending inventories of the optimal contract
with information asymmetry and Îj =

∑T
t=1 Î

Rfb

j,t is the total ending inventories of the
first-best solution.

Proof. By performing a parametric analysis of a two-level ELS model (similar to Van
Hoesel and Wagelmans (2000)), we have ÎN ≤ Î1. We prove ĪN ≤ ÎN by contradiction
and leave out the similar proof for Î1 ≤ Ī1. The idea of proof is to find a more profitable
contract menu for the supplier compared to {(Ī1, zopt1 ), ..., (Īj , z

opt
j ), ..., (ĪN , z

opt
N )}.

Suppose ĪN > ÎN . The variables associated with the optimal solutions of the first-best
and outside option models are denoted respectively by superscripts hat (^) and star
(*). We know that the retailer gets no information rent in the first-best solution, i.e.,
π̂RN |N + ẑN = πR∗N and therefore

ẑN = KR
T∑
t=1

(ŷRN,t − yR∗N,t) + hRN

T∑
t=1

(ÎRN,t − IR∗N,t) ≥ 0.

As the total profit of a retailer’s type should not be smaller than his outside option,
it holds that πR∗N = π̂RN |N + ẑN ≥ πR

opt

N |N . Hence, there exists an ε ≥ 0 such that
πR

opt

N |N + zoptN = π̂RN |N + ẑN + zoptN − ε. After substituting in expressions for profits and
side payments, ε is equivalent to

ε = KR
T∑
t=1

(yR
opt

N,t − yR∗N,t) + hR2

T∑
t=1

(IR
opt

N,t − IR∗N,t) ≥ 0.
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We will show that the modified menu of contracts {(Ī1, zopt1 ), ..., (Īj , z
opt
j ), ..., (ÎN,, z

opt
N +

ẑN − ε)} is feasible and results in a higher expected profit for the supplier compared to
the optimal menu. First, we verify the menu’s feasibility. Set z̃N = zoptN + ẑN − ε and
let π̃RN |j denote the profit of the modified contract of type j. The relevant incentive
feasible constraints are

πR
opt

j|j + zoptj ≥π
R∗
j ∀j ∈ J \ {N} (2.42)

π̃RN |1 + z̃N≥ πR∗N (2.43)

π̃RN |N + z̃N≥ πR
opt

j|N + zoptj ∀j ∈ J (2.44)

πR
opt

j|j + zoptj ≥ π̃
R
N |j + z̃N . ∀j ∈ J (2.45)

Using π̃RN |N = π̂RN |N , we can verify that constraints (2.42)-(2.44) are satisfied. We
check the feasibility of constraint (2.45), where one of the more efficient types chooses
the contract designed for type N . To do so, we show that πR

opt

N |j + zoptN > π̃RN |j + z̃N .

πR
opt

N |j + zoptN =

T∑
t=1

(sRdt −KRyR
opt

N,t − pRxR
opt

N,t − hRj IR
opt

N,t ) + zoptN

π̃RN |j+z̃N =

T∑
t=1

(sRdt −KRỹRN,t − pRx̃RN,t − hRj ÎRN,t) + zoptN + ẑN

− ε+ hRj

T∑
t=1

(IR
opt

N,t − IR
opt

N,t )

= πR
opt

N |j + zoptN + (hRj − hRN )

T∑
t=1

IR
opt

N,t + (hRN − hRj )

T∑
t=1

ÎRN,t

= πR
opt

N |j + zoptN + (hRj − hRN ) (ĪN − ÎN )︸ ︷︷ ︸
>0, by assumption

<πR
opt

N |j + zoptN

To illustrate that the expected profit is higher with the modified menu, we consider
two cases: (i) 0 ≤ ε < zN and (ii) ε = zN . The supplier’s profit of the first-best
solution for type N is π̂SN − ẑN and we have π̂SN − ẑN ≥ πSN − z

opt
N . The supplier’s

profit of offering contract N of the modified menu is π̂SN − ẑN + zoptN − ε. In Case
(i), zoptN − ε > 0 and therefore the modified menu results in a higher supplier’s profit
than the optimal menu with information asymmetry. This is a contradiction to the
optimality of {(Ī1, zopt1 ), ..., (Īj , z

opt
j ), ..., (ĪN , z

opt
N )} and hence ĪN ≤ ÎN . In Case (ii),

πR
opt

N |N +zoptN = π̂RN + ẑN = πR∗N and therefore π̂SN− ẑN +zoptN −ε = π̂SN− ẑN = πSN−z
opt
N .

That is, the modified contract coordinates the whole supply chain and hence it is a
first-best solution as well. This, however, contradicts the assumption that ĪN > ÎN . �
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This theorem shows that the difference of total ending inventories of the optimal
contracts for the most efficient and inefficient types (Ī1 − ĪN ) is larger with informa-
tion asymmetry than the difference (Î1 − ÎN ) with information symmetry. That is,
information asymmetry induces an efficient (low-cost) retailer to hold more inventories
or an inefficient (high-cost) retailer to keep fewer inventories. Such distortions lead to
the inefficiency of the overall supply chain performance.
Note that in a binary type-space, Theorem 2.5 completely specifies the relations

between the optimal ending inventories with and without information asymmetry.

2.4.4 Additional structural properties

In this subsection we present several interesting properties of the optimal solution with
respect to the retailer’s opportunistic behavior. The results are given for a situation in
which the retailer has private information about his holding cost. Similar results can
be derived for other cost parameters. First, in a setting with two retailer types, we
provide an example in which information rents are non-monotonic and demonstrate
how the network of incentive constraints looks like at the optimum. This allows us to
identify the conditions under which information rents are not monotonic.

Example 2.3. Suppose the retailer has private information about his time-invariant
holding cost. The supplier assumes 2 possible cost parameters with the same probability:
hR1 = 4.9 and hR2 = 7.6. We have hSt = hS = 1, pRt = pSt = p = 0, and sRt = sR = 5.
Table 2.6 shows the demand and set-up cost of the retailer and supplier. The associated
network of incentive constraints is illustrated in Figure 2.3. The colored thick arc from
vertex 1 to 2 represents the binding IC constraint in which type 2 (inefficient type)
chooses the contract designed for type 1 (efficient type). Table 2.7 shows the optimal
menu. Observe that the inefficient type’s information rent is 1 while there is no rent
for the efficient type.

Table 2.6: Parameters of the problem in Example 2.3
t 1 2 3 4 5

dt 5 6 12 6 20
KS
t 151 40 186 50 190

KR
t 38 38 38 38 38

Table 2.7: Optimal menu of contracts in Example 2.3
Contract x1 x2 x3 x4 x5 z πRj,j πR∗j

Retailer type 1 11 0 12 6 20 8.6 63.6 72.2
Retailer type 2 5 6 12 6 20 1 55 55
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Figure 2.3: Network of incentive constraints in Example 2.3

The procurement plans of the optimal menu of contracts with information asymmetry
depend on a ratio associated with the retailer’s types. In particular, for the setting
with binary type-space and information asymmetry about the retailer’s holding cost,
we define

Ĩ =
πR∗1 − πR∗2

hR2 − hR1
.

The quantity Ĩ measures the efficient type’s benefit from his outside option relative
to his cost efficiency. Therefore, a large Ĩ suggests that the cost advantage of the
retailer is highly valued. The optimal procurement plans with information asymmetry
can be compared with Ĩ to find out which incentive constraints are relevant at the
optimum, as the following theorem shows.

Theorem 2.6. Suppose the retailer has private information about his time-invariant
holding cost and hR1 < hR2 . Let Īi =

∑T
t=1 I

Ropt

i,t be total optimal ending inventories
across the planning horizon. For a separating menu (i.e., Ī1 6= Ī2), the structure of
the network of incentive constraints at the optimum is as follows.

Ĩ < Ī2

Rent for
efficient type

Form (a)

1 2

0

Ĩ = Ī2

Form (b)

1 2

0

Ī2 < Ĩ < Ī1

Form (c)

1 2

0

Ĩ = Ī1

Form (d)

1 2

0

No information rent

Ĩ > Ī1

Form (e)

1 2

0

Rent for
inefficient type

Proof. With 2 retailer types, the optimal solution of the supplier’s problem in (2.36) -
(2.38) exhibits one of the 5 different forms. We show the relation between Ĩ and relevant
total ending inventories for Form (e) (the structure corresponding to Example 2.3),
see the appendix at the end of this chapter for the analysis of other forms. In case of
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Form (e), the IR of the efficient type and the IC of the inefficient type are binding.
In this form, z1 = πR∗1 − πR1|1, z2 = πR1|2 − π

R
2|2 + z1, z2 > πR∗2 − πR2|2 and information

rents are not monotonic. That is,

πR2|2 + πR1|2 − π
R
2|2 + z1 − πR∗2 > πR1|1 + z1 − πR∗1

⇔ πR∗1 − πR∗2 > πR1|1 − π
R
1|2 = (hR2 − hR1 )

T∑
t=1

IR
opt

1,t ⇔ Ĩ >

T∑
t=1

IR
opt

1,t .

�

When Ĩ is sufficiently small, the efficient type’s cost advantage is undervalued as the
difference between the efficient and inefficient type’s outside options is small relative
to their holding cost difference. In this case, the efficient type has an incentive to
exaggerate his holding cost to gain a higher side payment, violating the efficient type’s
IC constraint. To weaken such an incentive, the supplier must induce the inefficient
type to keep less inventories (making the efficient type’s IC binding) and may pay an
information rent to the efficient type (making IR of the efficient type not binding). It
should be noted that this case corresponds to the well-studied situation where the
retailer’s outside option is type-independent (i.e., Ĩ = 0).
Conversely, when Ĩ is sufficiently large, the efficient type’s cost advantage is over-

valued. In this situation, the designed contract induces the efficient type to keep
more inventories in order to avoid misreporting by the inefficient type (making the IC
constraint of the inefficient type binding), who in turn, may gain an information rent
(making the inefficient type’s IR not binding).

When Ĩ is in an intermediate range, both types have no incentive to misreport their
holding costs, and the supplier maximizes her profit by offering no information rent
to either type.

Note that using Theorems 2.5 and 2.6 together in case Î2 < Ĩ < Î1, we know upfront
that the IR constraints of both the efficient and inefficient types are binding. Hence
the optimal contracts are the first-best solutions for each retailer type and no further
optimization is needed.
When the optimal menu of contracts is not separating (i.e., Ī1 = Ī2), both IC con-

straints are binding at the optimum and therefore the network of incentive constraints
contains a cycle. In this case, the optimal solution exhibits 3 additional structures
(depending on which IR is binding) compared to those in Theorem 2.6.

In the following, we show some more structures on the optimal shortest path tree.
An assumption here is that types are equally spaced. That is, for hRj−1 < hRj < hRj+1,
hRj −hRj−1 = hRj+1−hRj = 4h. In addition, we invoke the assumption that the optimal
procurement plans of outside options of different types are not all three the same. In
this situation, one can verify that πR∗j−1 − πR∗j > πR∗j − πR∗j+1 for j ∈ J .

Proposition 2.7. Consider 3 adjacent types with hRj−1 < hRj < hRj+1 such that types
are equally spaced and the optimal procurement plans of outside options are not all
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three the same. If arc (0,j) is on the shortest-path tree and the other types do not
intend to choose the contract designed for their true type, they misreport their types
either upwards or downwards but not both.

Proof. The part of the network of incentive constraints with 3 types that contains
arcs (0, j), (j, j + 1) and (j, j − 1) (i.e., a T structure) can have 16 different forms, as
shown in Figure 2.6 in the appendix. It suffices to prove the claim for Case (a) since it
is the sub-graph in all the other cases. It is clear from the network that zj = πR∗j −πRj|j ,
zj−1 = πRj|j−1 − π

R
j−1|j−1 + zj , and zj+1 = πRj|j+1 − π

R
j+1|j+1 + zj . Type j gets no

information rent, while the other 2 types may benefit from a positive rent. Comparing
the rents of types j and j + 1, we have

πRj|j + zj − πR∗j ≤ πRj+1|j+1 + zj+1 − πR∗j+1 = πRj+1|j+1 + πRj|j+1 − πRj+1|j+1 + zj − πR∗j+1

⇔ πR∗j − πR∗j+1 ≥ πRj|j − πRj|j+1 = (hRj+1 − hR1j)
T∑
t=1

IR
opt

j,t .

With a similar analysis for types j and j − 1, we can show that πR∗j−1 − πR∗j ≤
4h

∑T
t=1 I

Ropt

2,t and therefore πR∗j−1 − πR∗j ≤ 4h
∑T
t=1 I

Ropt

2,t ≤ πR∗j − πR∗j+1. This con-
tradicts πR∗j−1 − πR∗j > πR∗j − πR∗j+1. �

Corollary 2.8. In case arc (0,j) is on the shortest path tree, at most one of the
adjacent types to type j picks the contract designed for type j.

Proof. As we only need to consider local IC constraints, the outgoing arcs from vertex j
can be (j, j − 1) and (j, j + 1). This implies that both arcs are parts of the optimal
tree which contradicts the result in Proposition 2.7. �

We have shown in Proposition 2.7 that types j − 1 and j + 1 do not simultaneously
pick the contract designed for type j. It is, however, possible that type j simultaneously
picks the contracts designed for types j − 1 and j + 1.

Remark 2.9. In case arc (0, j) is on the shortest path tree, type j can simultaneously
misreport his type both upwards and downwards.

The part of the network of incentive constraints with 3 types that contains arcs (j−
1, j) and (j + 1, j) can have 6 different forms, as illustrated in Figure 2.7 in the
appendix. Our simulation results confirm that all these structures do appear in the
optimal tree.

2.5 Optimal menu with two dimensions of cost
information asymmetry

In this section, we analyze the case that the retailer has private information about
two of his cost parameters. In subsection 2.5.1, we formulate the supplier’s problem
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of designing optimal contract menus with two dimensions of information asymmetry.
Next, subsection 2.5.2 presents the network interpretation of the supplier’s problem.

2.5.1 Formulation

As in the previous section, suppose the supplier is uncertain about a cost parameter.
She believes that the retailer can have N cost types with the associated probabilities
P cj ≥ 0 for j ∈ J = {1, 2, ..., N} and

∑N
j=1 P

c
j = 1. The supplier also believes that

the retailer can have M set-up cost types with associated probabilities P di ≥ 0 for
i ∈ I = {1, 2, ...,M} and

∑M
i=1 P

d
i = 1. The retailer knows his set-up cost with

certainty. With the assumption that set-up and holding cost types are independent,
the supplier’s belief satisfies Pi,j = (P di )(P cj ) for i ∈ I, j ∈ J and

∑
i∈I,j∈J Pi,j = 1.

The type of the retailer throughout this section is identified by a pair of indices, each
representing a dimension of private information.
The sequence of events is as follows. At the beginning, the retailer knows both

his set-up and holding cost type, unobserved by the supplier. Being aware of the
possible cost types, the supplier computes the optimal profits of the retailer for each
type (πR∗i,j ). Then she offers a menu of “procurement plan-side payment” contracts
{(xi,j,t)t∈T , zi,j} for each pair of retailer types (i, j) such that her expected profit is
maximized. The retailer either selects one of the contracts in the menu or imposes his
own optimal plan on the supplier. The supplier’s problem of designing the optimal
menu with two dimensions of information asymmetry on cost parameters can be
formulated as follows:

max

M∑
i=1

N∑
j=1

Pi,j(

T∑
t=1

(pRt x
R
i,j,t −KS

t y
S
i,j,t − pSt xSi,j,t − hSt ISi,j,t)− zi,j) (2.46)

πR,i,ji,j + zi,j ≥ πR∗i,j ∀i ∈ I, ∀j ∈ J (2.47)

πR,i,ji,j + zi,j ≥ πR,i,ji′,j′ + zi′,j′ ∀i, i′ ∈ I, ∀j, j′ ∈ J (2.48)

πR,i,ji′,j′ =

T∑
t=1

(sRt dt −KR
i,ty

R
i′,j′,t − pRt xRi′,j′,t − hRj,tIR,i,ji′,j′,t) ∀i, i′ ∈ I, ∀j, j′ ∈ J (2.49)

IR,i,ji′,j′,t−1 + xRi′,j′,t = dt + IR,i,ji′,j′,t ∀t ∈ T ,∀i, i′ ∈ I, ∀j, j′ ∈ J (2.50)

xRi,j,t ≤ dt,T y
R
i,j,t ∀t ∈ T ,∀i ∈ I, ∀j ∈ J (2.51)

xRi,j,t ≥ yRi,j,t ∀t ∈ T ,∀i ∈ I, ∀j ∈ J (2.52)

ISi,j,t−1 + xSi,j,t = xRi,j,t + ISi,j,t ∀t ∈ T ,∀i ∈ I, ∀j ∈ J (2.53)

xSi,j,t ≤ dt,T y
S
i,j,t ∀t ∈ T ,∀i ∈ I, ∀j ∈ J (2.54)

xRi,j,t ∈ Z+ ∀t ∈ T , ∀i ∈ I, ∀j ∈ J (2.55)

zi,j , x
S
i,j,t, I

S
i,j,t, I

R,i,j
i′,j′,t ≥ 0 ∀t ∈ T , ∀i, i′ ∈ I, ∀j, j′ ∈ J (2.56)

ySi,j,t, y
R
i,j,t ∈ {0, 1} ∀t ∈ T , ∀i ∈ I, ∀j ∈ J (2.57)
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ISi,j,0, I
R,i,j
i′,j′,0 = 0. ∀i, i′ ∈ I, ∀j, j′ ∈ J (2.58)

We impose a restriction on the form of the offered contracts: we assume that with
stationary cost parameters for both the retailer and supplier, the set of procurement
plans satisfy the property of a “consistent contract.” While it is challenging to show
analytically, the findings from our extensive numerical study indicate that the optimal
contracts do satisfy this property. This is also corroborated by the fact that it is an
intuitive property to consider for the set of contracts and easy to formalize.

Definition 3. Consistent contracts. Consider the case where the retailer has
private information about his set-up and holding cost. A contract is consistent if (a)
for a fixed set-up cost, the number of set-ups across the whole planning horizon increases
as holding cost increases, i.e., for each KR

i , if hRj < hRj′ then
∑
yRi,j,t ≤

∑
yRi,j′,t; (b)

for a fixed holding cost, the total quantity of ending inventories across the whole
planning horizon increases as set-up cost increases, i.e., for each hRj , if KR

i < KR
i′

then
∑
IR,i,ji,j,t ≤

∑
IR,i

′,j
i′,j,t .

The consistent contract property can be easily incorporated into the supplier’s
problem by imposing the following constraints

T∑
t=1

yRi,j,t ≤
T∑
t=1

yRi,j′,t ∀i ∈ I, ∀j, j′ ∈ J, j < j′ (2.59)

T∑
t=1

IR,i,ji,j,t ≤
T∑
t=1

IR,i
′,j

i′,j,t . ∀i, i′ ∈ I, i < i′, ∀j ∈ J (2.60)

Note that the consideration of consistent contracts does not lead to an empty feasible
region as the outside option of each type (i, j) is a feasible solution that satisfies the
consistency property (see Van Hoesel and Wagelmans (2000)). An example of this
setting is given in Subsection 2.5.2.

2.5.2 Network interpretation

In this subsection, we take a closer look at the model with information asymmetry
on two cost parameters. We discuss the relevant IC constraints in (2.48) and identify
the redundant ones. Throughout this subsection, we assume that the retailer’s cost
parameters are time-invariant.
To structure our analysis, we first classify the set of IC constraints as follows. A

retailer type is a pair of (i, j) where i is the set-up cost and j is the holding cost and
KR
i′ > KR

i , while hRj′ < hRj . The set of IC constraints in (2.48) can be divided into
eight sets as follows:
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i, j i, j′

i′, j i′, j′

Figure 2.4: Network of incentive constraints with two dimensions of private information

• Vertical upward IC (VUIC) constraints: The retailer type (i, j) chooses
the contract designed for type (i′, j) where i′ > i:

πR,i,ji,j + zi,j ≥ πR,i,ji′,j + zi′,j .

• Vertical downward IC (VDIC) constraints: The retailer type (i′, j) chooses
the contract designed for type (i, j) where i′ > i:

πR,i
′,j

i′,j + zi′,j ≥ πR,i
′,j

i,j + zi,j .

• Horizontal downward IC (HDIC) constraints: The retailer type (i, j)
chooses the contract designed for type (i, j′) where j′ < j:

πR,i,ji,j + zi,j ≥ πR,i,ji,j′ + zi,j′ .

• Horizontal upward IC (HUIC) constraints: The retailer type (i, j′) chooses
the contract designed for type (i, j) where j′ < j:

πR,i,j
′

i,j′ + zi,j′ ≥ πR,i,j
′

i,j + zi,j .

• Diagonal downward IC (DDIC) constraints: The retailer type (i′, j′)
chooses the contract designed for type (i, j) where i′ > i and j′ < j:

πR,i
′,j′

i′,j′ + zi′,j′ ≥ πR,i
′,j′

i,j + zi,j .

• Diagonal upward IC (DUIC) constraints: The retailer type (i, j) chooses
the contract designed for type (i′, j′) where i′ > i and j′ < j:

πR,i,ji,j + zi,j ≥ πR,i,ji′,j′ + zi′,j′ .

• Off-diagonal downward IC (ODDIC) constraints: The retailer type (i′, j)
chooses the contract designed for type (i, j′) where i′ > i and j′ < j:

πR,i
′,j

i′,j + zi′,j ≥ πR,i
′,j

i,j′ + zi,j′ .
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• Off-diagonal upward IC (ODUIC) constraints: The retailer type (i, j′)
chooses the contract designed for type (i′, j) where i′ > i and j′ < j:

πR,i,j
′

i,j′ + zi,j′ ≥ πR,i,j
′

i′,j + zi′,j .

In addition to the previously considered IC constraints in the one-dimensional case,
the two-dimensional setting requires us to consider new diagonal IC constraints.
Next, we simplify the set of IC constraints. Theorems 2.10 and 2.11 respectively

show under which conditions the horizontal and vertical IC constraints are satisfied.
The sufficiency of local upward/downward horizontal and vertical IC constraints is
shown in Theorem 2.12.

Theorem 2.10. A set of procurement plans satisfies HUIC and HDIC constraints iff
it is monotonic in the holding cost (j) component.

Proof. With a fixed set-up cost (KR
i ) and hRj′ < hRj , consider the non-negative cycle

condition applied to cycle (i, j)→ (i, j′)→ (i, j) in Figure 2.4. Given the assumption
of time-invariant procurement, holding and set-up cost, it implies

(πR,i,j
′

i,j′ − πR,i,j
′

i,j ) + (πR,i,ji,j − πR,i,ji,j′ ) ≥ 0

⇔
T∑
t=1

(sRt dt −KR
i y

R
i,j′,t − pRt xRi,j′,t − hRj′IR,i,j

′

i,j′,t )−
T∑
t=1

(sRt dt −KR
i y

R
i,j,t − pRt xRi,j,t − hRj′IR,i,j

′

i,j,t )

+

T∑
t=1

(sRt dt −KR
i y

R
i,j,t − pRt xRi,j,t − hRj IR,i,ji,j,t )−

T∑
t=1

(sRt dt −KR
i y

R
i,j′,t − pRt xRi,j′,t − hRj IR,i,ji,j′,t ) ≥ 0

⇔
T∑
t=1

hRj′(I
R,i,j′

i,j,t − I
R,i,j′

i,j′t ) +

T∑
t=1

hRj (I
R,i,j
i,j′,t − I

R,i,j
i,j,t ) ≥ 0.

(2.61)

We know that IR,i,j
′

i,j,t = IR,i,ji,j,t and IR,i,j
′

i,j′t = IR,i,ji,j′,t . Therefore, (2.61) is equivalent to

T∑
t=1

(hRj′ − hRj )(IR,i,j
′

i,j,t − I
R,i,j′

i,j′t ) ≥ 0⇔
T∑
t=1

IR,i,j
′

i,j,t ≤
T∑
t=1

IR,i,j
′

i,j′t .
�

Theorem 2.11. A set of procurement plans satisfies VUIC and VDIC constraints iff
it is monotonic in the set-up cost (i) component.

Proof. With a fixed holding cost (hRj ) and KR
i′ > KR

i , consider the non-negative cycle
condition applied to cycle (i, j)→ (i′, j)→ (i, j) in Figure 2.4. With stationary cost
parameters for the retailer, it is easy to verify that the theorem holds by substituting
in the expression for πR,i,ji,j and canceling common terms. �

Theorem 2.12. Out of all the horizontal and vertical downwards constraints, only
the local downward constraints relating (i+1,j) and (i,j), and relating (i,j+1) and
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(i,j) matter. Only the local upward constraints relating (i,j) and (i+1,j), and (i,j) and
(i,j+1) matter out of all the horizontal and vertical upward constraints.

Proof. Similar to the proof of Theorem 2.4 in Section 2.4. �

The following theorem shows the redundancy of diagonal IC constraints.

Theorem 2.13. The upward/downward diagonal IC constraints are implied by the rel-
evant horizontal and vertical IC constraints. More specifically, (a) the DDIC constraints
relating type (i′, j′) to (i, j) where KR

i′ > KR
i and hRj′ < hRj :

πR,i
′,j′

i′,j′ + zi′,j′ ≥ πR,i
′,j′

i,j + zi,j , (2.62)

are implied by the HUIC and VDIC constraints, and (b) the DUIC constraints relating
type (i, j) to (i′, j′) where KR

i′ > KR
i and hRj′ < hRj :

πR,i,ji,j + zi,j ≥ πR,i,ji′,j′ + zi′,j′ (2.63)

are implied by HDIC and VUIC constraints.

Proof. We prove the claim in part (a). The proof of part (b) is similar. There are two
sets of HUIC and VDIC constraints that can be considered to prove the claim. We use
the HUIC constraint, relating (i, j′) and (i, j), and VDIC constraint, relating (i′, j′)
and (i, j′). Note that we could have used the other set (VDIC constraint, relating
(i′, j) and (i, j) and HUIC constraint, relating (i′, j′) and (i′, j)) to prove the claim
with a similar argument.

Consider the HUIC and VDIC constraints:

πR,i,j
′

i,j′ + zi,j′ ≥πR,i,j
′

i,j + zi,j

πR,i
′,j′

i′,j′ + zi′,j′ ≥πR,i
′,j′

i,j′ + zi,j′ .

By adding these two inequalities and rearranging, we have

πR,i
′,j′

i′,j′ + zi′,j′ − πR,i
′,j′

i,j − zi,j ≥ (πR,i,j
′

i,j − πR,i,j
′

i,j′ )− (πR,i
′,j′

i,j − πR,i
′,j′

i,j′ ). (2.64)

After substituting in the expression for πR,i
′,j′

i′,j′ and canceling common terms, the
right-hand-side of (2.64) is equivalent to

T∑
t=1

(KR
i −KR

i′ )(y
R
i,j′,t − yRi,j,t).

It is a non-negative value under the assumption of consistent contracts and therefore
we have

πR,i
′,j′

i′,j′ + zi′,j′ − πR,i
′,j′

i,j − zi,j ≥ 0,
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which is equivalent to (2.62) and proves the claim. �

To summarize, all the global HDIC, HUIC, VDIC, VUIC plus all the (local and
global) DUIC and DDIC constraints are not relevant at the optimal solution. Consider
for instance the situation where M = N = 4. To find all the shortest paths from
the vertex (0, 0) to each vertex and therefore determine the side payment quantities,
we only need to consider a subset of 120 IC constraints instead of the full set with
240 constraints. The following example demonstrates an interesting property of the
retailer’s opportunistic behavior when he has private information about two of his
cost parameters.

Example 2.4. Suppose the retailer has private information about his holding and
set-up costs. The supplier assumes 2 stationary set-up and holding costs, arising with
the same probability: hR1 = 9.5, hR2 = 6.2, KR

1 = 154.7, and KR
2 = 280.3. Other

cost parameters are SR = 18, PR = 7.1, KS = 563.2, hS = 3.7, and PS = 8.8.
Demand is given by d = (37, 74, 34, 79, 18). Figure 2.5 illustrates the network of
incentive constraints in this example. For clarity, we only show the binding IR and
IC constraints. Minus the length of the shortest path from the dummy type (0, 0) to
each type is a lower bound for the optimal side payment quantities. Table 2.8 shows
the optimal menu of contracts.

hR1 ,K
R
1 hR1 ,K

R
2

hR2 ,K
R
1 hR2 ,K

R
2

0, 0
−16.3 −80.9

−364.5
38

Figure 2.5: Network of incentive constraints in Example 2.4

Table 2.8: Optimal menu of contracts in Example 2.4
Contract x1 x2 x3 x4 x5 z πRj,j πR∗j

Retailer type (1,1) 37 74 34 97 0 16.3 1848.0 1864.3

Retailer type (1,2) 41 104 0 97 0 97.2 1826.5 1907.4

Retailer type (2,1) 37 108 0 97 0 59.2 1302.9 1345.6

Retailer type (2,2) 145 0 0 97 0 461.7 1085.2 1474.5

Observe that in Example 2.4, a type that is strong in two dimensions may pretend
to be weak in both dimensions. In general, a type with two weak (strong) dimensions
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may make a profit by choosing a contract designed for a type with two strong (weak)
dimensions. It is, however, not profitable for a type with low set-up and high holding
cost to pretend to have high set-up and low holding cost and vice versa. In other
words, unless a retailer type is strong (weak) in both dimensions, he does not make a
profit by choosing a contract designed for a type that is different from his real type in
both dimensions. This is what we have shown in Theorem 2.13.

2.6 Optimal menu with asymmetric demand
information

Rather than only having uncertainty about cost parameters, in this section, we analyze
the case that the supplier is uncertain about customer demand at the retailer’s
level. The supplier believes that the retailer can have M demand scenarios with the
associated probabilities P di ≥ 0 for i ∈ I = {1, 2, ...,M} and

∑M
i=1 P

d
i = 1. The retailer

knows his demand scenario with certainty.
The incorporation of demand uncertainty in the model requires us to keep track of

shortages that may occur at the retailer’s level. We consider the case where there are
stockouts, i.e., demand is not satisfied or backlogged but lost. We introduce a new
decision variable and a new parameter. LRi′|i,t is the quantity of unsatisfied demand in
period t of retailer type i, who chooses the contract designed for the retailer of type i′.
Parameter sRt accounts for the stockout cost of the retailer in period t. Stockout costs
are not easy to quantify and typically estimated by selling price (see e.g., Aksen et al.
(2003)).

In this model, the retailer’s inventory level depends not only on the actual cost
type and demand scenario, but also on the chosen contract: IRi′|i,t denotes the ending
inventory level in period t of retailer type i who chooses the contract designed for
type i′.
The retailer’s revenue in a period t is the product of the realized sales and the

corresponding unit selling price. The realized sale in period t is given by di,t − LRi′|i,t,
demand minus shortage in period t. With the assumption that sRt denotes the unit
revenue in period t, the retailer’s revenue is

∑
t∈T s

R
t di,t.

The sequence of events is as follows. At the beginning, the retailer observes customer
demand. Being aware of possible cost and demand types, the supplier computes the
optimal ordering profit of the retailer for each type (πR∗i ). Then she offers a menu of
“procurement plan-side payment” contracts {(xi,t)t∈T , zi} for each retailer type i such
that her expected profit is maximized. The retailer either selects one of the contracts
in the menu or imposes his own optimal plan on the supplier.
As the supplier moves first and offers a menu of contracts, she needs to consider

the retailer’s reaction to the proposed offer in her optimization problem. Therefore,
in the current setting with private information on customer demand, the supplier’s
optimization problem entails a nested (bi-level) optimization task that corresponds to
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the retailer’s optimization problem. The upper-level optimization task corresponds
to the supplier’s problem, and the lower-level optimization task corresponds to the
retailer’s problem.
In the models with private cost information, we do not need to consider a bi-level

optimization problem since by choosing a contract, the retailer’s optimal procurement
plan, and hence the corresponding inventory levels are fully specified. This is, however,
not the case in the setting with demand uncertainty. Given both the procurement
quantities in the chosen contract (which is not targeted to his real type) and the real
demand scenarios, the retailer needs to determine how much demand to lose, when to
lose this demand, and how much inventory to hold in each period such that his total
profit is maximized. That is, the optimal quantities of yRi,t, LRi′|i,t, and I

R
i′|i,t need to

be specified.
The supplier’s bi-level optimization problem in the setting with information asym-

metry on demand can be formulated as:

max

M∑
i=1

Pi(

T∑
t=1

(pRt x
R
i,t −KS

t y
S
i,t − pSt xSi,t − hSt ISi,t)− zi) (2.65)

s.t. πRi|i + zi ≥ πR∗i ∀i ∈ I (2.66)

πRi|i + zi ≥ πRi′|i + zi′ ∀i, i′ ∈ I (2.67)

ISi,t−1 + xSi,t = xRi,t + ISi,t ∀t ∈ T , ∀i ∈ I (2.68)

xSi,t ≤ max
k∈I
{dk,1,T }ySi,t ∀t ∈ T , ∀i ∈ I (2.69)

xRi,t ∈ Z+ ∀t ∈ T , ∀i ∈ I (2.70)

zi, x
S
i,t, I

S
i,t ≥ 0 ∀t ∈ T , ∀i ∈ I (2.71)

ySi,t ∈ {0, 1} ∀t ∈ T , ∀i ∈ I (2.72)

ISi,0 = 0, ∀i ∈ I (2.73)

in which πRi|i is the outcome of the following optimization problem:

πRi′|i = max

T∑
t=1

(sRt di,t −KR
t y

R
i′,t − pRt xRi′,t − hRt IRi′|i,t − sRt LRi′|i,t) ∀i, i′ ∈ I (2.74)

s.t. IRi′|i,t−1 + xRi′,t = di,t + IRi′|i,t − LRi′|i,t ∀t ∈ T , ∀i, i′ ∈ I (2.75)

xRi,t ≤ max
k∈I
{dk,1,T }yRi,t ∀t ∈ T , ∀i ∈ I (2.76)

LR,i′|i,t ≤ di,t ∀t ∈ T , ∀i, i′ ∈ I (2.77)

IRi′|i,t, L
R
i′|i,t ≥ 0 ∀t ∈ T , ∀i, i′ ∈ I (2.78)

yRi,t ∈ {0, 1} ∀t ∈ T , ∀i ∈ I (2.79)

IRi′|i,0 = 0. ∀i, i′ ∈ I (2.80)
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The decision variables in this bi-level problem have index i ∈ I = {1, 2, ...,M},
representing demand scenarios. For instance, xRi,t is the procurement quantity in the
contract of the retailer type i in period t. πRi′|i (in (2.74)) is the profit of the retailer of
type i who chooses the contract for the retailer type i′. In the set-up forcing constraints
(2.69) and (2.76), the maximum total demand across all the possible demand scenarios
is considered as an upper bound for the procurement quantities in each period t.
Constraints (2.77) ensure that the retailer’s stockout quantity in period t does not
exceed the demand of that period.
Solving bi-level problems is hard in general: even the simplest bi-level linear pro-

gramming (LP) problem where both the upper and lower level problems are LP is
NP-hard to solve (in contrast to a single level LP), see e.g., Ben-Ayed and Blair (1990)
and no standard solver is available. We will show that we can transform the bi-level
optimization problem into a single-level variant to remove a part of the difficulty and
make it solvable using standard solvers like Cplex or Gurobi. To do so, we consider
the lower level (retailer’s) problem in more detail. For clarity, we leave out all the
subscripts and superscripts representing the retailer types. The retailer’s optimization
problem is as follows

max
yt,It,Lt

T∑
t=1

(stdt −Ktyt − ptxt − htIt − stLt) (2.81)

s.t. It−1 + xt + Lt = dt + It ∀t ∈ T
xt ≤ ytd1,T ∀t ∈ T
Lt ≤ dt ∀t ∈ T

It, Lt ≥ 0 ∀t ∈ T
yt ∈ {0, 1} ∀t ∈ T
I0 = 0.

In this formulation, xt is given in the contract and the retailer knows his real
demand scenario. The supplier solves the above mixed-integer linear program to find
the optimal quantities of yt, Lt, and It.

Next, we demonstrate that the retailer’s optimization problem can be written as a
system of linear (in)equalities. The following theorems show that there is one unique
optimal solution, satisfying the property that LtIt = 0 for t ∈ T . First, Theorem 2.14
shows that we have an optimal solution such that there is no ending inventory in a
given period if demand is not fully satisfied in that period. For this property to hold,
we need a mild assumption on the retailer’s cost parameters.

aaaa
Assumption 1. There is no speculative motive for the retailer to postpone satisfying
demand; i.e., the stockout cost of one unit of demand in some period plus the cost of
holding one unit inventory until some future period is at least the stockout cost in the
latter period:

∑v−1
j=t hj + st ≥ sv.
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Theorem 2.14. Given Assumption 1, there exists an optimal solution such that
LtIt = 0 for t ∈ T .

Proof. By substituting the inventory balance constraint It−1 + xt + Lt = dt + It into
the objective function in (2.81), we have

T∑
t=1

(stdt −Ktyt − ptxt − htIt − st(dt + It − It−1 − xt))

=

T−1∑
t=1

−(ht + st − st+1)It − (hT + sT )IT −
T∑
t=1

(Ktyt + (pt − st)xt).

The aim is to maximize this function and since ht+st−st+1 ≥ 0 under assumption 1,
we need to have the optimal value of It as small as possible and non-negative. This
implies that we should satisfy as much of demand as we can and therefore we will
have {

L∗t = 0 and I∗t = I∗t−1 + xt − dt if I∗t−1 + xt − dt > 0

I∗t = 0 and L∗t = dt − I∗t−1 − xt if I∗t−1 + xt − dt ≤ 0
(2.82)

This shows that we have an optimal solution, satisfying LtIt = 0 for t ∈ T . �

We proved that the optimal solution has a specific property, the following theorem
shows that there exists a unique solution that satisfies the property.

Theorem 2.15. There exists only one feasible solution that satisfies LtIt = 0 for
t ∈ T .

Proof. Any feasible solution should satisfy the inventory balance constraint It−1 +

xt + Lt = dt + It, ∀t ∈ T . Consider period 1 in which I0 = 0 and thus the inventory
balance constraint would be L1 = I1 + d1 − x1. The quantity of x1 is specified in the
contract and the retailer knows his demand d1. The quantity of L1 can be uniquely
specified using (2.82). There exists only one feasible solution in period 1 that has the
desired property. Now I1 is specified, x2 and d2 are known, and what remains is to
determine the value of L2 and I2 in a similar way. Following the same reasoning for
the subsequent periods, we can show that in each period t ∈ T , there exists only one
feasible solution that satisfies LtIt = 0. �

To ensure that there is no optimal solution that does not satisfy Theorem 2.14, we
assume that by holding inventory, the retailer certainly will incur holding cost, i.e.,
ht > 0 for t ∈ T .
The above theorems can be used to rewrite the retailer’s problem as a system of

linear (in)equalities. We can enforce that the property of the unique optimal solution
of the retailer’s problem (LtIt = 0, ∀t ∈ T ) holds in the optimization problem of the
supplier. To do so, we introduce two new binary variables:
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ui′|i,t : 1 if LRi′|i,t > 0 and 0 otherwise
vi′|i,t : 1 if IRi′|i,t > 0 and 0 otherwise.

To have the desired property, we also consider new constraints as follows

LRi′|i,t ≤ max
k∈I
{dk,1,T }ui′|i,t ∀t ∈ T ,∀i, i′ ∈ I (2.83)

IRi′|i,t ≤ max
k∈I
{dk,1,T }vi′|i,t ∀t ∈ T ,∀i, i′ ∈ I (2.84)

ui′|i,t + vi′|i,t ≤ 1 ∀t ∈ T ,∀i, i′ ∈ I (2.85)
ui′|i,t, vi′|i,t ∈ {0, 1}. ∀t ∈ T ,∀i, i′ ∈ I (2.86)

Instead of a bi-level optimization problem, the supplier solves the single-level MIP,
consisting of (2.65)-(2.80) plus (2.83)-(2.86), in order to find the optimal menu of
contracts. Note that in the single-level formulation, “max” in (2.74) will disappear.

Two remarks are in order regarding this single-level MIP model. (1) Similar to the
one-dimensional model, in order to have a correct formulation, we need to consider
the set of constraints xRi,t ≥ yRi,t, ∀t ∈ T , ∀i ∈ I in the supplier’s problem. These
constraints are redundant if the retailer’s fixed procurement cost is time-invariant, i.e.,
KR
t = K for t ∈ T . (2) Following the reasoning in Section 2.4, the feasible region of

this problem is not empty.
Because of the different structure of the retailer’s profit function with demand

uncertainty, the analogous results on reducing the set of IC constraints with information
asymmetry on cost parameters do not carry over to the setting in this section. This
means that the supplier has to take care of a wider variety of the retailer’s strategic
behavior.
A possible extension of the model in this section is to consider the setting with

information asymmetry on a retailer’s cost parameter together with customer demand.
The bi-level formulation and its transformation into a single-level variant is similar
to this sectionâĂŹs. We only show this model with an example, contrasting some
established results in the literature.

Example 2.5. Suppose that there are 2 demand scenarios with equal probability
according to Table 2.9. The retailer’s time-invariant holding cost of type 1 and type 2
are 3.4 and 8.7, respectively. Other cost parameters are given in Table 2.10. Table 2.11
shows the individual and coordinated optimal procurement plans. The expected supplier’s
outside option equals 219.4 (= 1

4 [255.4− 40.4 + 545.5 + 117.1]) while the expected profit
with coordination equals 661.25 (= 1

4 [[554.8−78.9] + [457.7−284.3] + [1516.6−440.4] +
[1202.1− 282.6]]).

Table 2.9: Demand scenarios in Example 2.5
t 1 2 3 4 5

d1,t 47 57 58 47 53

d2,t 55 86 84 85 128
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Table 2.10: Cost parameters in Example 2.5

t 1 2 3 4 5

hSt 2.4 5.8 5.1 1.4 2.5

KS
t 126.3 261.2 127.6 124.3 206.8

pSt 5.7 0 3.0 5.4 6.6

(a) Cost parameters of the supplier

t 1 2 3 4 5

sRt 10.2 10.2 10.2 10.2 10.2

KR
t 152.7 56.9 192.5 165.1 67.6

pRt 6.9 5.1 8.0 8.4 11.5

(b) Cost parameters of the retailer

Table 2.11: Individual and coordinated optimal procurement plans (information asym-
metry on demand and cost)

Demand scenario 1 Demand scenario 2
x1 x2 x3 x4 x5 z Profit x1 x2 x3 x4 x5 z Profit

In
di
vi
du

al Retailer type 1 47 115 0 0 0 − 334.8 55 170 0 0 0 − 553.3

Retailer type 2 47 57 0 0 0 − 236.2 55 86 0 0 0 − 410.5

Supplier for retailer type 1 47 115 0 0 0 − 255.4 55 170 0 0 0 − 545.5

Supplier for retailer type 2 47 57 0 0 0 − −40.4 55 86 0 0 0 − 117.1

C
oo

rd
in
at
ed Retailer type 1 contract 0 160 0 0 0 78.9 255.9 0 255 0 0 128 440.4 146.0

Retailer type 2 contract 0 57 58 47 53 284.3 −48.1 0 86 84 85 128 282.6 127.9

Supplier for retailer type 1 0 160 0 0 0 − 554.8 0 255 0 128 0 − 1516.6

Supplier for retailer type 2 0 57 58 100 0 − 457.7 0 86 84 213 0 − 1202.1

Table 2.12: Coordinated optimal plans (information asymmetry on demand)
Cost type 1

x1 x2 x3 x4 x5 z Profit

Retailer type 1 contract 0 162 0 0 0 82.3 252.5

Retailer type 2 contract 0 255 0 0 128 447.2 146.0

To investigate the effect of one and two-dimensional information asymmetry on the
retailer’s profit, consider the retailer type (2, 1) in Example 2.5. This retailer type,
which has high demand and low holding cost (“strong” in both dimensions), would
prefer a situation where his cost is known to the supplier to a situation where both
his cost and demand are private information since 146.0 + 440.4 < 146.0 + 447.2 (see
Table 2.12). Kostamis and Duenyas (2011) demonstrated that more dimensions of
information asymmetry are not always preferable for the retailer. In particular, they
showed that a type who is strong in one dimension but weak in the other would
sometimes prefer to get screened along his weak dimension. Our observation, however,
corresponds to the type that is strong in both dimensions. The reason for such a result
is that our outside options are type-dependent and therefore some new structures can
be observed compared to the conventional models with common reservation values.
In particular, Kostamis and Duenyas (2011) stated that the set of IR constraints is
satisfied everywhere if it holds at the most inefficient type (low demand, high cost).
In our setting, the IR constraint for the most inefficient type need not bind and can a
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priori bind on any subset of types. In this specific example, the IR constraints of 3
types are binding at the optimum, a structure that will never appear in the model of
Kostamis and Duenyas (2011).

2.7 Computational results
In the previous sections, we have shown with several examples that the proposed
coordination mechanism is beneficial both for the supplier and the whole supply chain.
To gain computational experience and further investigate the benefits of offering a
menu of contracts, consisting of a procurement plan plus a side payment for each
retailer’s type, we performed some numerical experiments using the models of the
previous sections. We randomly generated several sets of problem instances and used
CPLEX 12.5 on a Windows 7 PC with an AMD Athlon II X2 B24 processor (3.00
GHz) and 4 GB RAM to solve the models.
Two measures are used to evaluate the performance of our mechanism. (1) The

percentage of cost reduction for the supplier compared with the uncoordinated setting
where he is forced to procure according to the retailer’s ordering plan. (2) As discussed
in Section 2.3, we compute the lower (centralized decision-making setting) and upper
bounds (sequential decision-making setting) of the supply chain total cost and calculate
the mechanism efficiency, i.e., how much of the gap between the upper and lower
bounds is reduced by the mechanism.
We considered a maximum computation time of 1200 seconds for each problem

instance. In case a problem instance could not be solved to optimality within the
allotted time, the best solution found was used as the reference value.

For the two classes of models (models with one and two dimensions of uncertainty),
we generated 10 demand scenarios. A coefficient of variation A ∈ {1, 3, 5, 7, 9} is also
considered for changing the ratios between the retailer’s cost parameters. Table 2.13
shows the cost parameters of the supplier and retailers. A single value in the table
means that the parameter is time-invariant, and U [a, b] denotes that the parameter is
drawn from an integer uniform distribution over some interval [a, b].

Table 2.13: Supplier’s and retailer’s cost parameters
ht pt Kt st

Supplier U [10, 18] U [1, 5] U [250, 400] -
Retailer (with 1 uncertain dimension) U [11, 15] 5 K1,t = Ah1,t -
Retailer (with 2 uncertain dimensions) U [11, 15] 5 K1,t ∈ U [100, 150] Aht

2.7.1 Model with information asymmetry on cost parameters
For the model with uncertainty on the retailer’s cost parameters, we considered the
12 settings listed in Table 2.14. In all the settings, it is assumed that different cost
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types arise with the same probability. As shown in Table 2.13, the production cost
is time-invariant and identical for all the retailer’s types. Holding cost is randomly
generated from the same interval for all the types, and the set-up cost of each type
varies in proportion to the holding cost of the same type, i.e., KR

i,t = hRi,t ×A×Bi,
where Bi = 1 + 0.05(i− 1), i = 1, 2, . . . , 16. The type-dependent parameter Bi is used
to uniformly increase the retailer’s set-up cost in proportion to his holding cost (within
a problem instance). Demand at the retailer’s end is drawn from an integer uniform
distribution over the interval [10, 90].

For each of the 12 settings, 10 random demand scenarios are generated, and 5
different coefficients of variation are considered. Table 2.14 presents the overview of
the results for 50 problem instances of each setting.

The computation time of all the 600 problem instances is smaller than our time limit,
and we observe that the problem instances with 20 periods and 16 cost types can be
solved to optimality in less than 15 seconds on average. For a fixed number of periods,
the average computation time increases as the number of cost types increases, where
the highest increase occurs between the settings with 8 and 16 cost types. Similarly,
for a fixed number of cost types, the average computation time increases with the
number of periods in the planning horizon.

There is a positive cost saving for the supplier in all instances with an average and
standard deviation of about 3.31% and 1.90%, respectively. In all the 12 settings, the
coordination mechanism reduces more than 86% of the gap between the centralized
and sequential decision-making settings.

Table 2.14: Overview of test results for the model with uncertainty on cost parameters
#Cost Supplier’s cost saving (%) Mechanism efficiency Computation

#Periods types Ave. Std. dev. Ave. Std. dev. time (sec)
1 5 2 5.24 3.25 0.95 0.06 0.02
2 5 4 2.68 2.49 0.95 0.08 0.03
3 5 8 3.34 2.41 0.87 0.09 0.12
4 5 16 2.55 2.40 0.88 0.10 0.61
5 10 2 2.91 1.57 0.94 0.04 0.02
6 10 4 2.79 1.69 0.95 0.06 0.05
7 10 8 3.39 1.82 0.89 0.08 0.36
8 10 16 3.88 1.95 0.91 0.05 2.93
9 20 2 3.68 1.16 0.94 0.03 0.05
10 20 4 3.40 1.77 0.94 0.04 0.14
11 20 8 2.88 1.04 0.90 0.05 2.02
12 20 16 2.92 1.22 0.91 0.05 14.76
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2.7.2 Model with information asymmetry on demand and cost
parameters

For the model with two dimensions of information asymmetry, the planning horizon
consists of 5 or 10 periods with 2 or 4 different demand scenarios and cost types
for the retailer, resulting in 8 different settings. Each demand scenario and cost
type occurs with the same probability. For each setting, we generated 10 demand
scenarios from an integer uniform distribution over the interval [10, 90], which is
divided evenly by the number of possible scenarios. For instance, if there are 4 demand
scenarios, the considered intervals are [10, 30], [30, 50], [50, 70] and [70, 90]. Production
cost is the same for all retailer types over the whole planning horizon (Table 2.13).
Holding cost is randomly generated for each retailer’s cost type and stockout cost
changes in proportion to the holding cost, i.e., sRi,t = hRi,t ×A. The set-up cost of the
type 1 retailer is randomly generated, and the set-up cost of other types varies in
proportion to the random set-up cost of type 1, i.e., KR

i,t = KR
1,t × A × Bi, where

Bi = 1+0.5(i− 1), i = 2, 3, 4. Similar to the previous sub-section, parameter Bi allows
us to have different retailer types with uniformly increasing set-up costs.
Table 2.15 provides an overview of the test results. In all 8 settings, the proposed

mechanism significantly reduces the gap between the centralized and sequential
decision-making settings. In all settings with 2 cost types, the mechanism efficiency
is larger than 0.93, with an average and standard deviation of about 0.96 and 0.04,
respectively. The average mechanism efficiency in the rest of the settings with 4 cost
types is lower with an average and standard deviation of approximately 0.88 and 0.04,
respectively. The results also show that offering a menu of screening contracts leads
to a cost saving of about 15.38% on average with a standard deviation of 3.25% for
the supplier.
All 250 problem instances in the 3 settings with 2 cost types for the retailer were

solved to optimality in less than 1200 seconds. In contrast, the average computation
time for all the other settings in which the supplier assumes 4 different cost types for
the retailer plus the setting with 10 periods, 4 demand scenarios and 2 cost types is
greater than 1200 seconds. As can be observed in Table 2.15, the largest number of
non-optimal solutions belongs to the last setting with 10 periods, 4 demand scenarios
and 4 cost types with an average gap of about 2.15%. The average gap between the
best solution found and the optimal solution for the other 4 settings is below 1.5%.
Overall, numerical results reveal that our proposed mechanism successfully brings

supply chain total cost towards the global optimum (centralized decision-making) in
all the settings. Comparing the results of the two models, it is clear that when there
is uncertainty about both the cost types and customer demand at the retailer’s end,
the average computation time and the average gap between the best solution found
and the optimal solution increases. The number of retailer’s cost types plays a more
important role in increasing the gap and computation time than does the number of
demand scenarios.
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Table 2.15: Overview of test results for the model with uncertainty on demand and
cost parameters

Supplier’s Mechanism # Gap to
#Demand #Cost cost saving (%) efficiency Computation Non-optimal optimal solution (%)

#Periods scenarios types Ave. Std. dev. Ave. Std. dev. time (sec) solutions Ave. Std. dev.

1 5 2 2 13.75 2.55 0.93 0.05 0.29 0 0 0
2 5 4 2 16.25 3.11 0.93 0.06 2.35 0 0 0
3 5 2 4 16.94 4.08 0.88 0.06 85.98 8 0.04 0.32
4 5 4 4 16.54 3.6 0.85 0.06 755.45 143 2.05 2.24
5 10 2 2 14.35 2.36 0.95 0.06 3.64 0 0 0
6 10 4 2 14.76 2.11 0.94 0.06 317.86 50 0.16 0.61
7 10 2 4 14.95 3.04 0.88 0.07 726.69 144 1.65 2.15
8 10 4 4 14.55 2.66 0.88 0.06 1050.73 215 3.38 3.24

2.8 Conclusion and future research

This chapter studies the supplier’s problem of eliciting cooperation from a strong
retailer who has one or two-dimensional private information about customer demand
or his cost parameters. Both the SC members in our analysis are facing a multi-period
lot-sizing problem with dynamic and deterministic demand. The supplier uses a simple
and easily implementable coordination mechanism, offering a menu of contracts, to
influence the retailer’s ordering plan, and the retailer either accepts one of the contracts
or imposes his optimal plan. Each dimension of private information in this study
has a discrete type space, and the retailer’s outside option depends on his private
information.
The complexities of a multi-period inventory model, coupled with the intricacies

of information asymmetry between SC members make the design of optimal supply
contracts a nontrivial task. We have shown that, with a specific assumption on
the retailer’s cost parameters, the supplier’s nested optimization problem can be
transformed into a single-level MIP by exploiting the structural properties of optimal
solutions at the lower level (retailer) problem.
Assuming a discrete type space, as opposed to the common binary space in the

literature, for the retailer’s private information, we presented a network interpretation
for the set of incentive compatibility constraints that allows us to analyze the problem
from an intuitive graph-theoretic viewpoint. In particular, we have shown that a bound
for the side payment quantities can be found by considering a shortest path tree which
consists of the participation and local incentive constraints. This implies that using a
considerably smaller set of incentive constraints one can make a good guess at the
candidate set of paths to consider in order to find the optimal side payment quantities
and uncover several interesting properties of optimal solutions such as non-monotonic
information rents.

An interesting finding in our study is related to the possible reaction of the oppor-
tunistic retailer. Following a sensible and well-known result in the one-dimensional
mechanism design literature, one can expect that it is in the interest of an efficient
(e.g., with a lower cost) type to pretend to be inefficient (e.g., a higher cost) and not
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the other way around. This implies that the supplier’s problem becomes easier as
he only needs to consider the efficient type’s incentive compatibility constraints in
order to find the optimal contract menu. We, however, showed there exists an optimal
solution in which information rents are not monotonic. This unexpected result can
be attributed to the consideration of the more realistic and fundamentally different
assumption of type-dependent outside options. Using a measure in a binary type-space
that evaluates the low-cost retailer’s advantage in his outside option relative to his
cost efficiency, we showed under what conditions the supplier has to give up some
information rent to different types. Our analysis suggests that when the difference
of the retailer’s outside options is moderate compared with their cost difference, the
supplier can overcome his information disadvantage to some extent by giving no rent
to the retailer.

In the two-dimensional cost information asymmetry and considering a binary type
space for each dimension, we showed that only when a retailer type is strong (weak)
in both dimensions, he can make a profit by pretending to be different from his real
type in both dimensions. It was previously shown in the literature that a retailer who
is strong in one dimension (e.g., high demand) but weak (e.g., high cost) in the other
would sometimes prefer a situation where his weak dimension is known to the supplier
to a situation where both dimensions are private information. With an example, we
demonstrated that it might be in the interest of a retailer type who is strong in both
dimensions that one of the private dimensions is known to the supplier.

This chapter focused on the analysis of a coordination problem with two dimensions
of private information and a discrete type space for each dimension. A natural next step
would be to consider more types (i.e., assume a continuous type space per dimension).
Increasing the number of types, however, does not lead to uncovering new results
of qualitative significance. In fact, the complexities of the coordination setting and
models in place have already made it hardly possible to draw more results for a
discrete type space. This limitation is also pointed out by Çakanyıldırım et al. (2012)
and Fudenberg and Tirole (1991), asserting that the problem with more than two
types and type-dependent outside options is analytically difficult and does not lead to
general results. Another interesting extension to our study would be to consider more
dimensions of private information for the retailer. For instance, our type-dependent
outside option assumption is an important step toward enhancing our understanding
of a situation that comes closer to reality. This understanding can be taken to the next
level by assuming that the retailer possesses private information about his outside
option.

Regarding the number of contracts in the offered menu, the revelation principle says
that the supplier needs to offer a contract for each retailer type. We are in the process
of designing the so-called “pooling” or “bunching” contracts where each contract is
intended to appeal to more than one type of retailer. This is specifically useful when
there are a large variety of retailer types.
The supplier’s coordination mechanism in this study, i.e., making a side payment,

can be easily modeled as a profit-sharing or an all-unit discount mechanism. It would
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be interesting to evaluate the performance of other coordination mechanisms such
as different rebate and holding cost compensation schemes. Coordination in more
complicated settings, including an SC with more tiers and more players at each tier,
can be considered as another direction for extending the current study.
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Appendix
The following example shows the necessity of constraint (2.24).

Example 2.6. Suppose that the retailer has two set-up cost types, KR
1,t = KR

1 = 282

and KR
2,t = KR

2 = 73, arising with the same probability. Other cost parameters are given
in Table 2.16. The optimal solutions of the supplier’s problem described in (2.18)-(2.30)
with and without constraint (2.24) are shown in Table 2.17. Without the constraint,
in the procurement plan of type 2 retailer in period 4, we have xR2,4 = 0 but yR2,4 = 1.
This corresponds to a practically infeasible case where the retailer does not order but
has to pay a set-up cost in that period.

Table 2.16: Parameters in Example 2.6

t 1 2 3 4 5

dt 26 25 29 33 27

hRt 10 16 10 15 13
pRt 15 17 11 17 15
sRt 30 30 30 30 30

(a) Parameters of the retailer’s prob-
lem

t 1 2 3 4 5

KS
t 327 280 434 450 338

pSt 2 1 3 4 3

hSt 10 18 11 15 14

sSt 15 17 11 17 15

(b) Parameters of the supplier’s problem

Table 2.17: Optimal menu of contracts in Example 2.6
Retailer type 1 Retailer type 2

with (2.24) without (2.24) with (2.24) without (2.24)
t xR1,t yR1,t xR1,t yR1,t xR2,t yR2,t xR2,t yR2,t

1 51 1 51 1 50 1 51 1
2 0 0 0 0 1 1 0 0
3 62 1 62 1 62 1 62 1
4 0 0 0 0 0 0 0 1
5 27 1 27 1 27 1 27 1
z 0 0 251 259
πRj,j 922 922 1484 1476
πR∗j 922 922 1735 1735

Proof of Theorem 2.6: Form (a) The inefficient type’s IR and the efficient type’s
IC are binding. In this case, z2 = πR∗2 − πR

opt

2|2 and z1 = πR2|1 − π
R
1|1 + z2 > πR∗1 − πR1|1.

Since the efficient type’s information rent is strictly positive, we have

πR2|2 + z2 − πR∗2 < πR1|1 + πR2|1 − π
R
1|1 + z2 − πR∗1

⇔ πR∗1 − πR∗2 < πR2|1 − π
R
2|2 = (hR2 − hR1 )

T∑
t=1

IR
opt

2,t ⇔ Ĩ <

T∑
t=1

IR
opt

2,t .
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Form (b) Both IRs and IC of the efficient type are binding. In this case, z2 =
πR∗2 − πR2|2 and z1 = πR∗1 − πR1|1 = πR2|1 − π

R
1|1 + z2. There is no information rent for

either type. Following a similar analysis to Form (a), we have Ĩ =
∑T
t=1 I

Ropt

2,t .

Form (c) Both IRs are binding. We have z1 = πR∗1 −πR1|1 and z2 = πR∗2 −πR2|2. Since
none of the ICs are binding, it holds that

πR1|1 + z1 > πR2|1 + z2 ⇔ πR1|1 + πR∗1 − πR1|1 > πR2|1 + πR∗2 − πR2|2

⇔ πR∗1 − πR∗2 > πR2|1 − π
R
2|2 = (hR2 − hR1 )

T∑
t=1

IR
opt

2,t ⇔ Ĩ >

T∑
t=1

IR
opt

2,t ,

and πR2|2 + z2 > πR1|2 + z1 ⇔ πR2|2 + πR∗2 − πR2|2 > πR1|2 + πR∗1 − πR1|1

⇔ πR∗1 − πR∗2 < πR1|1 − π
R
1|2 = (hR2 − hR1 )

T∑
t=1

IR
opt

1,t ⇔ Ĩ <

T∑
t=1

IR
opt

1,t .

Form (d) Both ICs and the inefficient type’s IC are binding. Side payments are
z1 = πR∗1 − πR1|1 and z2 = πR∗2 − πR2|2 = πR1|2 − π

R
2|2 + z1. There is no information rent

for either types and hence

πR2|2 + πR1|2 − π
R
2|2 + z1 − πR∗2 = πR1|1 + z1 − πR∗1

⇔ πR∗1 − πR∗2 = πR1|1 − π
R
1|2 = (hR2 − hR1 )

T∑
t=1

IR
opt

1,t ⇔ Ĩ =

T∑
t=1

IR
opt

1,t .
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Figures in Section 2.4

Figure 2.6 shows a part of the network of incentive constraints with three retailer
types j− 1, j, and j + 1 with j = 2. The network contains arcs (0, 2), (2, 1), and (2, 3).
Figure 2.7 illustrates a part of the network of incentive constraints with three retailer
types, containing arcs (1, 2) and (3, 2).
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Figure 2.6: A part of the network of incentive constraints with 3 types (excluding
symmetric cases)
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Figure 2.7: A part of the network of incentive constraints with 3 types (excluding
symmetric cases)



3
Pooling Supply Contracts in a Two-Echelon

Supply Chain with Asymmetric Cost Information

Abstract This chapter focuses on the design of practical menus of contracts
in a two-echelon supply chain, consisting of a supplier and a retailer. The
retailer possesses private information about his cost parameter and can impose
his optimal ordering plan on the supplier. To influence the retailer’s ordering
plan, the supplier makes a take-it-or-leave-it offer in the form of a menu of
contracts, each consisting of a procurement plan plus a side payment. To
reflect real-world settings, we consider the complexity of a contract menu,
captured by the number of contracts in the menu, as a design factor and
formulate the supplier’s problem of designing a “pooling” contract menu, in
which each contract is intended to appeal to more than one retailer type.
We propose a simple and intuitive design for the pooling menu of contracts
in which the supplier motivates the most inefficient retailer types (with the
largest cost parameters) to distinguish themselves by offering them a separate
contract, tailored for their cost types. Using this design, we characterize the
optimal ordering quantities and side payments and find an upper bound on
the supplier’s efficiency loss. Our analysis and results can provide practical
guidelines for managers in the design of procurement contracts in which the
trade-offs between the complexity level of the offered menu (in terms of the
number of contracts in the menu) and inefficiencies are taken into account.

3.1 Introduction
Several types of contracts have been proposed in the Operations Management (OM)
literature to reduce inefficiencies caused by information asymmetry between supply
chain members. While these contracts are theoretically shown to reduce inefficiencies,
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there is concern about their usefulness in the real world. As noted by Holmstrom and
Milgrom (1987), “real-world incentive schemes appear to take less extreme forms than
the finely tuned rules predicted by ... theory”. The importance of designing “simple”
and “easily implementable” menus of contracts (despite being theoretically suboptimal)
has been emphasized in the literature; see, e.g., Cachon and Zhang (2006), Taylor
and Plambeck (2007), Zhang (2010), and Kayis et al. (2013). Several experimental
studies also suggest that real-world decision-makers and practitioners prefer “simple”
alternatives to the optimal mechanisms, see, e.g., Kalkanci et al. (2011) and Schmidt
and Buell (2017).
This chapter considers a contracting setting within a principal-agent framework,

where a supplier (she) serves a retailer (he) with a single product. The retailer
possesses private information about his cost parameter and can enforce his locally
optimal ordering decision on the supplier in case another agreement is not in place. The
supplier offers a take-it-or-leave-it menu of contracts, each consisting of a procurement
quantity plus a side payment to influence the retailer’s ordering decision. The supplier
cannot observe the retailer’s cost parameter but is aware of the probability distribution
of his private information.
As is well known from the literature on mechanism design, and in particular the

revelation principle, the optimal mechanism for a retailer facing a heterogeneous set
of retailer types generally involves offering a separating menu: different quantity-side
payment bundles for each cost type of the retailer. But what will happen if the set of
retailer types is large? How practical is it to offer such a complex menu with a large
number of contracts? In this study, we consider the “complexity” of the menu as a
design factor and formulate the supplier’s problem of designing pooling menus with a
limited number of contracts.
One approach to reducing the number of contracts in the menu is to completely

ignore (exclude) some retailer types. In this case, the supplier has an additional choice
variable in her contract design model. This extra variable corresponds to the subset
of types for which a contract is designed. This approach has been referred to as shut
down menus or menus with a cutoff level policy in the literature. Another approach is
to pool or bunch some types and then design a menu of contracts. In this case, each
contract is intended to appeal to more than one type. While the former option may
result in lower costs for the supplier, we assume that the supplier does not have the
flexibility to exclude some types and offer a truncated menu because the retailer has
market power, and the supplier needs the retailer’s broad market reach.
In the design of optimal pooling menus, we restrict our analysis to menus with at

most three contracts. This maximum number is comparable to real-world practices
where a very limited number of contracts are usually offered.

The supplier has several options in designing a pooling menu. Our analysis suggests
that a specific design in which the most inefficient types are isolated, and each is
offered a separate contract, customized for his type, leads to better performance for the
supplier over most of the considered range of parameters. It is clear that a reduction
in the number of contracts may result in a loss of potential efficiency gains for the
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supplier. With our specific design, we characterize the optimal ordering quantities
and side payments and find an upper bound on the supplier’s efficiency loss. Our
results can provide useful guidelines for managers in designing procurement contracts
by taking into account the trade-offs between the complexity level of the offered menu
(in terms of the number of contracts in the menu) and inefficiencies.

The rest of this chapter is organized as follows. A brief review of some relevant
studies is given in Section 3.2. Section 3.3 introduces the contracting model without
information asymmetry. In Section 3.4, we analyze the customized menu, which
depends on the supplier’s probability assessment of possible retailer types. Sections 3.5,
3.6, and 3.7 respectively analyze the contracting model for a pooling menu with one,
two, and three contracts. We compare the performance of the designed pooling menus
in Section 3.8. Section 3.9 concludes this chapter.

3.2 Literature review

The OM literature on the design of optimal menus of pooling contracts is significantly
smaller than that of menus with separating contracts. However, the design of pooling
contracts appears more often in the economic literature. We start our review of prior
studies with some seminal studies in the economic literature, followed by some of
the few studies in the supply chain contracting literature that explicitly focus on the
design of pooling contracts.

Mussa and Rosen (1978) consider a multi-product monopolist who sells indivisible
goods to a heterogeneous set of consumers, each buying at most one unit. They
show that under some demand conditions, it is in the interest of customers with
different valuations to choose the same quality-price bundle. Rochet and Choné (1998)
extend this work by considering the multi-dimensional version of the problem. The
authors find that it is sometimes optimal to induce a degree of bunching, so that
consumers with different preferences are forced to choose the same bundle of products.
Acharyya (1998) considers a monopolist producing a good with different qualities
where the marginal cost varies positively with the quality. The monopolist’s problem is
to decide whether to cover the whole market and whether a separating menu, different
price–quality bundles for different consumer types, or some alternative menu is to be
adopted to maximize his profit. The alternative options are that (a) the monopolist
offers a pooling menu, i.e., an identical quality-price bundle, and (b) the monopolist
only considers the high-type consumers in designing the menu. The underlying idea in
all these studies is that pooling reduces heterogeneity in customer valuation, enabling
a monopolist to better discriminate price. These studies focus on characterizing the
optimal pooling contracts based on the curvature of the utility functions. Although
we use a similar approach, we provide new interpretations and insights into the
supplier-retailer interactions in the context of supply chain contracting.

In the OM literature, Porteus and Whang (1999) analyze a setting with a supplier
and a buyer, where the buyer has private information about a new product market.
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With a binary type space and considering contract menus similar to Acharyya (1998),
the authors develop contracting models that aim at finding a separating menu, a
pooling contract, and a shut-down contract which is only appealing when the buyer’s
market size is large. Using similar forms of contracts, Gurnani and Erkoc (2008)
investigate the performance of three types of supply contracts (price-only, fixed-fee,
and franchise) in a distribution channel, consisting of a manufacturer and a retailer.
The retailer possesses private information about the cost of selling effort, and the
supplier assumes that there are two cost types: high and low. Chen (2005) studies
how a firm designs contracts to incentivize sales teams to disclose market demand
information. A pooling contract for a binary type-space is designed and used as a
lower bound on the firm’s expected profit. In a multi-period environment consisting of
a supplier and a manufacturer who has private information about market demand,
Shamir (2013) examines the effect of repeated interactions and the option to observe
demand realization on the terms of the designed contracts. In particular, two types of
separating and pooling contracts are considered for a binary type space and shown
that when the supplier can observe demand realization in the first period, she offers a
simple pooling contract to the manufacturer. A setting in which a supplier sells her
products directly in addition to relying on resellers (known as “supplier encroachment”)
is considered by Li et al. (2015), where the resellers have private demand (i.e., market
size) information. The authors formulate the supplier’s problem considering two types
of pooling and separating menus for large and small market sizes and show the
dominance of the separating menu with encroachment. A common feature in all these
studies is that the agent’s private information can be modeled with a binary type
space. We consider a more general setting with a discrete and finite type space.

There are several studies that do not explicitly consider the possibility of pooling.
Rather, only after analyzing the optimal solution, it becomes clear that pooling of
types is possible. This may happen because of the nature of the considered problem,
such as most multi-dimensional screening problems (e.g., Kostamis and Duenyas
(2011)), multiple control instruments (e.g., Arya and Mittendorf (2004)), and problems
with both hidden (private) information and hidden action (e.g., Crama et al. (2008)).

Unlike the pooling contracts, the OM literature on optimal contracts with a cutoff
level (shut-down or truncated contracts) is quite extensive. The idea in this type of
contract is that the principal purposely decides to exclude some agent types from
the type space and then designs a menu of contracts, mostly because she wants to
keep her (expected) cost (profit) not larger (smaller) than a certain threshold (e.g.,
her reservation value). Some of the studies with the cutoff level policy in the OM
literature are Corbett and de Groote (2000), Ha (2001), Lutze and Özer (2008), Kaya
and Özer (2009), Çakanyıldırım et al. (2012), and Cvitanić et al. (2013) to name a few.
While the derivation of the truncated menu in our setting is straightforward (see the
appendix at the end of this chapter), we assume that the supplier cannot exclude a
subset of types as the retailer is strong and the supplier has no option but to produce
according to the retailer’s individual optimal plan if some types are excluded.
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3.3 Optimal contract with symmetric information

We consider a two-level supply chain (SC) consisting of a supplier and a retailer. The
retailer faces a deterministic, constant demand for a particular product over an infinite
planning horizon. He satisfies the demand from stock that he replenishes by ordering
from the supplier who produces according to the retailer’s orders.

Demand per unit time D is known and constant. Both the supplier and retailer
incur fixed set-up costs, denoted by KS and KR, respectively, and the retailer’s unit
holding cost per unit time is denoted by hR. In our setting, the retailer has the market
power to impose his local optimal ordering quantity on the supplier. The retailer’s
operating cost is CR = (KRD

Q ) + (h
R

2 )Q and Q∗ =
√

2DKR

hR
is his individually optimal

lot size. We assume that once the supplier receives the retailer’s order, she sets up
a production batch, produces the order, and ships it to the retailer. Therefore, the
retailer’s order size represents, at the same time, the supplier’s production lot size, as
per the “lot-for-lot” system in the literature (Banerjee, 1986). Under this system, the
supplier’s cost is CS = KS D

Q .

The retailer has private information about his set-up cost1. The supplier does not
know the retailer’s set-up cost; she only knows the probability distribution of the
possible values of the cost parameter. She assumes that there are N possible cost types,
indexed by i ∈ I = {1, 2, . . . , N}. Each type i arises with probability P ci > 0 and∑
i P

c
i = 1. We consider the setting that the supplier does not have much information

about the probability distribution of the retailer’s private information, and therefore
she assumes that each of the N types arises with probability P ci = p = 1

N . We fix the
set-up cost of retailer type 1, KR

1 , and assume a relative uniform cost for other types;
i.e., KR

i = αi−1KR
1 , α > 1. The supplier’s set-up cost is KS = βKR

1 with β ≥ 1.

In this section, we assume there is no information gap between the supplier and
retailer. The supplier offers a single take-it-or-leave-it contract, consisting of an ordering
quantity QFB and a side payment zFB . The retailer type i either accepts the offer or
imposes his own optimal plan on the supplier. The total cost of retailer type i if he
chooses contract j with {QFBj , zFBj } is CRj|i − z

FB
j , where CRj|i = (KR

i
D
Qj

) + (h
R

2 )Qj
denotes the retailer’s type i cost of choosing contract j and zj is the corresponding side
payment in contract j. The supplier needs to ensure the offered contract is acceptable
to the retailer. That is, the supplier should guarantee that by accepting the offered
contract, the retailer will not incur a cost larger than his outside option. This is
formalized by the Individual Rationality (IR) constraint: CRi|i − z

FB
i ≤ Cout, where

Cout is the retailer’s outside option. The retailer’s outside option in our model is
the optimal cost of the individual ordering quantity of the type with the smallest

1By a simple transformation of variables, the analysis in this paper can be applied to the setting
with private holding cost.
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set-up cost, i.e., Cout =
√

2DKR
1 h

R. 2 The supplier ensures that the retailer just
gets his outside option and therefore optimizes TCSFB = (KS D

QFBi
+ CRi|i − C

out) with
QFBi > 0. The optimal contract is then (QFB∗i , zFB∗i ), in which

QFB∗i =

√
2DKR

1 (β + αi−1)

hR
and zFB∗i =

Cout

2

(
2αi−1 + β√
2αi−1 + β

− 2

)
.

It is clear that these optimal quantities minimize the supply chain’s total cost, and
with this contract, the supplier achieves the “first-best” cost. In other words, this
contract coordinates the supply chain as a whole. This, however, will not be the case
when the retailer possesses private information about his set-up cost.

3.4 Customized menu

When the retailer has private information about his set-up cost, rather than a single
contract as in the previous section, the supplier offers a customized menu consisting
of N contracts. Each contract in turn consists of a pair of (QCMi , zCMi ) for each retailer
type i ∈ I. In this case, the supplier’s problem can be formulated as follows:

min TCSCM =

N∑
i=1

p (KS D

QCMi
+ zCMi ), (3.1)

s.t. CRi|i − z
CM
i ≤ Cout ∀i ∈ I (3.2)

CRi|i − z
CM
i ≤ CRj|i − z

CM
j ∀i, j ∈ I (3.3)

zCMi ≥ 0 ∀i ∈ I (3.4)

QCMi > 0. ∀i ∈ I (3.5)

The supplier minimizes her expected cost (which we refer to as the supplier’s cost
henceforth) of offering a menu with N contracts in (3.1). The set of constraints in (3.2)
models individual rationality. The set of constraints in (3.3) is called the Incentive
Compatibility (IC) constraint to ensure that the retailer will not be better off if he
chooses a contract that is not designed for his true type. A contract menu that satisfies
both IR and IC constraints is called an incentive feasible menu.

To solve this problem, we attempt to reduce the set of IC and IR constraints. This
enables us to completely characterize the side payment quantities. Then, we plug side

2The common outside option is in general the locally optimal cost of the most efficient or inefficient
type. In our setting, we consider the most efficient type’s cost to ensure that the side payments
that the supplier pays to the retailer are non-negative (see also the explanation of IR constraints
in Section 3.4).
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payments into the supplier’s objective function, reducing the set of decision variables
to ordering quantities only. The resulting optimization problem is more tractable and
easier to analyze than the original one.

First, we reduce the set of IR constraints. If a menu of contracts enables an inefficient
retailer type to reach his outside option, it will be also the case for a more efficient
type with a lower cost. To show this, we rewrite the IC and IR constraints using
the information rent of the retailer. Information rent of type i is defined as what
type i gets in addition to his outside option: Ui = Cout − (CRi|i − z

CM
i ) ≥ 0. Suppose

we have two types with KR
i < KR

j . Take a menu of incentive feasible contracts
{(QCMi , zCMi ), (QCMj , zCMj )} and consider the utility level that type i gets if he
chooses the designed contract for type j. This utility is equal to

Cout − (CRj|i − zCMj ) = Cout − CRj|j + zCMj − CRj|i + CRj|j = Uj +
D

QCMj
(KR

j −KR
i ) > 0.

Observe that even if the utility level of type j is reduced to its lowest level, i.e.,
Uj = 0, type i gets an information rent that comes from his ability to possibly pretend
to be a less efficient type. Relevant IC and IR constraints for these two types are

Ui ≥ 0 (3.6)
Uj ≥ 0 (3.7)

Ui ≥Uj +
D

QCMj
(KR

j −KR
i ) (3.8)

Uj ≥Ui +
D

QCMi
(KR

i −KR
j ). (3.9)

As shown earlier, constraints (3.7) and (3.8) immediately imply (3.6). Therefore,
out of the set of IR constraints, it suffices to only satisfy the constraint of the most
inefficient type (i.e., constraint (3.7)).
To determine which of the many IC constraints are relevant at the optimum, we

invoke the network interpretation of this set and its shortest path representation
similar to the one in the previous chapter, with the difference that the outside option
of different types is identical. We briefly describe the network interpretation of the
set of IC constraints. For a given set of ordering quantities, the supplier’s problem
of finding optimal side payments is equivalent to the dual of a one-to-all longest
path problem. A network can be associated with this reduced problem: each type i is
represented by a node. Between every ordered pair of nodes (i, j), a directed arc of
length `(i, j) = CRj|i−C

R
i|i is inserted. To incorporate the IR constraints, we consider a

dummy type 0 (as the source node) with zCM0 . The length of the arcs from the dummy
node 0 to a node i ∈ I is `(0, i) = Cout−CRi|i. For a given set of ordering quantities, the
set of IC constraints is feasible if and only if the network has no negative-length cycles.
If the network does have a negative cycle, there is no set of side payments that makes
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1 2 i

CR
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Cout2 − CR
2|2

Figure 3.1: Network of incentive constraints

the ordering quantities incentive compatible. In a network without negative-length
cycles, the optimal choice of zi would be to set it equal to minus the length of the
shortest path. Figure 3.1 shows a part of this “network of incentive constraints”. The
set of IC constraints can be divided into two subsets: local and global IC constraints.
Local ones include the constraints between the adjacent types (e.g., types i and i+ 1)
and global ones include the non-adjacent types (e.g., types i− 1 and i+ 1). The local
IC constraints in turn can be divided into two sets: downward IC (DIC) constraints
in which type i retailer chooses the contract designed for the type with a lower cost
(type i − 1) and upward IC (UIC) constraints in which type i retailer chooses the
contract designed for the type with a higher cost (type i+ 1).
We show that the global IC constraints are implied by the local ones. To do so,

we first present the necessary and sufficient condition under which the contracts are
incentive feasible.

Theorem 3.1. Ordering quantities of a feasible menu of contracts are monotonically
increasing. That is, for a set of ordered retailer types with KR

i < KR
i′ , it holds that

QCMi ≤QCMi′ .

Proof. This follows from the fact that the network of incentive constraints does not
contain negative-length cycles. Consider the non-negative cycle condition applied to
cycle i→ i+ 1→ i in Figure 3.1:

`(i, i+ 1) + `(i+ 1, i) ≥ 0⇔ CRi+1|i+1 − C
R
i|i+1 + CRi|i − C

R
i+1|i ≥ 0

DKR
i+1(

1

QCMi+1

− 1

QCMi
) +DKR

i (
1

QCMi
− 1

QCMi+1

) ≥ 0⇔

D(KR
i+1 −KR

i )(
1

QCMi+1

− 1

QCMi
) ≥ 0⇔ QCMi ≤ QCMi+1 .
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A similar reasoning holds for a cycle on a pair of non-consecutive nodes, i.e., i→ i′ → i,
i′ > i. �

Theorem 3.1 shows that the feasible ordering quantities increase with the set-up cost.
Next, we show that the retailer’s cost has a specific property of decreasing differences.
We use this property to simplify the set of IC constraints.

Lemma 3.2. The retailer’s cost CRj|i for types i, j ∈ I satisfies the decreasing differ-
ences property.

Proof. The decreasing differences claim that we need to prove is that given two ordered
types of retailer with KR

i′ < KR
j′ and two monotonic ordering quantities, QCMi and

QCMj such that QCMi ≤ QCMj , we have

CRi|i′ − C
R
j|i′ ≤ C

R
i|j′ − C

R
j|j′ . (3.10)

After substituting in the expression for CRj|i and canceling common terms, Inequal-
ity (3.10) is equivalent to

D(KR
i′ −KR

j′ )(
1

QCMi
− 1

QCMj
) ≤ 0,

which holds by the monotonicity of ordering quantities and the fact thatKR
i′ < KR

j′ . �

Theorem 3.3. Given monotonic procurement plans, the global IC constraints are
implied by the local ones.

Proof. With ordered types, i.e., KR
i−1 ≤ KR

i , we show that only the local DIC
constraints are sufficient. To do so, we show that the following pair of constraints

CRi|i − zi ≤ C
R
i−1|i − zi−1 (3.11)

CRi−1|i−1 − zi−1 ≤ C
R
i−2|i−1 − zi−2 (3.12)

imply CRi|i − zi ≤ C
R
i−2|i − zi−2. The rest of DIC constraints will follow by induction

and non-negativity of cycles in the network. Adding constraints (3.11) and (3.12) and
rearranging yields

CRi|i − zi ≤ (CRi−1|i − C
R
i−2|i)− (CRi−1|i−1 − C

R
i−2|i−1) + CRi−2|i − zi−2.

The decreasing differences property and monotonicity of ordering quantities imply
that

(CRi−1|i − C
R
i−2|i)− (CRi−1|i−1 − C

R
i−2|i−1) ≤ 0,

and, therefore, we have CRi|i − zi ≤ CRi−2|i − zi−2. Using similar arguments, we can show
that all the global UIC constraints are implied by the local ones. �
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To summarize, the only relevant IR constraint is that of the most inefficient type,
and this means that there is only one outgoing arc from node 0, which goes to node N
(Figure 3.1). As shown, among the whole set of IC constraints we only need to consider
the subset of local IC constraints and among this subset only the downward local IC
constraints. Consequently, to find all the shortest paths from node 0 to each node i ∈ I,
it is sufficient to ensure that each retailer type has no incentive to make a “small”
downward misreport of his type. This property allows us to reduce the number of IC
constraints from a quadratic number of n(n − 1) constraints to a set with a linear
number of n−1 constraints. An immediate result of one-directional local constraints is
that information rents are monotonic in the designed pooling menu (as opposed to the
setting of the previous chapter, where both upward and downward local constraints
might be relevant). There is, therefore, only one directed path from the dummy node 0
to each of the other N nodes, as illustrated with thick colored lines in Figure 3.1. The
arc from node 0 to node N corresponds to the IR constraint of type N and therefore
side payment for the least efficient type (type N) is zCMN = CRN |N − C

out. Following
the unique path, the other side payments can be derived recursively using

zCMi = CRi|i − C
R
i+1|i + zCMi+1 for i ∈ I \ {N}.

After plugging the side payments into the supplier’s cost function, the objective
function can be rewritten as

TCSCM = p

N−1∑
i=1

(
DKR

1 (β + αi−1)

QCMi
− Dαi−1KR

1

QCMi+1

+
hR

2
(QCMi −QCMi+1 ) + zCMi+1

)
+

p

(
DKR

1 (β + αN−1)

QCMN
+
hR

2
QCMN − Cout

)
, (3.13)

with constraints

zCMi = (αi−1KR
1
D

Qi
) + (

hR

2
)Qi − (αi−1KR

1
D

Qi+1
)− (

hR

2
)Qi+1 + zCMi+1 . i ∈ I \ {N}

(3.14)

Theorem 3.4 characterizes the optimal menu of customized contracts, each consisting
of a procurement plan plus a side payment.

Theorem 3.4. In the customized menu of contracts for N types, the following holds:

QCM∗i =

√
2DKR

1

√
iαi−1 − (i− 1)αi−2 + β√

hR
i ∈ I

zCM∗N = Cout
(
(N + 1)αN−1 − (N − 1)αN−2 + β

2
√
NαN−1 − (N − 1)αN−2 + β

− 1

)
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zCM∗i =
Cout

2

(
(i+ 1)αi−1 − (i− 1)αi−2 + β√

iαi−1 − (i− 1)αi−2 + β
− (i+ 1)αi − (i− 1)αi−1 + β√

(i+ 1)αi − iαi−1 + β

)
+ zCM∗i+1 i ∈ I \ {N}

TCS
∗

CM =p Cout
(

N∑
i=1

√
iαi−1 − (i− 1)αi−2 + β −N

)
, (3.15)

where QCM∗i , zCM∗i are the optimal ordering quantity and side payment of type i ∈ I,
and TCS

∗

CM is the minimum supplier’s cost of offering a customized menu.

Proof. After substituting the expressions for side payments, the optimal ordering
quantities can be derived by taking the derivative of TCSCM in (3.13) with respect to
each QCMi . Plugging in the optimal ordering quantity of type N in zN = KR

N
D

QCMN
+

hR

2 Q
CM
N − Cout, the optimal side payment of retailer type N can be calculated. To

find the optimal side payments for all the other types, we use induction. For retailer
type N − 1, we have

zCMN−1 = CRN−1|N−1 − CRN|N−1 + zCMN

= DKR
N−1(

1

QCMN−1

− 1

QCMN
) +

hR

2
(QCMN−1 −QCMN ) + zCMN .

Substituting the optimal QCM∗N and QCM∗N−1 in zCMN−1 yields

zCM∗N−1 =
Cout

2

(
NαN−2 − (N − 2)αN−3 + β√

−(N − 2)αN−3 + (N − 1)αN−2 + β
− NαN−1 − (N − 2)αN−2 + β√

−(N − 1)αN−2 +NαN−1 + β

)
+zCM∗N .

With the assumption that

zCM∗j =
Cout

2

(
(j + 1)αj−1 − (j − 1)αj−2 + β√

jαj−1 − (j − 1)αj−2 + β
− (j + 1)αj − (j − 1)αj−1 + β√

(j + 1)αj − jαj−1 + β

)
+ zCM∗j+1 ,

we can show

zCM∗j−1 = DKR
j−1(

1

QCM∗j−1

− 1

QCM∗j

) +
hR

2
(QCM∗j−1 −QCM∗j ) + zCM∗j

=
Cout

2

(
jαj−2 − (j − 2)αj−3 + β√

(j − 1)αj−2 − (j − 2)αj−3 + β
− jαj−1 − (j − 2)αj−2 + β√

jαj−1 − (j − 1)αj−2 + β

)
+zCM∗j ,
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and this proves the claim for zCM∗i , ∀i ∈ I\{N}. It is easy to verify that after plugging
QCM∗i and zCM∗i into the supplier’s objective function, the supplier’s cost of offering
a customized menu with N contracts is indeed equivalent to TCS

∗

CM in (3.15). �

Observe that the optimal menu in Theorem 3.4 is a separating menu. That is,
QCM∗i < QCM∗i′ for i, i′ ∈ I, i < i′ and therefore the menu consists of exactly N
contracts, one different contract for each retailer type. In other words, pooling does
not automatically happen, and the supplier is able to completely distinguish (screen)
different types.

Before proceeding with the analysis of pooling menus, we give a definition that will
be used throughout the remainder of this chapter. Offering a pooling menu (rather
than a customized menu) leads to a loss for the supplier. To measure this loss, we
introduce the supplier’s efficiency as follows.

Definition 1. Supplier’s efficiency (H) is the cost of the customized menu relative
to that of the pooling menu. That is,

H =
Supplier’s cost of offering a customized menu
Supplier’s cost of offering a pooling menu

.

Because the optimal solution of the pooling menu with M (M < N) contracts is
feasible for the customized menu, the optimal solution of the customized menu does
at least as well and therefore the supplier’s efficiency H is not larger than 1.

3.5 Pooling menu with a single contract

In the pooling setting of this section, the supplier designs a single-contract menu such
that the contract is appealing to all retailer types. The supplier’s problem is then
to find QPM > 0 and zPM ≥ 0 that minimize TCSPM = KS D

QPM
+ zPM , subject to

IR constraint KR
i

D
QPM

+ hR

2 Q
PM − zPM ≤ C∗ for i ∈ I. As shown in the previous

section, it suffices to ensure that the IR constraint of the most inefficient type is
satisfied. Thus, the problem simplifies to a single constraint problem in which it is
optimal to have the constraint (i.e., IR constraint of the most inefficient type) binding.
Theorem 3.5 characterizes the single-contract menu.
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Theorem 3.5. In a pooling menu with a single contract, the following holds:

QPM
∗

=

√
2DKR

1 (β + αN−1)

hR
(3.16)

zPM
∗

=
C out

2

(
β + 2αN−1√
αN−1 + β

− 1

)
(3.17)

TCS
∗

PM = Cout
(√

β + αN−1 − 1
)

(3.18)

H =

∑N
i=1

√
iαi−1 − (i− 1)αi−2 + β −N
N(
√
αN−1 + β − 1)

, (3.19)

where QPM∗, zPM∗ are the optimal ordering quantity and side payment, TCS
∗

PM is the
minimum supplier’s cost of offering a pooling menu consisting of a contract, and H is
the supplier’s efficiency.

Proof. From the binding IR constraint, the optimal side payment equals zPM =

KR
N

D
QPM

+ hR

2 Q
PM − Cout and, therefore, the ordering quantity that minimizes the

supplier’s cost is

QPM
∗

=

√
2D(KS +KR

N )

hR
=

√
2DKR

1 (β + αN−1)

hR
.

Plugging in the optimal ordering and side payments in the supplier’s cost function
yields the minimum cost in (3.18) and the supplier’s efficiency in (3.19). �

Note that QPM
∗
and zPM

∗
are the first-best ordering quantity and side payment of

the most inefficient type. In addition, the term in the parenthesis in (3.16), (β+αN−1),
is the average of the terms in the nominator of the ordering quantities of the customized
menu. That is,

(β + αN−1) =
1

N

N∑
i=1

(iαi−1 − (i− 1)αi−2 + β).

In other words, the optimal pooling ordering quantities for some types are smaller
than that of the customized menu and larger for other types. We refer to this property
as average pooled order quantity.

The following theorems show how changes of α and β affect the supplier’s efficiency.
We use these results to obtain a bound on the supplier’s efficiency.

Theorem 3.6. The supplier’s loss of offering a pooling menu with one contract weakly
decreases as her set-up cost increases.

Proof. Let fα(β) = N
√
αN−1 + β − N. This function is concave and (strictly) in-

creasing in β. It is also strictly positive over the admissible range of α and β. The
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supplier’s efficiency H can be rewritten as

Hα(β) =
fα(β) +

∑N
i=1

√
iαi−1 − (i− 1)αi−2 + β −N

√
αN−1 + β

fα(β)
= 1 +

gα(β)

fα(β)
,

where

gα(β) =
N∑
i=1

√
iαi−1 − (i− 1)αi−2 + β −N

√∑N
i=1 iα

i−1 − (i− 1)αi−2 + β

N
.

Because of Jensen’s inequality3, gα(β) < 0. We show that gα(β) is strictly increasing
in β, i.e.,

dgα(β)

dβ
=

1

2
√
β + 1

+
1

2
√
β + 2α− 1

+ ...+
1

2
√
NαN−1 − (N − 1)αN−2 + β

− N

2
√
αN−1 + β

> 0.

Let Rx(β) = 1
2
√
β+x

, with d2

dβ2Rx(β) = 3

8(β+x)
5
2
> 0 (i.e., it is a convex function).

Then d
dβ gα(β) = [Rx(β)]x=1 + ...−N [Rx(β)]x=αN−1 > 0 because of Jensen’s inequality.

Define ĝ(β) = −g(β) and f̂(β) = 1
f(β) , which are both positive and decreasing in β.

Since the product of two positive decreasing functions is a decreasing function, f̂(β)ĝ(β)

is decreasing in β. It immediately follows that gα(β)
fα(β)

= −f̂(β)ĝ(β) is increasing, and
therefore, H is increasing in β. �

Theorem 3.7 provides a lower bound on the supplier’s efficiency that only depends
on the size of the type space.

Theorem 3.7. The supplier’s efficiency is not smaller than 1√
N
, and this lower bound

is tight.

Proof. As shown in Theorem 3.6, the supplier’s efficiency H is increasing in β.
Therefore we prove the claim with β = 1. Let fi(α) = i αi−1 − (i− 1)αi−2 + 1, then
the supplier’s efficiency can be rewritten as

H =
(
∑N
i=1

√
fi (α)−N)

N

(√∑N
i=1

fi(α)
N
− 1

) =
1√
N

(
∑N
i=1

√
fi (α)−N)(√∑N

i=1 fi (α)−
√
N

) .
We show that the nominator in the above fraction is not smaller than the de-

nominator, i.e., G = (
∑N
i=1

√
fi (α) −

√∑N
i=1 fi (α)) + (

√
N − N) ≥ 0 for i ∈ I.

3If p1, ..., pn are positive numbers which sum to 1 and f is a real continuous function that is concave,
then f(

∑n
i=1 pixi) ≥

∑n
i=1 pif(xi).
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Define ai = fi(α) and observe that G = 0 for ai = 1, ∀i. It suffices to show that

G(ai) = (
∑N
i=1

√
ai −

√∑N
i=1 ai) + (

√
N −N) is increasing in ai :

∂G(ai)

∂ai
=

1

2
√
ai
− 1

2
√∑N

i=1 ai

≥ 0.

For sufficiently large values of α, the supplier’s efficiency approaches 1√
N

:

lim
α→∞

H = lim
α→∞

√
DhRKR

1

√
NαN−1√

DhRKR
1 N
√
αN−1

=
1√
N
,

which shows that the lower bound is tight. �

3.6 Pooling menu with two contracts

With two contracts in the menu (i.e., M = 2), the supplier has
(
N−1
2−1
)

= N − 1 choices
of how to divide the set of ordered types into two groups and design a contract for
each group. In this section, we first analyze the optimal design of a pooling menu
with two contracts for three and four retailer types. Based on the results and insights
of this analysis, we propose a specific design of the menu for a general case with N
types, resulting in a lower bound on the supplier’s efficiency.
To specify a design of the pooling menu, we use a notation in which the types for

which a (common) contract is designed are separated from the adjacent ones by a
vertical line. For instance, the design with the composition of 1, 2|3 means that the
supplier designs a joint contract for types 1 and 2 and another contract for type 3.

3.6.1 Three retailer types and two contracts
Given three retailer types, the supplier has two options to design a menu with two
pooling contracts: 1,2|3 and 1|2,3.

Case 1) 1,2|3

The supplier offers a contract for types 1 and 2 together (QPM1,2 , z
PM
1,2 ) and another

contract for type 3 (QPM3 , zPM3 ). The supplier’s cost of offering this menu is

TCSp12 = 2 p

(
DKS

QPM1,2

+ zPM1,2

)
+ p

(
DKS

QPM3

+ zPM3

)
.

In addition to positive ordering quantities and non-negative side payments, two
sets of IR and IC constraints need to be satisfied in this case. As before, we try
to simplify these sets using a modified network interpretation. The structure of the
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modified network is similar to the one in Section 3.4, but instead of having one node
for each type, a group of types that are offered the same contract are represented with
a single node. The results on monotonic ordering quantities, sufficiency of local DIC
constraints, and single outgoing arc from node 0 continue to hold for the modified
interpretation. See Figure 3.2 for the network of three types with two contracts.

1, 2 3

0

(a) Case 1

1 2, 3

0

(b) Case 2

Figure 3.2: Modified network of incentive constraints with N = 3 and M = 2

Following the shortest-path tree in Figure 3.2a, it is sufficient to satisfy the IR
constraint of the most inefficient type and the IC constraint in which group 1 (consisting
of types 1 and 2) picks the contract designed for group 2 (consisting of type 3):

CR3|3 − z
PM
3 ≤ Cout

CR1,2|2 − z
PM
1,2 ≤ CR3|2 − z

PM
3

Note that even though group 1 consists of two types, it suffices to satisfy the IC
constraint of type 2 (the most inefficient type in the group) because KR

1 < KR
2 and

therefore CR1,2|1−z
PM
1,2 < CR1,2|2−z

PM
1,2 . In this case, side payments are zPM3 = CR3|3−C

∗

and zPM1,2 = CR1,2|2 − C
R
3|2 + zPM3 . Plugging in these side-payments in the objective

function and taking the derivative with respect to the ordering quantities, we have

QPM3 =

√
2DKR

1 (3α2−2α+β)√
hR

and QPM1,2 =

√
2DKR

1 (β+α)√
hR

. The supplier’s cost in this

case is TCSp12 =
√

2DKR
1 hRp

(
2
√
β + α+

√
3α2 − 2α+ β − 3

)
and the supplier’s

efficiency is equivalent to

H =

√
β + 1 +

√
β + 2α− 1 +

√
3α2 − 2α+ β − 3

2
√
β + α+

√
3α2 − 2α+ β − 3

.

It also holds that limα→∞H = limβ→∞H = 1, implying that with sufficiently large
α and β, the supplier will not be worse off by offering a pooling menu instead of a
customized menu.
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Case 2) 1|2,3

The supplier offers a contract for type 1 (QPM1 , zPM1 ) and another contract for types 2
and 3 together (QPM2,3 , z

PM
2,3 ). Among the set of IR constraints, we need to satisfy the

constraint of the most inefficient type. Following the shortest path in Figure 3.2b, side
payments can be calculated by zPM2,3 = CR2,3|3 − C

∗ and zPM1 = CR1|1 − C
R
2,3|1 + zPM2,3 .

The supplier’s cost is

TCSp1 = p

(
DKS

QPM1

+ zPM1

)
+ 2 p

(
DKS

QPM2,3

+ zPM2,3

)
.

After calculating the ordering quantities and side payments as in the previous case,
the supplier’s efficiency is

H =

√
β + 1 +

√
β + 2α− 1 +

√
3α2 − 2α+ β − 3

√
2
√

3α2 + 2β − 1 +
√
β + 1− 3

.

For large values of α and β, limα→∞H =
√
2
2 and limβ→∞H = 1.

Comparison of two cases

The aim here is to show which design of the pooling menu with two contracts is
more profitable for the supplier. The supplier’s efficiency in both cases is depicted in
Figure 3.3. Case 1 clearly outperforms Case 2, and the supplier’s efficiency in this
case is very close to 1. The following theorem formally shows that Case 1 is dominant.
To prove the results in the remainder of this chapter, we restrict the range of α and
consider a more plausible range of α ≤ 2, i.e., retailer’s cost types are at most twice
as different.

5 10 15 20

1
5

10
15

20

0.85

0.9

0.95

1

αβ

H

1, 2|3 (Case 1)

1|2, 3 (Case 2)

Figure 3.3: Supplier’s efficiency with N = 3 and M = 2
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Theorem 3.8. The supplier’s cost with a pooling menu of two contracts with the
1,2|3 composition for three types is not larger than that of the 1|2,3 composition for
1 ≤ α ≤ 5.

Proof. The ratio of the supplier’s cost in the two cases is

Case 1
Case 2

=

√
3α2 − 2α+ β + 2

√
α+ β − 3

√
2
√

3α2 + 2β − 1 +
√
β + 1− 3

. (3.20)

With β = 1
16 (α− 1)(α− 9) and 1 ≤ α ≤ 5, Case 1= Case 2 since with this β the

cost ratio in (3.20) is equivalent to

2
√

(3 + α)2 +
√

(−3 + 7α)2 − 12

2
√

(−1 + 5α)2 +
√

(−5 + α)2 − 12
=

2α+ | − 3 + 7α| − 6

2| − 1 + 5α|+ |α− 5| − 12
= 1.

One can verify that above the curve β = 1
16 (α− 1)(α− 9), the cost ratio is smaller

than 1. Furthermore, note that β ≤ 0 on the curve for 1 ≤ α ≤ 5. Therefore, we
conclude that Case 1 strictly outperforms Case 2 for 1 ≤ α ≤ 5 and β ≥ 1. �

As shown, the cost ratio in (3.20) is not larger than 1 and therefore Case 1 is
(weakly) dominant. Observe that in Case 1, the supplier isolates type 3 and offers
a contract for the most inefficient one separately and another contract for the more
efficient ones (types 1 and 2) together. We refer to this design of the menu of contracts
as the (M,N)-efficient design.

Definition 2. (M,N)-efficient design. Given a set of ordered retailer types with N
elements, the supplier offers a pooling menu with M (M < N) contracts. In the
(M,N)-efficient design, the first N −M + 1 types are grouped together and offered
a single contract. For each of the remaining M − 1 (less efficient) types, there is a
separate contract.

For instance, with N = 5 and M = 3, a pooling menu with (3, 5)-efficient design
has the following composition: 1, 2, 3|4|5. One contract for types 1, 2, and 3 together,
a contract for type 4, and a contract for type 5. For 3 types and 2 contracts, the
(2, 3)-efficient design corresponds to Case 1 (above).

3.6.2 Four retailer types and two contracts
With four retailer types, the supplier has three options to design a pooling menu with
two contracts: 1|2,3,4 (Case 1), 1,2|3,4 (Case 2), and 1,2,3|4 (Case 3). Table 3.1 shows
the specifications of each option. We investigate which design of the pooling menu
with two contracts has a lower cost for the supplier. Figure 3.4 shows the supplier’s
efficiency for each of the three cases. Case 3 has a very good performance compared
to the other two.
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Figure 3.4: Supplier’s efficiency with N = 4 and M = 2

Theorem 3.9 shows that by offering a pooling menu with the (2,4)-efficient design
(Case 3), the supplier’s cost is not larger than the design with the 1|2,3,4 composition
(Case 1).

Theorem 3.9. The supplier’s cost with a pooling menu of the (2,4)-efficient design
(Case 3) is not larger than the cost of Case 1 for 1 ≤ α ≤ 1 +

√
3.

Proof. The supplier’s cost in Case 3 relative to Case 1 is

Case 3
Case 1

=
3
√
α2 + β +

√
4α3 − 3α2 + β − 4

√
β + 1 +

√
3
√

4α3 + 3β − 1− 4
.

With β =
(α−1)(α3−3α2−3α−1)

6α+3 and 1 ≤ α ≤ 1 +
√

3, Case 3
Case 1 = 1 and the cost ratio

is equivalent to
√

3
∣∣5α2 − α− 1

∣∣+ 3
√

3α+ 3
√

3− 12
√

2α+ 1 + 3
√

3α2

√
3 |α2 − 2α− 2| − 12

√
2α+ 1 + 9

√
3α2

.

One can verify that above the curve β =
(α−1)(α3−3α2−3α−1)

6α+3 , the cost ratio is at
most 1. In addition, note that β ≤ 0 on the curve for 1 ≤ α ≤ 1 +

√
3. Therefore, we

conclude that Case 3 outperforms Case 1 for 1 ≤ α ≤ 1 +
√

3 and β ≥ 1. �

We next compare the supplier’s cost in Cases 2 and 3. The ratio of costs is

Case 3
Case 2

=
1

2

3
√
α2 + β +

√
4α3 − 3α2 + β − 4

√
α+ β − 2 +

√
2α3 − α+ β

, (3.21)
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with the corresponding inequality plot in Figure 3.5. The darker pink area shows the
range of α and β for which the cost ratio in (3.21) is at most 1. The lighter blue area
depicts the range that the ratio is larger than 1.

Figure 3.5: Inequality plot of Case 3
Case 2 ≤ 1

As illustrated, Case 3 (isolating the most inefficient type) does not always lead to a
lower cost for the supplier. There is a small range of admissible values of α and β in
which Case 2 (dividing the set of types evenly) outperforms the (2, 4)-efficient design
of Case 3. For example, with α = 3 and β = 1, the cost ratio in (3.21) is 1.008, while
it equals to 0.991 with α = 5 and β = 6. In this setting, the supplier’s efficiency in
Case 3 can be considered as a lower bound on H when there are two contracts for
four retailer types. The supplier’s efficiency with the (2,4)-efficient design equals

H =

√
β + 1− 4 +

√
2α+ β − 1 +

√
3α2 − 2α+ β +

√
4α3 − 3α2 + β

3
√
α2 + β +

√
4α3 − 3α2 + β − 4

.

See the following subsection for properties of the supplier’s efficiency with this
design. Since there is no dominant design for the setting with four types and two
contracts, we do not continue the formal investigation of the cases with larger type
space. Rather, we use the results of the previous two subsections to design a menu
of contracts when there are N retailer types, and the supplier offers a pooling menu
with two contracts.

3.6.3 N retailer types and two contracts

As mentioned in Subsections 3.6.1 and 3.6.2, the cost associated with the menu of
contracts in which the most inefficient type (type N) is isolated and offered a separate
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contract can be considered as a lower bound on the supplier’s efficiency. Therefore,
in this section, we focus on the analysis of this design for N retailer types. With
the (2, N)-efficient design, the supplier offers a contract for type N (QPM2 , zPM2 ) and
another contract for all the other types together (QPM1 , zPM1 ). The supplier’s problem
can be formulated as follows:

min TCSPM = (N − 1) p

(
DKS

QPM1

+ zPM1

)
+ p

(
DKS

QPM2

+ zPM2

)
(3.22)

s.t. CR2|N − z
PM
2 ≤ Cout (3.23)

CR1|N−1 − z
PM
1 ≤ CR2|N−1 − z

PM
2 (3.24)

QPM1 , QPM2 > 0

zPM1 , zPM2 ≥ 0

Theorem 3.10 characterizes the optimal pooling menu with the (2, N)-efficient
design. Its proof is standard and omitted.

Theorem 3.10. In a pooling menu consisting of two contracts for N types with the
(2, N)-efficient design, the following holds:

QPM∗1 =

√
2DKR

1

√
αN−2 + β√
hR

, QPM∗2 =

√
2DKR

1

√
NαN−1 − (N − 1)αN−2 + β√

hR

zPM∗1 =
Cout

2

(
2αN−2 + β√
αN−2 + β

− αN−1 − αN−2√
NαN−1 − (N − 1)αN−2 + β

− 1

)

zPM∗2 =
Cout

2

(
(N + 1)αN−1 − (N − 1)αN−2 + β√
NαN−1 − (N − 1)αN−2 + β − 1

)

TCS∗PM = p Cout
(

(N − 1)
√
αN−2 + β −N +

√
NαN−1 − (N − 1)αN−2 + β

)
.

As before, the side payment and ordering quantities of the most inefficient type
are the same as the ones in the customized menu, and the average pooled quantity
property holds. The supplier’s efficiency in this case is

H =

∑N
i=1

√
iαi−1 − (i− 1)αi−2 + β −N√

NαN−1 − (N − 1)αN−2 + β −N + (N − 1)
√
αN−2 + β

.

Given the (2, N)-efficient design, we next show how the supplier’s efficiency changes
with her set-up cost.
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Theorem 3.11. Given a menu consisting of two pooling contracts with the (2,N)-
efficient design for N types, the supplier’s efficiency is increasing in her set-up cost.

Proof. Similar to the proof of Theorem 3.6 with

fα(β) =
√
NαN−1 − (N − 1)αN−2 + β −N + (N − 1)

√
αN−2 + β

and

gα(β) =

N−1∑
i=1

√
iαi−1 − (i− 1)αi−2 + β − (N − 1)

√∑N−1
i=1 iαi−1 − (i− 1)αi−2 + β

N − 1
.

�

With β = 1 and for a fixed value of N, we have limα→∞H = 1. Figure 3.6 illustrates
the changes of supplier’s efficiency H with respect to α and β for a type space with
10 elements.

Figure 3.6: Supplier efficiency with N = 10 and M = 2

3.7 Pooling menu with three contracts

With three contracts in the menu, the supplier has
(
N−1
2

)
= (N−1)(N−2)

2 choices of
how to divide the set of retailer types into three groups and design a contract that
is appealing for each group. In this section, we first analyze the optimal design of a
pooling menu with three contracts for four and five retailer types. Consequently, we
propose a design for a type space with N elements.
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3.7.1 Four retailer types and three contracts
The supplier has three choices of how to design a menu with three contracts for four
retailer types: 1|2|3,4 (Case 1), 1,2|3|4 (Case 2), and 1|2,3|4 (Case 3). These options
together with their specifications are shown in Table 3.2.
We next investigate which case has a lower cost for the supplier. Figure 3.7 shows

the performance of each case. It can be observed that the supplier’s efficiency is larger
with the (3, 4)-efficient design (Case 2). Since we could not formally prove this result,
we present it in the following conjecture and provide numerical evidence.

Figure 3.7: Supplier’s efficiency with N = 4 and M = 3

Conjecture 3.12. The (3,4)-efficient design is (weakly) dominant.

Proof. We numerically show that the claim holds. Ratio of costs for Cases 1 and 2
can be calculated as follows

Case 2
Case 1

=
2
√
α+ β +

√
4α3 − 3α2 + β − 4 +

√
3α2 − 2α+ β

√
β + 1− 4 +

√
2α+ β − 1 + 2

√
2α3 − α+ β

.

With the assumption that both α and β are larger than 1, this cost ratio is not
larger than 1 (see the inequality plot in Figure 3.8(a)) and therefore Case 2 is (weakly)
dominant.
Comparison of costs in Cases 2 and 3 is as follows

Case 2
Case 3

=
2
√
α+ β +

√
4α3 − 3α2 + β − 4 +

√
3α2 − 2α+ β

√
2
√

3α2 + 2β − 1− 4 +
√
β + 1 +

√
4α3 − 3α2 + β

.

Given α and β larger than 1, this cost ratio is smaller than 1 (see the inequality
plot in Figure 3.8(b)). The supplier’s cost in Cases 2 and 3 are equal with β =
1
16 (α− 9) (α− 1) and 1 ≤ α ≤ 5. �
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Figure 3.8: Inequality plots for the pooling menu with N = 4 and M = 3

The supplier’ s efficiency with the (3,4)-efficient design (Case 2) is

H =

√
3α2 − 2α+ β +

√
4α3 − 3α2 + β +

√
β + 1− 4 +

√
2α+ β − 1

2
√
α+ β +

√
4α3 − 3α2 + β − 4 +

√
3α2 − 2α+ β

.

3.7.2 Five retailer types and three contracts
The supplier has six options to divide the set of five retailer types into three groups:
1|2|3,4,5 (Case 1), 1|2,3|4,5 (Case 2), 1|2,3,4|5 (Case 3), 1,2|3|4,5 (Case 4), 1,2|3,4|5
(Case 5), and 1,2,3|4|5 (Case 6). Table 3.3 shows the details of each option. We compare
the supplier’s cost of offering a pooling menu with three contracts under each of the
six possible cases. Figure 3.9 illustrates the supplier’s efficiency in each case. Next, we
show that the (3,5)-efficient design (Case 6) outperforms the design in Cases 1 and 3.

Similar to the case with four retailer types in this section, we could not formally
prove that Case 6 outperforms the other cases (over most of the admissible range of
parameters) and therefore present this result in the following conjecture and provide
numerical evidence.

Conjecture 3.13. The supplier’s cost with a pooling menu of the (3,5)-efficient
design (Case 6) is smaller than the cost of Cases 1 and 3.

Proof. We show that the supplier’s cost of Case 6 is smaller than the other cases. The
pairwise comparison of the supplier’s cost in this setting is as follows:

Case 6
Case 1

=
3
√
α2 + β +

√
4α3 − 3α2 + β +

√
5α4 − 4α3 + β − 5√

15α4 − 6α+ 9β +
√

2α+ β − 1 +
√
β + 1− 5

(3.25)
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Figure 3.9: Supplier’s efficiency with N = 5 and M = 3

With α > 1 and β ≥ 1, Case 6 has a lower cost as the inequality plot in Figure 3.10a
shows.

Case 6
Case 3

=
3
√
α2 + β +

√
4α3 − 3α2 + β +

√
5α4 − 4α3 + β − 5

√
β + 1− 5 +

√
5α4 − 4α3 + β +

√
3
√

4α3 + 3β − 1
(3.26)

As illustrated in Figure 3.10c, Case 6 leads to a lower cost compared to Case 3. For

α = 1, the ratio is smaller than 1 for β ≥ 1. With β =
(α−1)(α3−3α2−3α−1)

6α+3 , the costs
of Cases 6 and 3 are equal, and the cost ratio is equivalent to

−6α2 + 3α+
∣∣5α2 − α− 1

∣∣− ∣∣α2 − 2α− 2
∣∣+ 3

√
6α+ 3

.

It can be verified that Case 6
Case 3 ≤ 1 for 1 < α < 1 +

√
3. With α ≥ 1 +

√
3, the ratio

in (3.26) is not larger than 1 for β ≥ 1. �

The comparison of the costs for the remaining cases is as follows:

Case 6
Case 2

=
3
√
α2 + β +

√
4α3 − 3α2 + β +

√
5α4 − 4α3 + β − 5

−5 +
√

2
√

3α2 + 2β − 1 +
√

2
√

5α4 − 3α2 + 2β +
√
β + 1

Case 6
Case 4

=
3
√
α2 + β +

√
4α3 − 3α2 + β +

√
5α4 − 4α3 + β − 5√

3α2 − 2α+ β − 5 +
√

2
√

5α4 − 3α2 + 2β + 2
√
α+ β

Case 6
Case 5

=
3
√
α2 + β +

√
4α3 − 3α2 + β +

√
5α4 − 4α3 + β − 5

2
√

2α3 − α+ β + 2
√
α+ β +

√
5α4 − 4α3 + β − 5

.

As illustrated in Figure 3.10b and 3.10d, Case 6 has a lower cost over most of the
admissible range of α and β compared to Cases 2 and 4. The same holds for Case 5
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Figure 3.10: Inequality plots for the pooling menu with N = 5 and M = 3
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as the inequality plot in Figure 3.10e shows. For example, with α = 4 and β = 7, the
cost ratio Case 6

Case 5 = 0.992, while it is 1.003 with α = 2.6 and β = 1.5.
Similar to the analysis of the setting with four retailer types, the cost associated

with Case 6 can be considered as an upper bound on the supplier’s optimal cost.
Observe that Case 6 corresponds to the (3, 5)-efficient design of contracts in which
the two most inefficient types (types 4 and 5) are offered contracts separately. The
supplier’s efficiency in this case is

H =

√
4α3 − 3α2 + β − 5 +

√
5α4 − 4α3 + β +

√
2α+ β − 1 +

√
3α2 − 2α+ β +

√
β + 1

3
√
α2 + β +

√
4α3 − 3α2 + β +

√
5α4 − 4α3 + β − 5

.

3.7.3 N retailer types and three contracts
To find a lower bound on the supplier’s efficiency loss, we consider the (3, N)-efficient
design discussed in the previous parts of this section. The supplier offers a menu with
three contracts, one for type N (QPM1 , zPM1 ), one for type N − 1 (QPM2 , zPM2 ), and
another (QPM3 , zPM3 ) for all the other more efficient types together. The supplier’s
problem can be formulated as follows.

min TCS3 = (N − 2) p

(
DKS

QPM1

+ zPM1

)
+ p

(
DKS

QPM2

+ zPM2

)
+ p

(
DKS

QPM3

+ zPM3

)

s.t. CR3|N − z
PM
3 ≤ Cout

CR2|N−1 − z
PM
2 ≤ CR3|N−1 − z

PM
3

CR1|N−2 − z
PM
1 ≤ CR2|N−2 − z

PM
2

QPM1 , QPM2 , QPM3 > 0

zPM1 , zPM2 , zPM3 ≥ 0

Theorem 3.14 characterizes the optimal menu of pooling contracts with the (3, N)-
efficient design. Its proof is standard and omitted.

Theorem 3.14. In a pooling menu consisting of three contracts for N types with the
(3, N)-efficient design, the following holds:

QPM∗1 =

√
2DKR

1

√
αN−3 + β√
hR

QPM∗2 =

√
2DKR

1

√
(N − 1)αN−2 − (N − 2)αN−3 + β√

hR

QPM∗3 =

√
2DKR

1

√
NαN−1 − (N − 1)αN−2 + β√

hR
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zPM∗1 =
Cout

2
(

2αN−3 + β√
αN−3 + β

+
αN−2 − αN−3√

− (N − 2)αN−3 + (N − 1)αN−2 + β

+
αN−1 − αN−2√

− (N − 1)αN−2 +NαN−1 + β
− 1)

zPM∗2 =
Cout

2
(

αN−2N − (N − 2)αN−3 + β√
− (N − 2)αN−3 + (N − 1)αN−2 + β

+
αN−1 − αN−2√

− (N − 1)αN−2 +NαN−1 + β
− 1)

zPM∗3 =
Cout

2

(
1/2
− (N − 1)αN−2 + (N + 1)αN−1 + β√
− (N − 1)αN−2 +NαN−1 + β

− 2

)

TCS∗PM = p Cout((N − 2)
√
αN−3 + β + 1/2

NαN−1 − 2 (N − 1)αN−2 + 2β√
− (N − 1)αN−2 +NαN−1 + β

−N

+
1

2

2β − 2 (N − 2)αN−3 + 2 (N − 1)αN−2√
− (N − 2)αN−3 + (N − 1)αN−2 + β

).

The ordering quantity and side payment for the isolated types are the same as those
in the customized menu and the average pooled order quantity property holds for the
remaining types. In a situation where the supplier offers a menu of three contracts
with the (3, N)-efficient design for N types, her efficiency is

H =

∑N
i=1

√
iαi−1 − (i− 1)αi−2 + β −N∑N

i=N−1
√
iαi−1 − (i− 1)αi−2 + β + (N − 2)

√
αN−3 + β −N

.

We next show that the supplier’s efficiency increases with her set-up cost.

Theorem 3.15. Given a menu consisting of three pooling contracts with the (3,N)-
efficient design for N types, the supplier’s efficiency increases as her set-up cost
increases.

Proof. Similar to the proof of Theorem 3.6 with

fα(β) =

N∑
i=N−1

√
iαi−1 − (i− 1)αi−2 + β + (N − 2)

√
αN−3 + β −N

and gα(β) =
∑N−2
i=1

√
iαi−1 − (i− 1)αi−2 + β − (N − 2)

√
αN−3 + β. �

With β = 1 and for a fixed value of N, we have limα→∞H = 1. Changes of supplier
efficiency H with respect to α and β for a type space with 10 elements are shown in
Figure 3.11.
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Figure 3.11: Supplier efficiency with N = 10 and M = 3

3.8 Numerical results

In this section, we show how much the supplier loses by offering a pooling menu
with the (M,N)-efficient design instead of the customized menu. Table 3.4 shows the
worst-case supplier’s efficiency (H) for the pooling menus with 1, 2, and 3 contracts.
To quantify the supplier’s efficiency loss, we set β = 1 (the value at which H has its
minimum) and let α change from 1 to 20 with increments of size 0.01.

Table 3.4: Supplier’s efficiency of pooling menus with the (M,N)-efficient design
N 2 3 4 5 6 7 8 9 10

M = 1
MinH 0.801 0.680 0.603 0.546 0.501 0.466 0.437 0.413 0.392
α 20.000 20.000 20.000 20.000 20.000 20.000 20.000 20.000 20.000

M = 2
MinH - 0.963 0.914 0.870 0.832 0.800 0.770 0.743 0.720
α - 11.680 8.660 7.220 6.470 6.010 5.680 5.420 5.210

M = 3
MinH - - 0.989 0.968 0.944 0.920 0.900 0.876 0.860
α - - 4.750 4.160 3.660 3.340 3.130 2.980 2.870

As shown earlier in a pooling menu with a single contract, the supplier’s efficiency
approaches 1√

N
and its worst case does not depend on α. As such, H has its minimum

value at the upper bound of our interval (α = 20).
In all the three settings, the minimum efficiency becomes smaller with an additional

type in a diminishing way. Similarly, for a given number of types, the supplier’s loss
decreases by increasing the number of contracts but in a diminishing way. That is,
including an additional contract in the menu will bring marginal values for the supplier
and might not justify the increased level of complexity.
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To evaluate the performance of the (M,N)-efficient design in a more plausible
setting, we consider a smaller interval for α from 1.2 to 2 with increments of 0.2 and
show the value of supplier’s efficiency H for each α. See Tables 3.5 to 3.7 for the
supplier’s efficiency with M ∈ {1, 2, 3} contracts.

Table 3.5: Supplier’s efficiency with the (1, N)-efficient design
H
HHHHN

α 1.2 1.4 1.6 1.8 2

2 0.997 0.990 0.982 0.974 0.966
3 0.992 0.975 0.956 0.938 0.921
4 0.985 0.956 0.926 0.899 0.875
5 0.977 0.936 0.896 0.861 0.832
6 0.967 0.914 0.866 0.827 0.795
7 0.957 0.892 0.838 0.795 0.762
8 0.946 0.871 0.812 0.767 0.732
9 0.935 0.851 0.788 0.742 0.706
10 0.924 0.832 0.766 0.718 0.682

Table 3.6: Supplier’s efficiency with the (2, N)-efficient design
HH

HHHN
α 1.2 1.4 1.6 1.8 2

3 0.998 0.995 0.992 0.988 0.986
4 0.995 0.985 0.976 0.967 0.960
5 0.990 0.972 0.955 0.940 0.928
6 0.983 0.956 0.931 0.912 0.896
7 0.975 0.938 0.907 0.884 0.866
8 0.967 0.920 0.884 0.857 0.838
9 0.957 0.902 0.861 0.832 0.812
10 0.947 0.884 0.840 0.809 0.788

Clearly, the (M,N)-efficient design has even better performance in a more realistic
range of the cost coefficient α.

As mentioned in Sections 3.6 and 3.7, we can find a lower bound on the supplier’s
efficiency with the (M,N)-efficient design. There is, however, a relatively small range
of parameters in which the other designs outperform the (M,N)-efficient design. We
first compare the worst-case performance of these better designs with the performance
of the (M,N)-efficient design for the discussed settings of Sections 3.6 and 3.7. To
do so, we let α changes from 1 to 4 (this interval comes from the inequality plots in
which the alternative designs have a lower cost) and β from 1 to 20 with increments
of 0.001. Table 3.8 shows the comparison results. In the setting with two contracts
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Table 3.7: Supplier’s efficiency with the (3, N)-efficient design
HHH

HHN
α 1.2 1.4 1.6 1.8 2

4 0.999 0.997 0.995 0.994 0.993
5 0.996 0.991 0.985 0.981 0.978
6 0.992 0.981 0.971 0.963 0.958
7 0.987 0.969 0.954 0.943 0.935
8 0.981 0.955 0.935 0.922 0.912
9 0.974 0.940 0.916 0.900 0.890
10 0.966 0.925 0.897 0.880 0.869

for four types, the inequality plot in Figure 3.5 shows that the design in which the
type space is divided evenly (1, 2|3, 4) performs better than our suggested design. The
minimum supplier’s efficiency (over all the considered problem instances) with this
design is 0.9242, while this minimum is approximately 0.9245 with the (2, 4)-efficient
design. For a pooling menu with three contracts and five types, the design with the
1, 2|3, 4|5 composition seems to outperform the (3, 5)-efficient design. The numerical
results show that the minimum efficiency is 0.9680 for the (3, 5)-efficient design and
0.9675 for the 1, 2|3, 4|5 design.
We further evaluate the performance of the (M,N)-efficient design compared to

the alternative ones by recording the largest gap between the best design and the
(M,N)-efficient design. With two contracts for four types, the largest gap between
the best design and the (2,4)-efficient design is about 0.00000674 at α = 3.969 and
β = 1.01, where 1, 2|3, 4 is the best design for these parameter values. With three
contracts for five types, the largest gap between the best design and the (3, 5)-efficient
design is approximately 0.04121021 at α = 3.969 and β = 1.01, where 1, 2|3, 4|5 is the
best design.

3.9 Discussion and conclusion

In this chapter, we consider contract complexity as a design factor and focus on
designing “simple” and “easily implementable” menus of pooling contracts in a supply
chain contracting setting with a supplier and a retailer. The strong retailer has one-
dimensional private information about his cost parameter, and the supplier offers a
menu of take-it-or-leave-it contracts, each consisting of an ordering quantity plus a
side payment, to persuade the retailer to deviate from his individual ordering plan.
To reflect real-world practices, the optimal menus of pooling contracts in this

study consist of at most three contracts. We have proposed a simple and intuitive
alternative to the optimal mechanism of offering a different contract for each type.
Specifically, we consider the (M,N)-efficient design in which the supplier motivates the
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Table 3.8: Comparison of worst-case performance for different designs

Design
1|2, 3, 4 1, 2|3, 4 1, 2, 3|4

MinH 0.8361 0.9242 0.9245
α 4 4 4
β 1 1 1

(a) Minimum H for N = 4 and M = 2

Design
1|2|3, 4, 5 1|2, 3|4, 5 1|2, 3, 4|5 1, 2|3|4, 5 1, 2|3, 4|5 1, 2, 3|4|5

Min H 0.853 0.9311 0.9274 0.9383 0.9675 0.9680
α 4 4 4 4 4 4
β 1 1 1 1 1 1

(b) Minimum H for N = 5 and M = 3

most inefficient types to distinguish themselves by offering them a separate contract,
tailored for their cost types. We derive the closed-form solutions of ordering quantities
and side payments in the pooling menus with this design. The efficiency (cost of the
customized menu relative to that of the pooling menu) of this design provides an
upper bound on the supplier’s efficiency loss due to reducing the number of contracts
in the menu.
Another interesting property of this design is that (except for the single contract

case) the supplier’s efficiency approaches 1 for sufficiently large cost coefficients. That
is, the supplier will not be worse off by offering a pooling menu with this design rather
than the customized menu. The minimum of the supplier’ s efficiency in this design
happens when the supplier’s set-up cost is the same as the set-up cost of the most
efficient retailer type. Note that the motivation to use a lot-for-lot system is that the
supplier’s set-up cost is (considerably) higher than the retailer’s. Therefore, our bound
on the supplier’s efficiency is a conservative bound.
Additionally, as can be observed in our analysis, the performance of the proposed

design and the corresponding qualitative results do not depend on customer demand
at the retailer’s end; i.e., our results are robust with respect to the magnitude of
customer demand.
An inevitable consequence of offering a pooling menu is that the supplier cannot

screen different retailer types completely. She can only find out an interval of the
actual cost type. This interval can be used to design contracts in situations that
allow repeated interactions or in the multi-period settings in which a contract can
be designed for each period. In this chapter, we assumed that the supplier does
not have accurate information about the probability distribution of the retailer’s
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private information. In case the supplier has a better assessment of the retailer’s
private information, her cost function and the corresponding designs can be adjusted
accordingly.
This study can be extended in multiple directions. The analysis of the menus of

contracts in this chapter was for a setting with one-dimensional private information
with a discrete and finite type space. A natural next step would be to consider more
types (i.e., a continuous type space) for the retailer’s cost. Enlarging the type space,
however, does not necessarily lead to uncovering new qualitative results (we will have
sets of types instead of single types in the optimal solution), and discrete type spaces
are sometimes more natural ones to consider (see, e.g., Lovejoy (2006)). Another
interesting extension to this study would be to consider more dimensions of private
information. For instance, the retailer’s outside option can be private information in
which case the known results, such as the revelation principle cannot be used. Another
difficulty in multi-dimensional settings has to do with the division of the type space,
especially if types cannot be explicitly ranked on the basis of their private information.
Ideas from practice can help design pooling contracts in such settings.

Our quantity-side payment menu of contracts is relatively easy to implement because
it is essentially an all-unit discount (or profit-sharing) mechanism, which is widely
observed in practice (Zhang, 2010). Other mechanisms such as buy-back and holding
cost compensation mechanisms can be considered. Supply chains with more echelons
and more players in each echelon can be considered as another direction for extending
this study.



3.9 Discussion and conclusion 87

Appendix

Truncated menu of contracts
In this setting, the supplier has the possibility of designing contracts for a subset of the
type space. She divides the type space into two subsets of efficient and inefficient types
and designs a menu of contracts that satisfies the IR constraints of the efficient types
only. As shown earlier, it is not possible to design contracts that will be appealing to
the inefficient types only: if a contract is appealing to an inefficient type with a higher
cost, it will also be appealing to a more efficient type with a lower cost.

Suppose there are N ordered retailer types, and the supplier designs a menu for the
first M (M < N) types. The supplier’s problem is to find QTMi and zTMi such that
her total cost is minimized. Since the retailer is strong in our setting, the supplier
cannot completely exclude the subset of inefficient types. The procurement quantity
for the set of inefficient types will be the optimal ordering quantity of the outside
option. Formally, the supplier’s optimization problem is

minTCSTM =

M∑
i=1

pi(
DKS

QTMi
+ zTMi )+

N∑
i=M+1

pi(
DKS

Qouti

)

s.t. CRM |M − z
TM
M ≤ Cout (3.27)

CRi|i − z
TM
i ≤ CRj|i − z

TM
j ∀i, j ∈ {1, 2, ..,M}

zTMi ≥ 0 ∀i ∈ {1, 2, ..,M}
QTMi > 0. ∀i ∈ {1, 2, ..,M}

From the set of efficient retailer types, it suffices to satisfy the IR constraint of
type M only (constraint (3.27)). It is clear that this constraint should bind at the
optimum, and then side payments of the remaining types can be found recursively as
the following theorem shows.

Theorem 3.16. In a truncated menu with M contracts, the following holds:

QTM∗i =

√
2DKR

1

√
iαi−1 − (i− 1)αi−2 + β√

hR
i ∈ {1, 2, ..,M}

zTM∗M = Cout

(
(M + 1)αM−1 − (M − 1)αM−2 + β

2
√
MαM−1 − (M − 1)αM−2 + β

− 1

)

zTM∗i =
Cout

2

(
(i+ 1)αi−1 − (i− 1)αi−2 + β√

iαi−1 − (i− 1)αi−2 + β
− (i+ 1)αi − (i− 1)αi−1 + β√

(i+ 1)αi − iαi−1 + β

)
+ zTM∗i+1 i ∈ {1, 2, ..,M − 1}
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TCS∗TM =p Cout
(

M∑
i=1

√
iαi−1 − (i− 1)αi−2 + β −M

)
+p Cout

β

2

√α
(
α−M/2 − α−N/2

)
√
α− 1

.
Proof. The proof follows by replacing the running index N with M in the proof of
Theorem 3.4. �

Reducing the subset of types for which a contract is designed obviously reduces the
information rent of the more efficient types, and therefore, the supplier may incur
a lower cost. In our model set-up, however, the solution to the above problem is a
solution for the customized menu and therefore the supplier will not have a lower cost
with the truncated menu.



4
Optimal Menu of Multi-Period Pooling Contracts

with Information Asymmetry on Cost

Abstract In designing coordination contracts, the conflict between theory
and practice often appears in the form of a trade-off between the complexity
of theoretically optimal solutions and their ease of implementation in the real
world. In this study, we explicitly consider complexity as a design factor and
evaluate the performance of simpler contracts versus theoretically optimal but
arbitrarily complex ones. Our setting is a two-tier supply chain, consisting of
a single supplier serving a single retailer who possesses private information
about a cost parameter. Assuming a discrete type space for the retailer’s
private information, we formulate the supplier’s problem of designing optimal
“pooling” contract menus. In a pooling (as opposed to a “separating”) menu,
each contract is intended to appeal to multiple retailer types, and as such,
the design is simplified in terms of the number of contracts in the menu. We
propose a simple, intuitive design for the pooling contract menu in which
inefficient retailer (i.e., higher costs) types are offered customized contracts
tailored for their cost type, and the remaining more efficient types are pooled
together and offered a common contract. We numerically show that the cost
of our design is, on average, only 1% larger than its theoretically optimal but
more complicated counterpart. Our results demonstrate the value of simple
contract designs for real-world settings where decision-makers usually rely on
straightforward decision rules.

4.1 Introduction

Supply chains generally consist of separate, individual members with distinct prefer-
ences, objectives, and information, making decisions independently and striving to
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meet their own local objectives. This type of selfish and opportunistic behavior can
cause supply chain performance to suffer. The loss of efficiency because of conflicting
incentives and opportunistic behavior of supply chain members is referred to as the
“price of anarchy” in the literature (Perakis and Roels, 2007).

To mitigate supply chain inefficiencies and reduce the price of anarchy, several types
of contracts, taking into account information asymmetry, have been proposed in the
operations management literature. These include wholesale price contracts, revenue
sharing contracts, buy-back contracts, and quantity discount contracts, see, e.g., Shin
and Tunca (2010); Taylor (2006); Çakanyıldırım et al. (2012).
The typical approach in most of the studies on supply chain contracting with

information asymmetry is to construct an offer with tailored contracts for each
possible scenario of private information, the so-called separating menu. For instance,
consider a strong retailer (he) who strategically withholds information about his cost
function from a supplier (she) who relies on the retailer’s market reach. In this situation,
the supplier attempts to elicit information from the retailer by constructing an offer
that appeals to the retailer while taking into account her operational limitations. To
do so, the supplier assumes a probability distribution for the retailer’s private cost
information and designs a menu consisting of a contract corresponding to each different
cost scenario. This approach results in a menu that is theoretically appealing but
might be arbitrarily complex (Laffont and Martimort, 2001; Bolton and Dewatripont,
2005). The optimal complex contract menu may not be practical in real-world settings,
where decision-makers generally seek simple guidelines as opposed to dealing with the
intricacies of a theoretically optimal solution. In fact, “when faced with complexity
beyond his ken,” a human subject “finds ways of actions that are sufficient unto the
day” (Simon, 1979); i.e., he relies on simpler decision rules.

In this chapter, we aim to simplify the menu of contracts by exploring the trade-off
between the complexity of a menu and its performance in terms of realized costs/profits.
Specifically, we design optimal menus by limiting the number of contracts in order to
better reflect real-world settings.

We study a two-tier supply chain consisting of a retailer who orders a single product
from a supplier. The retailer faces an Economic Lot Sizing (ELS) problem in order to
find an ordering plan that minimizes the total cost of fulfilling customer demand. The
supplier also faces an ELS problem in order to find a production plan that minimizes
the total cost incurred by fulfilling the retailer’s orders. We assume that the retailer
has both broad market reach and the market power to impose his optimal ordering
plan on the supplier who depends on his market reach. The supplier offers a menu
of take-it-or-leave-it contracts, each consisting of a procurement plan plus a side
payment. The retailer either chooses one of the contracts in the menu or imposes his
own individual optimal plan on the supplier.
We limit the number of contracts by designing the so-called pooling or bunching

contracts in which several retailer types are pooled together and offered the same
contract. We formulate the supplier’s problem of designing an optimal menu of
pooling contracts in which the retailer possesses private information about a cost
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parameter while the number of contracts—which we consider as a measure of the
menu’s complexity level—in the offered menu is limited. Using network flow theory
(Ahuja et al., 1993), we derive several properties of an optimal pooling menu. We also
perform a numerical study to evaluate how well a sub-optimal but simpler pooling menu
performs as opposed to the optimal menu with a larger (and probably impractical)
number of contracts. Relying on our prior results (see Chapter 3), we consider a
specific pooling menu design in which the supplier focuses on distinguishing the more
inefficient (i.e., higher cost) types by offering contracts that are customized for their
specific cost types. Using this design, we numerically show on our set of instances
that the sub-optimal pooling menu’s performance is very close to that of the optimal
menu; with only 4 contracts for at most 15 types, the supplier’s sub-optimal cost is,
on average, less than 1% larger than the optimal cost. Our results also suggest that
the loss from limiting the number of contracts diminishes as an additional contract is
included in the menu. All in all, our results indicate that the supplier’s performance
will not dramatically suffer if she designs and offers pooling menus with a limited
number of contracts instead of customized and complex menus.

The remainder of this chapter is organized as follows. The following section briefly
reviews some relevant studies that deal with pooling menus. Section 4.3 presents the
contracting model and shows several properties of the optimal solution. Section 4.4
numerically evaluates some of our modeling choices together with the pooling menu’s
performance versus the optimal menu. The chapter concludes in Section 4.5.

4.2 Literature review

The1 design of pooling contract menus, as opposed to separating menus, has been
extensively explored in the economic literature. Mussa and Rosen (1978) consider
a multi-product monopolist who sells indivisible goods to a heterogeneous set of
consumers, each buying at most one unit. They show that under some demand
conditions, it is in the interest of customers with different valuations to choose the
same quality-price bundle. Rochet and Choné (1998) extend this study by considering
the multi-dimensional version of the problem. The authors find that it is sometimes
optimal to induce a degree of bunching, so that consumers with different preferences are
forced to choose the same bundle of products. Acharyya (1998) considers a monopolist
producing a good with different qualities where the marginal cost varies positively with
the quality. The monopolist’s problem is to decide whether to cover the whole market
and whether a separating menu, different price-quality combinations for different
consumer types, or some alternative menu is to be adopted to maximize his profit.
The alternative options are that (a) the monopolist offers a pooling menu, uniform
quality and price pair, and (b) the monopolist only considers high-type consumers
in designing the menu. The basic idea in all of these studies is that pooling reduces

1This section overlaps with Section 3.2 of the previous chapter.
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heterogeneity in customer valuation, enabling a monopolist to better discriminate
price.

In the operations management literature, Porteus and Whang (1999) analyze a
setting with a supplier and a buyer, where the latter has private information about a
new product market. With a binary type space and considering contract menus similar
to Acharyya (1998), the developed contracting model aims at finding a separating
menu, a pooling contract, and a shut-down contract (where some types are completely
left out) which is only appealing when the buyer’s market size is large. Using similar
contracts, Gurnani and Erkoc (2008) investigate the performance of three types
of supply contracts (price-only, fixed-fee, and franchise) in a distribution channel
consisting of a manufacturer and a retailer. The retailer possesses private information
about the cost of selling effort, and the supplier assumes that there are two cost types:
high and low. In a multi-period environment consisting of a supplier and a manufacturer
who has private information about market demand, Shamir (2013) examines the effect
of repeated interactions and the option to observe demand realization on the terms of
the designed contracts. In particular, two types of separating and pooling contracts
are considered for a binary type-space, and it is shown that when the supplier can
observe demand realization in the first period, she offers a simple pooling contract
to the manufacturer. A setting in which a supplier sells her products directly in
addition to relying on resellers (known as “supplier encroachment”) is considered by
Li et al. (2015), where the resellers have private demand (market size) information.
The authors formulate the supplier’s problem considering two types of pooling and
separating menus for large and small market sizes and show the dominance of the
separating menu with encroachment. All these studies assume that the agent’s private
information can be modeled with a binary type space. In contrast, we consider a more
general setting with a discrete type space, more than two types, and type-dependent
outside options.

The goal of all the studies above is mainly to find an optimal menu of contracts,
either in the form of a pooling or a separating menu. In our setting, however, pooling
is always sub-optimal (compared to separating), but we enforce pooling to explicitly
design a simpler menu and then attempt to find the best menu among the pooling
ones. Very few studies in the behavioral operations consider the complexity level of
the contract menu as a design factor. For example, Kalkanci et al. (2011) and Kalkanci
et al. (2014) show that simpler contracts (quantity discount contracts with a limited
number of price blocks) perform effectively for a human supplier interacting with
respectively computerized and human buyers with asymmetric demand information.
The latter shows that human interactions strengthen the supplier’s preference for
simpler contracts. Schmidt and Buell (2017) consider a signaling game between a
firm and an investor in the firm where the firm has private information about the
probability distribution of demand. This study provides evidence that experiment
subjects prefer a pooling rather than a separating outcome when such an outcome is
available.
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Bergemann et al. (2012) and Wong (2014), in the economic literature, consider a
continuous type space for a pricing problem where the consumer has private information
about his willingness to pay for the product. The seller offers a limited number of
contracts, leading to some loss in performance compared to offering infinitely many
contracts. While these studies could measure the order of the loss for their settings,
we consider a rather more extensive production setting for a discrete type space where
the utility (objective) function is not just the product of private information and
procurement quantity.

4.3 Optimization model

We formulate the supplier’s problem of designing pooling contracts in 4.3.1, followed
by valid inequalities in 4.3.2. An alternative mixed integer programming (MIP)
formulation of the supplier’s problem is given in 4.3.3. With the focus on incentive
comparability constraints, in 4.3.4, we identify several structural properties of the
optimal solution.

4.3.1 MIP formulation

The two-echelon serial supply chain in this chapter consists of a risk-neutral supplier
who serves a risk-neutral retailer with a single product. The retailer faces an ELS
problem in order to find an ordering plan that minimizes his total cost of satisfying
customer demand. The supplier also faces an ELS problem in order to find a production
plan that minimizes the total cost incurred by fulfilling the retailer’s orders. The list
of parameters in each period t ∈ {1, 2, ..., T} of the ELS problem is as follows.

dt demand in period t
KS
t (KR

t ) supplier (retailer)’s fixed procurement (set-up) cost in period t
pSt (pRt ) supplier (retailer)’s unit variable procurement cost in period t
hSt (hRt ) supplier (retailer)’s unit holding cost in period t.

We refer to Chapter 2 for the MIP models of each supply chain member and the
ELS model with symmetric information. The assumption in this section is that the
supplier is uncertain about one of the retailer’s (stationary) cost parameters. There is
a set of possible cost types that the retailer can have, and this set is known to the
supplier; i.e., the supplier is aware of the possible cost types but not aware of the
retailer’s actual cost. She believes that the retailer can have M (ordered) types of cost
with the associated probabilities P ci ≥ 0 for i ∈ I = {1, 2, ...,M} and

∑M
i=1 P

c
i = 1.

The retailer knows his cost type with certainty.
The supplier offers a menu with a set of contracts, indexed by j ∈ J = {1, 2, ..., N}

and N ≤ M . Each contract j consists of a procurement plan plus a side payment
{(xPj,t)t∈T , zj}.
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The sequence of events is as follows. At the beginning, the retailer knows his cost
type, unobserved by the supplier. The retailer and supplier observe customer demand.
Knowing the retailer’s possible cost types, the supplier computes the retailer’s outside
option (minimum cost of satisfying customer demand) for each type (CR

out

i ). Instead
of offering a menu with a contract for each assumed retailer type, the supplier offers a
menu of pooling contracts where each contract is intended to appeal to possibly more
than one type. The retailer either picks one of these contracts in the menu or imposes
his individual optimal ordering plan on the supplier.

The decision variables in each period of the supplierâĂŹs problem are as follows.

xSj,t (xPj,t) supplier (menu) procurement quantity for retailer type j in period t
ySj,t (yPj,t) supplier (menu) set-up variable for retailer type j in period t, 1 if

there is any procurement and 0 otherwise
ISj,t (IPj,t) supplier (menu) ending inventory for retailer type j in period t.

To formulate the supplier’s problem of designing optimal pooling contracts, we
define the assignment variable ui,j such that:

ui,j =

{
1 if retailer type i chooses contract j,
0 otherwise.

The objective of the optimization problem is to minimize the supplier’s expected
cost

min

M∑
i=1

N∑
j=1

ui,jP
c
i C

S
j ,

where CSj =
∑T
t=1(KS

t y
S
j,t + pSt x

S
j,t + hSt I

S
j,t) + zj is the supplier’s cost of offering

contract j. The supplier’s problem can be formulated as follows:

minCS =

M∑
i=1

N∑
j=1

ui,jP
c
i C

S
j (4.1)

CRj|i − zj ≤ CR
out

i + (1− ui,j)C̄R ∀i ∈ I, ∀j ∈ J (4.2)

CRj|i − zj ≤ CRj′|i − zj′ + (1− ui,j)C̄R ∀i ∈ I, ∀j, j′ ∈ J, j 6= j′ (4.3)

CRj|i =

T∑
t=1

(KR
i,ty

P
j,t + pRi,tx

P
j,t + hRi,tI

P
j,t) ∀i ∈ I, ∀j ∈ J (4.4)
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N∑
j=1

ui,j = 1 ∀i ∈ I (4.5)

IPj,t−1 + xPj,t = dt + IPj,t ∀t ∈ T ,∀j ∈ J (4.6)

xPj,t ≤ dt,T y
P
j,t ∀t ∈ T ,∀j ∈ J (4.7)

xPj,t ≥ yPj,t ∀t ∈ T ,∀j ∈ J (4.8)

CSj =

T∑
t=1

(KS
t y

S
j,t + pSt x

S
j,t + hSt I

S
j,t) + zj ∀j ∈ J (4.9)

ISj,t−1 + xSj,t = xPj,t + ISj,t ∀t ∈ T ,∀j ∈ J (4.10)

xSj,t ≤ dt,T y
S
j,t ∀t ∈ T ,∀j ∈ J (4.11)

zj , wi,j ≥ 0 ∀i ∈ I, ∀j ∈ J (4.12)

xPj,t ∈ Z+ (4.13)

xSj,t, I
S
j,t, I

P
j,t ≥ 0 ∀t ∈ T ,∀j ∈ J (4.14)

ySj,t, y
P
j,t, ui,j ∈ {0, 1} ∀t ∈ T ,∀i ∈ I, ∀j ∈ J (4.15)

ISj,0, I
P
j,0 = 0 ∀j ∈ J. (4.16)

In this formulation, the decision variables are divided into two separate sets: pooling
contract (P ) and supplier (S), e.g., xPj,t is the procurement quantity in period t ∈ T of
contract j ∈ J . The cost CRj|i (defined in (4.4)) denotes the cost that the retailer type i
incurs when he chooses contract j. Constraints (4.2) are the Individual Rationality (IR)
constraint to ensure that by accepting a contract from the offered menu, the retailer’s
cost is at most his outside option. The Incentive Compatibility constraints (IC),
ensuring that the retailer will be worse off if he chooses a contract that is not designed
for his real cost type, is formalized in (4.3). The cost C̄R (in (4.2) and (4.3)) is an upper
bound on the retailer’s costs. To find this upper bound, we maximize the cost function
in (4.4) for the type with the largest cost parameter. Constraints (4.5) ensure that
each type should choose exactly one contract. The inventory balance constraints of the
retailer and supplier are formalized in (4.6) and (4.10), respectively. Constraints (4.7)
and (4.11) are the set-up enforcing constraints in which dt,T =

∑T
i=t di denotes the

cumulative demand from period t up to period T with 1 ≤ t ≤ T . In constraints (4.8),
we enforce that the set-up variable is 1 only if there is a positive procurement quantity.
Constraints (4.12) to (4.15) define the range of decision variables. In constraint (4.16),
we assume that there is no starting inventory at the beginning of the planning horizon.
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To make the objective function in (4.1) linear, we define wi,j = ui,jC
S
j . If retailer

type i chooses contract j (i.e., ui,j = 1), wi,j is the supplier’s cost of offering contract j
and 0 otherwise. Then the supplier’s objective function in (4.1) is replaced with the
one in (4.17) and constraints (4.18)-(4.20) ensure that the supplier’s total cost of
offering a menu of pooling contracts is linear.

minCS =

M∑
i=1

N∑
j=1

P ci wi,j (4.17)

wi,j ≤ ui,jC̄S ∀i ∈ I, ∀j ∈ J (4.18)

wi,j ≤ CSj ∀i ∈ I, ∀j ∈ J (4.19)

wi,j ≥ CSj − (1− ui,j)C̄S ∀i ∈ I, ∀j ∈ J (4.20)

C̄S(in inequalities (4.18) and (4.20)) is an upper bound on the supplier’s cost that
depends on the largest retailer’s cost type. The supplier solves the above formulation
in order to find a pooling menu with at most N contracts for M retailer types such
that her incurred cost is minimized.

4.3.2 Valid inequalities

To strengthen our formulation, we add valid inequalities. Given a specific feasible
solution with a set of pooling contracts, a different solution with the same total cost
for the supplier can be constructed by renumbering the contracts in the menu. This
leads to a different assignment of pooling contracts to retailer types. This type of
symmetry will lead to problems in the branch-and-bound solver (Sherali and Smith,
2001) and increase solution times because of visiting unnecessary duplicate solutions.
To deal with this issue, first, we show that there exists a specific order of choosing
contracts for a set of ordered retailer types. Note that the set of retailer types in this
chapter is ordered as the retailer’s private cost information is stationary.

Theorem 4.1. There exists an optimal solution in which a consecutive number of
ordered retailer types chooses the same contract.

Proof. We prove the claim in the case of information asymmetry on stationary holding
cost. The proof for set-up cost is similar. Given a set of contracts, the procurement
quantities {xPj,t}t∈T are fixed, and the retailer’s total cost in (4.4) depends linearly
on the time-invariant holding cost. Among a set of contracts, the retailer chooses a
contract with the minimum cost. Therefore, we are interested in the lower envelope of
a set of linear functions, which is a concave function, as illustrated in Figure 4.1. Now
consider a set of retailer types with ordered holding cost such that hi < hi′ < hi′′
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and suppose types i and i′′ choose contract j. We need to show that type i′ also
chooses contract j. For a contradiction, suppose that type i′ chooses contract j′ with
CRj′|i′ < CRj|i′ . This contradicts the concavity of the lower envelope and proves the
claim. �

Retailer’s total cost

Retailer’s holding cost
hi hi′ hi′′

Figure 4.1: The lower envelope of a set of contracts. Each line corresponds to a
contract.

To exclude the symmetry of a set of contracts in the menu, and therefore, reduce
the search space size, we introduce constraints (4.21) based on Theorem 4.1. This set
of constraints ensures that the contract with the smaller index will be chosen by the
retailer’s type with the smaller index (recall that the type space consists of ordered
types). ∑

j′≤j

ui,j′ ≥
∑
j′≤j

ui+1,j′ ∀i ∈ I, ∀j ∈ J (4.21)

In Section 4.4, we investigate how these valid inequalities improve computational
times.

4.3.3 Alternative MIP formulation

We can formulate the supplier’s problem of designing a pooling menu with N contracts
for M types in a different way. The basic idea is to design M contracts instead of N
contracts in the first formulation. That is, the number of contracts equals the number
of types. In this case, ui,j = 1 = ui′,j , which implies that xPi,t = xPi′,t for i, i

′ ∈ I. This
specific assignment can be enforced by adding the following set of constraints

xPi,t − xPi′,t ≤ dt,T (2− ui,j − ui′,j) ∀t ∈ T ,∀i, i′ ∈ I, ∀j ∈ J
xPi′,t − xPi,t ≤ dt,T (2− ui,j − ui′,j) ∀t ∈ T ,∀i, i′ ∈ I, ∀j ∈ J,
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where dt,T =
∑T
i=t di is an upper bound on the procurement quantity in period t ∈ T .

The objective function in this formulation would be linear, and therefore, we can ignore
constraints (4.18) to (4.20). We compare the performance of these two formulations in
terms of computational times in Section 4.4.

4.3.4 IC constraints

The set of incentive compatibility constraints has a natural network interpretation
as described in Chapter 2. For a fixed set of contract assignments (i.e., each type is
assigned a specific contract, and therefore, the assignment variables ui,j are fixed),
define σ(i) = j if ui,j=1. Then IC constraints in (4.3) can be rewritten as:

CRσ(i)|i − C
R
j|i ≤ zj − zσ(i) ∀i ∈ I, ∀j ∈ J, j 6= σ(i). (4.22)

These constraints coincide with the constraints of the dual of a shortest path problem.
Given this observation, for eachM pair of (i, j) with ui,j = 1, we associate a vertex and
order vertices based on their first index i ∈ I. Between every ordered pair of vertices
(i, σ(i)) and (i+ 1, σ(i+ 1)), we insert a directed arc of length CRσ(i+1)|i+1 − C

R
σ(i)|i.

The individual rationality constraint can be incorporated by assuming a dummy type
of value (0, 0) with z0 = 0. Figure 4.2 depicts a part of this network of “incentive
constraints.”

Observe that the network has M vertices, corresponding to each retailer type i. The
second index in each vertex represents the contract that is assigned to the retailer
type i, with at most N different contracts. Since in the pooling menu N ≤ M, the
second index will be the same for some consecutive types. In this case, the length of
the arcs between vertices with the same contract j is zero.

1, σ(1) i, σ(i)
i+ 1,

σ(i+ 1)

M,

σ(M)

0, 0

CR
σ(i)|i+1

− CR
σ(i+1)|i+1

CR
σ(i+1)|i − CR

σ(i)|i

CR
σ(1)|1 − CR∗1 CR

σ(i)|i − CR∗i

Figure 4.2: Network of incentive constraints

We next discuss the relevant IC constraints and determine the redundant ones. To
do so, we first give two definitions as follows.
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Definition 3. Monotonic procurement plans. The definition of monotonic pro-
curement plans varies with the retailer’s private information:

(a) Suppose the retailer has private information about his holding cost. For ordered
holding costs, a contract menu consists of monotonic procurement plans if the corre-
sponding total ending inventories across the whole planning horizon are monotonically
decreasing. That is, if hRi < hRi+1 and retailer types i and i+ 1 choose contracts σ(i)

and σ(i+ 1) respectively, then
∑T
t=1 I

R
σ(i),t ≥

∑T
t=1 I

R
σ(i+1),t.

(b) Suppose the retailer has private information about his set-up cost. For ordered set-
up costs, a contract menu consists of monotonic procurement plans if the corresponding
total numbers of set-ups across the whole planning horizon are monotonically decreasing.
That is, if KR

i < KR
i+1 and retailer types i and i+ 1 choose contracts σ(i) and σ(i+ 1)

respectively, then
∑T
t=1 y

R
σ(i),t ≥

∑T
t=1 y

R
σ(i+1),t.

Definition 4. Local and global IC constraints. Consider a set of retailer types
with hRi−1 ≤ hRi ≤ hRi+1 choosing contracts σ(i− 1), σ(i), and σ(i+ 1), respectively. IC
constraints can be divided into two sets: downward IC (DIC) constraints in which the
type i retailer chooses the contract designed for a type with lower cost (e.g., type i− 1)
and upward IC (UIC) constraints in which type i retailer chooses the contract designed
for the type with higher cost (e.g., type i + 1). The downward/upward constraints
are, in turn, can be divided into two sets: local ones, which include the constraints
between the adjacent types (e.g., types i and i+ 1) and global ones, which involve the
non-adjacent types (e.g., types i− 1 and i+ 1). Local DIC and UIC constraints are:

CRσ(i)|i − zσ(i) ≤ CRσ(i−1)|i − zσ(i−1) i = 2, 3, ...,M (4.23)

CRσ(i)|i − zσ(i) ≤ CRσ(i+1)|i − zσ(i+1). i = 1, 2, ...,M − 1 (4.24)

The following theorem shows the necessary and sufficient condition guaranteeing
the incentive feasibility of contracts.

Theorem 4.2. A network of types associated with constraints (4.22) does not contain
negative length cycles between pairs of vertices iff the procurement plans in a menu of
contracts are monotonic.

Proof. We prove the claim for the case of information asymmetry on the retailer’s
holding costs. A similar argument can be used to prove the claim for set-up cost.
Consider the non-negative cycle condition applied to cycle (i, σ(i))→ (i+1, σ(i+1))→
(i, σ(i)) in Figure 4.2. In case σ(i) = σ(i+ 1) (an identical pooling contract for both i
and i+1), we have a zero-length cycle. Otherwise, with the assumption of time-invariant
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holding cost, we have:

CRσ(i+1)|i+1 − C
R
σ(i)|i+1 + CRσ(i)|i − C

R
σ(i+1)|i ≥ 0

⇔
T∑
t=1

(KR
t y

R
σ(i+1),t + pRt x

R
σ(i+1),t + hRi+1I

R
σ(i+1),t)

−
T∑
t=1

(KR
t y

R
σ(i),t + pRt x

R
σ(i),t + hRi+1I

R
σ(i),t)

+

T∑
t=1

(KR
t y

R
σ(i),t + pRt x

R
σ(i),t + hRi I

R
σ(i),t)

−
T∑
t=1

(KR
t y

R
σ(i+1),t + pRt x

R
σ(i+1),t + hRi I

R
σ(i+1),t) ≥ 0

⇔
T∑
t=1

(hRi − hRi+1)IRσ(i),t −
T∑
t=1

(hRi − hRi+1)IRσ(i+1),t ≥ 0

⇔ (hRi − hRi+1)(

T∑
t=1

IRσ(i),t −
T∑
t=1

IRσ(i+1),t) ≥ 0

⇔
T∑
t=1

IRσ(i),t ≥
T∑
t=1

IRσ(i+1),t.

That is, the pooling contract designed for type i will have higher total inventory than
the contract designed for type i + 1. Note that the proof for a cycle on a pair of
non-consecutive vertices is similar. �

Next, we show that the retailer’s cost has a specific property of increasing differences,
as defined below. This property will be used to simplify the set of IC constraints.

Lemma 1. With monotonic procurement plans, the retailer’s cost CRj|i for ordered
types and corresponding contracts such that i < i′, j < j′and i, i′ ∈ I, j, j′ ∈ J satisfies
the increasing differences property.

Proof. The claim we need to prove varies with the retailer’s private information. We
need to show that given two ordered types of retailer and two contracts with two
monotonic procurement plans, xR

j and xR
j′ , we have

CRj′|i′ − C
R
j|i′ ≥ C

R
j′|i − C

R
j|i, (4.25)

where the retailer’s types are:
(a) the retailer has private information about his holding cost and hRi < hRi′ .
(b) the retailer has private information about his set-up cost and KR

i < KR
i′ .
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We prove the claim in part (a); the proof of part (b) is similar. After substituting
in the expression for CRj|i and canceling common terms, inequality (4.25) is equivalent
to:

(hRi′ − hRi )(

T∑
t=1

IRj,t −
T∑
t=1

IRj′,t) ≥ 0,

which holds by the monotonicity of total ending inventory quantities and the fact that
hRi < hRi′ . �

Theorem 4.3. Suppose that procurement plans are monotonic, and therefore, CRσ(i)|i
satisfies increasing differences. The global IC constraints are implied by the local ones.

Proof. We prove the claim for the case of information asymmetry on holding cost. A
similar argument can be used to prove the claim for other private cost parameters. With
ordered types, i.e., hRi−1 < hRi < hRi+1 and ordered contracts σ(i− 1), σ(i), σ(i+ 1),
first, we show that only the local DIC constraints are sufficient. To do so, we show
the following pair of constraints:

CRσ(i+1)|i+1 − zσ(i+1)≤CRσ(i)|i+1 − zσ(i) (4.26)

CRσ(i)|i − zσ(i) ≤C
R
σ(i−1)|i − zσ(i−1), (4.27)

imply that CRσ(i+1)|i+1 − zσ(i+1) ≤ CRσ(i−1)|i+1 − zσ(i−1). The rest of DIC constraints
follow by induction and nonnegativity of cycles in the network.
Adding constraints (4.26) and (4.27) and rearranging yields

CRσ(i+1)|i+1−zσ(i+1) ≤ (CRσ(i)|i+1−C
R
σ(i−1)|i+1)−(CRσ(i)|i−C

R
σ(i−1)|i)+C

R
σ(i−1)|i+1−zσ(i−1).

The increasing differences property and monotonicity of total ending inventories imply
that

(CRσ(i)|i+1 − C
R
σ(i−1)|i+1)− (CRσ(i)|i − C

R
σ(i−1)|i) ≥ 0,

and therefore we have

CRσ(i+1)|i+1 − zσ(i+1) ≤ CRσ(i−1)|i+1 − zσ(i−1).

Using similar arguments, we can show global UIC constraints are implied by the
local ones. �

Using Theorems 4.2 and 4.3, we can replace the set of IC constraints with the
corresponding monotonicity requirement of the pooling menu together with the set of
local IC constraints.
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4.4 Computational study
In this section, we first evaluate the performance of valid inequalities and the alternative
formulation in terms of computational times. Then, we quantify the cost that the
supplier will incur by offering a pooling menu with a limited number of contracts
versus the optimal customized menu. This helps us provide guidelines for the design
of simpler pooling menus.

In this section, the retailer has private information about his stationary set-up cost,
where the set-up cost of type i > 1 is α%, α ∈ {9, 12, 15} larger than its immediate
more efficient type. The choice of α is based on preliminary tests to have a broad
range of problem instances. Each cost type arises with the same probability. Cost
parameters for each problem instance are randomly generated over the intervals given
in Table 4.1. Each interval is discretized with increments of size 0.1. Customer demand
is drawn from an integer uniform distribution over the interval [1, 50], and the planning
horizon consists of 12 periods. In the remainder of this section, we report the results
for α = 9% and show the remaining results in the appendix at the end of this chapter.

Table 4.1: Cost parameters
ht pt Kt

Supplier [1, 5] [1, 6] [200, 400]
Retailer [5, 15] [6, 14] [20, 200]

The type space in this section consists of at most 15 elements, and we generate
in total 100 problem instances for each type space. The experiments were performed
on a 2.39 GHz computer with an Intel Core i7-4500U and 8 GB of installed memory
(RAM). We solve the MIP models using Cplex 12.6 with its default settings.

4.4.1 MIP formulation performance
We use the MIP formulation in (4.2)-(4.20) in order to solve the models both with and
without the symmetry-breaking constraint formalized in inequality (4.21). Table 4.2
shows the average computational times of 1000 problem instances with α = 9%. As
observed, eliminating visiting unnecessary symmetric solutions substantially reduces
computational times by an average of at least 38%. The time saving is significant for the
largest type space with 14 types at approximately 99% and 98% for the pooling menus
with 4 and 3 contracts, respectively. Note that while enforcing constraint (4.21) will
increase the formulation size and potentially slow the optimization process (particularly
for the larger type spaces), we observe more significant time savings as the type space
becomes larger. The effect of a smaller search space accordingly becomes stronger.

We next compare the performance of the alternative formulation in Subsection 4.3.3
in terms of computational time versus the formulation in Subsection 4.3.1 with effective



4.4 Computational study 103

Table 4.2: Solution times for the symmetry breaking with α = 9%

Average solution time (min)
M N Without constraint (4.21) With constraint (4.21)
14 4 401.50 0.85
14 3 60.06 0.84
12 4 42.01 0.41
12 3 4.02 0.40
10 4 4.92 0.24
10 3 1.04 0.21
8 4 1.15 0.16
8 3 0.21 0.13
6 4 0.53 0.12
6 3 0.17 0.07

valid inequalities in both formulations. Table 4.3 shows average solution times for the
total of 1200 problem instances with 3 and 4 contracts, respectively.

Table 4.3: Solution times of two MIP formulations with α = 9%

Average solution time (min)
M N First MIP Second MIP
14 4 0.84 0.84
14 3 0.66 0.68
12 4 0.42 0.41
12 3 0.36 0.38
10 4 0.24 0.26
10 3 0.20 0.22
8 4 0.16 0.19
8 3 0.13 0.13
6 4 0.12 0.11
6 3 0.07 0.08
4 4 0.01 0.02
4 3 0.01 0.02

With our parameter setting, the performance of these two formulations is very
close, and it is not possible to draw a general conclusion about which formulation
outperforms the other.

4.4.2 Pooling menu performance
We evaluate the performance of the simpler menu by computing the cost of the
customized menu relative to that of the pooling menu and refer to it as the supplier’s
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Figure 4.3: Minimum number of contracts (N) for efficiency of at least 99%

efficiency (E):

E =
Supplier’s cost of offering a customized menu
Supplier’s cost of offering a pooling menu

.

Since the optimal solution of the pooling menu is feasible for the customized menu
(the same contract is offered to several consecutive types), this ratio is not larger
than 1.
Figure 4.3 illustrates the minimum number of contracts with α = 9% leading to

supplier efficiency of at least 99%. As can be observed, at least 4 contracts are required
for the larger type spaces with 14 and 15 types in order to ensure that the relative
sub-optimal pooling menu gap versus the optimal customized menu is smaller than
0.01.
We assume that the menu consists of at most three contracts in the remainder of

this section since the number of offered contract variations in the real world is often
very limited, and as shown, the supplier can gain efficiency of at least 99% with four
contracts.
To design a menu for M retailer types consisting of N (N ≤ M) contracts, the

supplier has
(
M

N

)
= M !

N !(M−N)! options for how to partition the set of types and

design a contract for each subset. As shown in the previous chapter, the so-called
“(N,M)-efficient” design in which the first N −M + 1 types are grouped together
and offered the same contract while a different contract is designed for each of the
remaining M − 1 (less efficient) types separately leads to better performance for
the supplier compared to the other (non-optimal) N−partitions. We quantify the
performance of this specific design with 2 and 3 contracts together with the setting
where there is a common contract for all types. Table 4.4 shows the performance of
the optimal pooling menu (i.e., there is no restriction on how the supplier partitions
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Table 4.4: Supplier’s efficiency (E) with (α = 9%)

Optimal design (N,M)-efficient design
M N Average Min Std Average Min Std
15 3 0.972 0.901 0.017 0.972 0.898 0.021
15 2 0.970 0.912 0.016 0.967 0.918 0.020
15 1 0.958 0.900 0.017 0.958 0.900 0.026
14 3 0.984 0.921 0.011 0.981 0.928 0.014
14 2 0.972 0.917 0.018 0.971 0.912 0.019
14 1 0.961 0.888 0.027 0.961 0.888 0.027
13 3 0.989 0.947 0.012 0.984 0.941 0.014
13 2 0.974 0.936 0.019 0.974 0.935 0.017
13 1 0.966 0.904 0.022 0.966 0.904 0.022
12 3 0.987 0.960 0.008 0.987 0.957 0.011
12 2 0.983 0.939 0.015 0.980 0.940 0.016
12 1 0.975 0.939 0.017 0.975 0.939 0.017
11 3 0.991 0.958 0.008 0.989 0.955 0.009
11 2 0.989 0.955 0.010 0.985 0.953 0.012
11 1 0.982 0.937 0.015 0.982 0.937 0.015
10 3 0.991 0.968 0.008 0.991 0.964 0.008
10 2 0.991 0.960 0.008 0.990 0.958 0.009
10 1 0.986 0.951 0.012 0.986 0.951 0.012
9 3 0.997 0.981 0.008 0.993 0.978 0.006
9 2 0.990 0.977 0.008 0.990 0.971 0.009
9 1 0.987 0.952 0.011 0.987 0.952 0.011
8 3 0.996 0.979 0.004 0.996 0.979 0.004
8 2 0.994 0.977 0.004 0.994 0.974 0.006
8 1 0.990 0.967 0.009 0.990 0.967 0.009
7 3 0.999 0.991 0.005 0.998 0.990 0.003
7 2 0.995 0.981 0.009 0.995 0.976 0.005
7 1 0.994 0.970 0.007 0.994 0.970 0.007
6 3 0.999 0.995 0.004 0.999 0.994 0.002
6 2 0.998 0.990 0.005 0.998 0.989 0.003
6 1 0.996 0.976 0.005 0.996 0.976 0.005
5 3 0.999 0.996 0.002 0.999 0.996 0.001
5 2 0.998 0.987 0.002 0.998 0.987 0.002
5 1 0.997 0.985 0.003 0.997 0.985 0.003
4 3 1.000 0.998 0.000 1.000 0.998 0.000
4 2 0.999 0.993 0.000 0.999 0.993 0.001
4 1 0.999 0.988 0.001 0.999 0.985 0.003



106 Multi-period pooling contracts with cost information asymmetry

the type space and the best one is chosen) and the (N,M)-efficient design. For a given
M , as the number of contracts increases , the supplier’s cost of the pooling menu with
N contracts converges to that of the optimal menu with M contracts. For the largest
type space, the minimum and maximum average efficiency are approximately 95.8%
and 97.2%, respectively (see the rows with M = 15, N = 1 and N = 3), which are
very close to the cost of the optimal menu. Additionally, the supplier’s loss in general
decreases with an additional contract, but in a diminishing way. That is, increasing
the number of contracts generates only marginal values for the supplier and might
not justify the increased complexity. Intuitively, as the number of offered contracts
increases, the supplier has less space for further decreasing her loss, and therefore,
adding an additional contract becomes less effective.

It is noteworthy that the performance of our (N,M)-efficient design is almost
identical to that of the optimal pooling design (Table 4.4). That is, if the supplier
wants to offer a pooling menu rather than a separating one, it is in most cases almost
optimal to distinguish less efficient types by offering a menu with the (N,M)-efficient
design.

Another interesting design for the pooling menu is the “(N,M)-inefficient” design,
focusing on the design of customized contracts for more efficient (versus inefficient)
types. This design may seem more intuitive compared to the (N,M)-efficient design
since the supplier motivates the more efficient types to distinguish themselves by
offering a customized contract specifically designed for each of them. Table 4.5 shows
the performance of this design. The performance of the (N,M)-inefficient design is
close to the (N,M)-efficient design, but the latter slightly outperforms the design
where the focus is on more efficient types. This can be attributed to the functional
form of cost functions, leading to a binding participation constraint for the most
inefficient type. In this case, the supplier will focus on the most inefficient subsets and
attempt to distinguish them.

To sum up, in offering a pooling contract menu, the supplier must decide how many
contracts to offer as well as an appropriate partitioning design given the number of
contracts. As our numerical results in this section show, offering a menu with only
a single contract leads to a performance of at least 95.8% on average, which is very
good. However, offering a few more contracts can assure better performance for the
supplier. A pooling menu with 3 contracts guarantees an average performance of at
least 97.2% compared to the optimal customized menu. Given this number of contracts
in the menu, our numerical results suggest that offering a pooling menu with the
(N,M)-efficient design in order to distinguish the more inefficient types leads to better
performance for the supplier. This design is easy to implement, and as shown, has
comparable performance to that of the optimal customized menu.
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Table 4.5: Supplier’s efficiency (E) with (N,M)-inefficient design (α = 9%)

M N Average E Min E Std
15 3 0.966 0.910 0.023
15 2 0.961 0.895 0.025
14 3 0.973 0.929 0.018
14 2 0.972 0.908 0.020
13 3 0.982 0.915 0.015
13 2 0.975 0.913 0.018
12 3 0.983 0.933 0.015
12 2 0.980 0.936 0.016
11 3 0.988 0.958 0.010
11 2 0.986 0.948 0.011
10 3 0.992 0.967 0.006
10 2 0.986 0.947 0.011
9 3 0.993 0.978 0.006
9 2 0.990 0.959 0.009
8 3 0.995 0.982 0.005
8 2 0.994 0.976 0.005
7 3 0.997 0.987 0.003
7 2 0.996 0.981 0.005
6 3 0.999 0.994 0.002
6 2 0.997 0.988 0.003
5 3 0.999 0.996 0.001
5 2 0.998 0.991 0.002
4 3 1.000 0.998 0.000
4 2 0.999 0.994 0.001

4.5 Discussion and conclusion

In this chapter, we explore the effect of information asymmetry about a cost parameter
combined with contract complexity on performance. We reduce the complexity level
of the offered menu by limiting the number of contracts, leading to pooling menus
where a contract would appeal to several consecutive types. The supplier decides how
many contracts to offer in the menu and then, given this number, divides the discrete
type space into subsets, offering a contract for each subset such that her costs are
minimized, and the offered contracts are appealing to the retailer. This type of menu
better reflects the behaviors of actual decision-makers as opposed to the theoretically
appealing separating menu (Schmidt and Buell, 2017).

The underlying contracting model in this paper is a non-trivial multi-period model
over a discrete and finite time horizon. Customer demand and cost parameters
are dynamic but deterministic. The retailer’s private information is a vector of a
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(stationary) cost parameter. We formulate the supplier’s problem of designing optimal
pooling contracts and strengthen our MIP formulation by enforcing valid inequalities
that eliminate visiting symmetric solutions and therefore making the search space
smaller. This smaller-scale search leads to substantial time savings despite making
the formulation larger. We show several structural properties of the optimal solution,
i.e., the monotonicty of pooling contracts and sufficiency of downward local incentive
constraints, using a natural network interpretation of the set of incentive compatibility
constraints.
Since we deal with a combinatorial optimization problem, the pooling menu does

not have explicit closed-form solutions (unlike the case with stationary parameters and
an infinite horizon as in the previous chapter). We accordingly perform an extensive
numerical study in order to evaluate the proposed pooling menu’s performance. Our
numerical study shows that offering a menu with only one contract leads to reasonably
good performance. However, offering a few additional contracts (e.g., 3 contracts)
guarantees better performance for the supplier and enables her to distinguish subsets
of types. The supplier must decide how to partition the type space given the number of
contracts. Based on the results of our prior research, we propose a simple and intuitive
alternative to the optimal offering of a separating menu. Specifically, we consider the
(N,M)-efficient design in which the supplier focuses on the more inefficient types
and attempts to distinguish them. We numerically show that the performance of
this design is very close to that of the optimal separating menu. We also compare
the performance of this design versus the seemingly more intuitive (N,M)-inefficent
design, concluding that the latter does not lead to a larger reduction in the supplier’s
losses. In both designs, adding an extra contract to the menu reduces the supplier’s
loss in a diminishing way. That is, the supplier must consider that increasing the
complexity of the menu may not justify the marginal cost reduction. Intuitively, as the
number of pooling contracts increases, the supplier has less space for further reducing
her losses, and therefore, including more contracts becomes less effective.

One consequence of offering a pooling menu is that the supplier cannot completely
screen different retailer types. She can only determine an interval of the real cost type.
This interval can be used to design contracts either in situations that allow repeated
interactions or in multi-period dynamic settings where a contract can be designed for
each period.
We consider a dynamic and deterministic demand in our MIP formulation. One

interesting direction for future research is to analyze the setting with stochastic
demand and more than two types in the type space. In this case, designing different
partitioning schemes might lead to new insightful results.

Our quantity-side payment menu of contracts is relatively easy to implement since
it is essentially an all-unit discount (or profit-sharing) mechanism which is widely
observed in practice (Zhang, 2010). Other mechanisms such as buy-back and holding
cost compensation mechanisms can be considered. The modeler, however, should
consider the designed menu’s complexity in the case of more elaborate mechanisms.
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Appendices

A. Valid inequalities

Tables 4.6 and 4.7 show the effect of enforcing the breaking symmetry constraint
in (4.21) for different values of α.

Table 4.6: Solution times for the breaking symmetry with α = 12%

Average solution time (min)
M N Without constraint (4.21) With constraint (4.21)
14 4 607.34 1.07
14 3 74.21 1.01
12 4 49.66 0.96
12 3 7.81 0.81
10 4 5.36 0.75
10 3 2.62 0.74
8 4 1.36 0.53
8 3 1.08 0.51
6 4 0.78 0.37
6 3 0.27 0.17

Table 4.7: Solution times for the breaking symmetry with α = 15%

Average solution time (min)
M N Without constraint (4.21) With constraint (4.21)
14 4 810.70 1.32
14 3 747.53 1.27
12 4 78.05 1.16
12 3 10.48 1.05
10 4 8.94 0.89
10 3 2.76 0.72
8 4 2.76 0.61
8 3 1.21 0.57
6 4 0.89 0.30
6 3 0.39 0.19

B. Pooling menu

Tables 4.8 and 4.9 show the performance of the pooling menu with 3 and 2 contracts
for different vales of α.
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Table 4.8: Supplier’s efficiency (E) with (N,M) designs (α = 12%)

Average E
M N (N,M)-efficient (N,M)-inefficient
15 3 0.975 0.975
15 2 0.969 0.932
14 3 0.975 0.978
14 2 0.971 0.975
13 3 0.978 0.934
13 2 0.976 0.927
12 3 0.981 0.956
12 2 0.986 0.936
11 3 0.982 0.980
11 2 0.986 0.977
10 3 0.989 0.983
10 2 0.985 0.974
9 3 0.990 0.978
9 2 0.989 0.978
8 3 0.992 0.979
8 2 0.992 0.978
7 3 0.993 0.989
7 2 0.995 0.989
6 3 0.997 0.995
6 2 0.997 0.995
5 3 0.999 0.997
5 2 0.999 0.997
4 3 0.999 0.998
4 2 0.999 0.998
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Table 4.9: Supplier’s efficiency (E) with (N,M)-inefficient design (α = 15%)

Average E
M N (N,M)-efficient (N,M)-inefficient
15 3 0.968 0.953
15 2 0.958 0.952
14 3 0.970 0.963
14 2 0.968 0.960
13 3 0.973 0.964
13 2 0.972 0.957
12 3 0.977 0.971
12 2 0.976 0.963
11 3 0.979 0.979
11 2 0.979 0.975
10 3 0.980 0.979
10 2 0.979 0.970
9 3 0.980 0.975
9 2 0.978 0.973
8 3 0.983 0.979
8 2 0.978 0.970
7 3 0.984 0.977
7 2 0.972 0.968
6 3 0.988 0.981
6 2 0.978 0.979
5 3 0.989 0.980
5 2 0.980 0.976
4 3 0.992 0.988
4 2 0.983 0.978





5
Conclusion

In this dissertation, we have focused on the design of simple and easily implementable
coordination contracts in order to align the decisions of supply chain members. In
our setting, the strong retailer has one or two-dimensional private information about
customer demand or cost parameters on his side. The supplier designs coordination
contracts to elicit cooperation from the retailer. Each dimension of private information
in our study has a discrete type space (with more than two elements), and the retailer’s
outside option is a function of his private information.

In Chapter 2, we have considered a decentralized supply chain in which both chain
members are facing an ELS problem to satisfy demand at their sides. We have first
formulated the supplier’s problem of persuading the retailer to deviate from his optimal
ordering plan with the assumption that the retailer does not have any informational
advantage over the supplier. In this case, the optimization problem that the supplier
solves will maximize not only her own profit but also the profit of the whole supply
chain. In other words, the supplier ensures that the retailer earns an optimal profit
equal to the profit of his locally optimal ordering plan and extracts all the efficiency
gains for herself.

Next, we have considered the case that the retailer has private information about
one of his cost parameters. We formulated the supplier’s problem of designing an
optimal menu of contracts in which the aim is to offer a contract for each retailer’s
cost type. Relying on network flow theory, we have shown that the supplier’s problem
of finding the optimal side payment quantities is equivalent to the dual of a shortest-
path problem. Using this equivalence, we show several properties of the optimal
solution, including monotonic procurement plans, non-monotonic information rents,
the sufficiency of local incentive constraints, and different forms of the optimal tree,
consisting of incentive constraints.
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Moving to two dimensions of information asymmetry, we have formulated the sup-
plier’s problem when the retailer has private information about two cost parameters.
To find out which incentive constraints are relevant at the optimum, we have extended
the network interpretation of the one-dimensional case. Using the extended inter-
pretation, we have shown interesting and counterintuitive properties of the optimal
solution.
In the last formulation of Chapter 2, the retailer has private information about

customer demand at his side. In this case, the supplier is facing a nested (bi-level)
optimization problem which we transform into a single-level variant by exploiting
a property of the optimal solution. This formulation can be extended for the case
that the retailer has private information about customer demand as well as a cost
parameter. Using the formulation in this setting, we have numerically shown that an
established result in the literature does not necessarily hold when the retailer’s outside
option is a function of his private information.

We have concluded Chapter 2 with a set of computational experiments in order to
evaluate the performance of our proposed coordination mechanism. Our results reveal
that the proposed mechanism can successfully bring supply chain total cost towards
the global optimum (centralized decision-making). The gap between the total cost of
coordinated and centralized chains increases with the number of private information.
In the case of two dimensions of private information (cost and customer demand), the
number of retailer’s cost types plays a more significant role in increasing the gap than
the number of demand scenarios.

In Chapter 3, we have incorporated a new factor—the complexity of the menu—in
the design of the menu of contracts in order to reflect decision-makers’ behavior in
the real world. In particular, with information asymmetry on a cost parameter in the
EOQ setting, we have formulated the supplier’s problem of offering a pooling contract
menu in which each contract is intended to appeal to more than one retailer type.
As a result, the number of contracts, and therefore, the complexity of the menu of
contracts has been reduced.
We have analyzed the design of pooling menus of contracts with at most three

contracts and characterized the optimal ordering and side payment quantities. Since
there is no single way to design pooling menus (for type spaces consisting of more
than three elements), we have proposed a simple and intuitive design based on our
analysis. In this design, the supplier motivates the less efficient (higher cost) types
to distinguish themselves by offering each a contract that is customized for their
types. The remaining more efficient types are then grouped together and offered a
common contract. We have shown that if the supplier uses our proposed design to
offer a pooling menu, her efficiency (cost of the customized menu relative to that of
the pooling menu) approaches 1 for sufficiently large cost coefficients (except for the
single contract case). That is, by offering a pooling menu with this design, rather than
the customized menu, the supplier will not be worse off. Additionally, the cost of this
design provides an upper bound on the supplier’s efficiency loss due to reducing the
number of contracts in the menu.
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In Chapter 4, we have built on the results of the previous two chapters by designing
pooling menus of contracts (as opposed to separating ones in Chapter 2) in the ELS
setting with a discrete and finite planning horizon (as opposed to the continuous and
finite one in Chapter 3). By merging nodes, we have modified the network interpretation
of Chapter 2 for pooling contracts and showed that the results for separating menus
with private information on cost carry over to this setting.

To strengthen the MIP formulation, we have enforced valid inequalities based on the
property that a set of consecutive retailer types chooses the same contract. Relying
on the simple and intuitive design (introduced in Chapter 3) to partition the type
space, we have conducted computational studies to evaluate its performance. We have
numerically shown that the cost performance of our design is, on average, only 1%
larger than its optimal but arbitrarily complex counterpart.

In this dissertation, we have seen three different settings of supply chain coordination
with separating and pooling contracts. Throughout, we have dropped restrictive
assumptions commonly used in the supply chain contracting literature and incorporated
a new design factor to reflect the behavior of decision-makers in the real world. In
addition, we have presented formulations, intuitive network interpretations, simple
and easily implementable contract designs together with numerical evidence of their
good performance. All in all, the results in this dissertation can provide valuable
insights/guidelines for the design of coordination contracts in real world settings.
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English Summary
A supply chain typically consists of separate, individual members making decisions
autonomously based on their own local preferences and objectives. Such opportunistic
and locally optimal decisions can disadvantage another member or even the entire
supply chain. This dissertation focuses on the design of effective and easily imple-
mentable coordination contracts to align chain members’ decisions and overcome
inefficiencies associated with decentralized supply chains. Coordination contracts, in
this dissertation, are designed for a two-echelon supply chain consisting of a single
supplier (she) serving a retailer (he) with a single product. In this setting, the retailer
has private information about customer demand and cost parameters on his side,
and the supplier relies on the retailer’s market reach to maintain her sales volume.
In order to persuade the strong retailer to deviate from his optimal ordering plan,
the supplier makes take-it-or-leave-it offers to the retailer in the form of menus of
contracts, each consisting of a procurement plan plus a side payment. In designing
coordination contracts, we drop restrictive assumptions commonly used in the lit-
erature and incorporate a new design factor—complexity of menu—to reflect the
behavior of decision-makers in the real world. Considering three different settings,
we design menus with two types of contracts: separating (each contract is tailored to
each type) and pooling (each contract is intended to appeal to multiple types). We
present formulations, intuitive network interpretations for incentive constraints, and
simple and practical contract designs along with numerical evidence of their efficacy
in improving supply chain performance. The results and insights in this dissertation
can provide guidelines for the design of coordination contracts in real world settings.





Nederlandse Samenvatting
Een supplychain bestaat doorgaans uit gescheiden, individuele leden die autonoom
besluiten nemen op basis van hun eigen lokale voorkeuren en doelen. Dergelijke
opportunistische en plaatselijk optimale besluiten kunnen andere leden of zelfs de
gehele supplychain benadelen. Dit proefschrift is gericht op het ontwerp van effectieve
en eenvoudig te implementeren coördinatiecontracten om de besluiten van leden van
de supplychain op elkaar af te stemmen en af te rekenen met inefficiënties in verband
met gedecentraliseerde supplychains. In dit proefschrift worden coördinatiecontracten
ontworpen voor een supplychain van twee echelons die bestaat uit één leverancier
(zij) die één retailer (hij) voorziet van één product. In dit scenario heeft de retailer
private informatie over de vraag onder klanten en kostenparameters aan zijn kant,
en is de leverancier afhankelijk van de reikwijdte van de markt van de retailer om
haar verkoopvolume in stand te houden. Om de retailer ervan te overtuigen van zijn
optimale inkoopplan af te wijken, legt de leverancier de retailer “take it or leave
it”-aanbiedingen voor in de vorm van menu’s of contracten, die elk uit een inkoopplan
plus een bijbetaling bestaan. Door coördinatiecontracten te ontwerpen, rekenen we af
met restrictieve aannames die gangbaar zijn in de literatuur en bouwen we een nieuwe
ontwerpfactor in—menucomplexiteit—om het gedrag van besluitnemers in de echte
wereld te weerspiegelen. We bekijken drie verschillende scenario’s waarin we menu’s
ontwerpen met twee contactvormen: onderscheidend (elk contract is aangepast voor
elk type) en gebundeld (elk contract is bedoeld om meerdere types aan te trekken).
We presenteren formuleringen, intuïtieve netwerkinterpretaties voor beperkingen van
incentives, en eenvoudige en praktische contractvormen met numerieke onderbouwing
van hun efficiëntie bij het verbeteren van supplychainprestatie. De resultaten en
inzichten die uit dit proefschrift voortkomen, kunnen richtlijnen bieden voor het
ontwerp van coördinatiecontracten in situaties in de echte wereld.
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Supply chains typically consist of separate, individual members making decisions autonomously based 
on their own local objectives. Such opportunistic and locally optimal decisions can disadvantage another 
member or even the entire supply chain. This dissertation focuses on the design of effective and easy-
to-implement coordination contracts to align the chain members’ decisions and overcome inefficiencies 
associated with decentralized supply chains. Coordination contracts, in this dissertation, are designed 
for a two-echelon supply chain consisting of a single supplier (she) serving a retailer (he) with a single 
product. The retailer has private information about customer demand and cost parameters on his side, 
and the supplier relies on the retailer’s market reach to maintain her sales volume. To persuade the strong 
retailer to deviate from his optimal procurement plan, the supplier makes take-it-or-leave-it offers to the 
retailer in the form of menus of contracts, each consisting of a procurement plan plus a side payment. In 
designing coordination contracts, we drop restrictive assumptions in the literature and incorporate a new 
design factor—complexity of menu—to reflect the behavior of real-world decision-makers. Considering 
three different settings, we design menus with two types of contracts: separating (a contract is tailored 
to each type) and pooling (a contract is intended to appeal to multiple types). We present formulations, 
intuitive network interpretations for incentive constraints, and practical contract designs along with 
numerical evidence of their efficacy in improving supply chain performance. The results and insights in 
this dissertation can provide guidelines for designing coordination contracts in real-world settings.
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